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Abstract
We review various aspects of classical solutions in string theories. Emphasis is
placed on their supersymmetry properties, their special roles in string dualities and
microscopic interpretations. Topics include black hole solutions in string theories on
tori and N = 2 supergravity theories; p-branes; microscopic interpretation of black
hole entropy. We also review aspects of dualities and BPS states.
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3
1 Outline of the Review
It is a purpose of this review to discuss recent development in black hole and soliton physics in
string theories. Recent rapid and exciting development in string dualities over the last couple
of years changed our view on string theories. Namely, branes and other types of classical
solutions that were previously regarded as irrelevant to string theories are now understood
as playing important roles in non-perturbative aspects of string theories; these solutions are
required to exist within string spectrum by recently conjectured string dualities. Particularly,
D-branes which are identified as non-perturbative string states that carry charges in R-R
sector have classical p-brane solutions in string effective field theories as their long-distance
limit description. p-branes, other types of classical stringy solutions and fundamental strings
are interrelated via web of recently conjectured string dualities. Much of progress has been
made in constructing various p-brane and other classical solutions in string theories in an
attempt to understand conjectured (non-perturbative) string dualities. We review such
progress in this paper.
In particular, we discuss black hole solutions in string effective field theories in details.
Recent years have been active period for constructing black hole solutions in string theories.
Construction of black hole solutions in heterotic string on tori with the most general charge
configurations is close to completion. (As for rotating black holes in heterotic string on T 6,
one charge degree of freedom is missing for describing the most general charge configuration.)
Also, significant work has been done on a special class of black holes in N = 2 supergravity
theories. These solutions, called double extreme black holes, are characterized by constant
scalars and correspond to the minimum energy configurations among extreme solutions.
Among other things, study of black holes and other classical solutions in string theo-
ries is of particular interest since these allow to address long-standing problems in quantum
gravity such as microscopic interpretation of black hole thermodynamics within the frame-
work of superstring theory. In this review, we concentrate on recent remarkable progress
in understanding microscopic origin of black hole entropy. Such exciting developments were
prompted by construction of general class of solutions in string theories and realization that
non-perturbative R-R charges are carried by D-branes. Within subset of solutions with
restricted range of parameters, the Bekenstein-Hawking entropy has been successfully repro-
duced by stringy microscopic calculations.
Since the subject reviewed in this paper is broad and rapidly developing, it would be a
difficult task to survey every aspects given limited time and space. The author made an effort
to cover as many aspects as possible, especially emphasizing aspects of supergravity solutions,
but there are still many issues missing in this paper such as stringy microscopic interpretation
of black hole radiation, M(atrix) theory description of black holes and the most recent
developments in N = 2 black holes and p-branes. The author hopes that some of missing
issues will be covered by other forthcoming review paper by Maldacena [470]. The review
is organized as follows. Chapters 2 and 3 are introductory chapters where we discuss basic
facts on solitons and string dualities which are necessary for understanding the remaining
chapters. In these two chapters, we especially illuminate relations between BPS solutions and
string dualities. In chapter 4, we summarize recently constructed general class of black hole
solutions in heterotic string on tori. We show explicit generating solutions in each spacetime
dimensions and discuss their properties. In chapter 5, we review aspects of black holes in N =
2 supergravity theories. We discuss principle of a minimal central charge, double extreme
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solutions and quantum corrections. In chapter 6, we summarize recent development in p-
branes. Here, we show how p-branes and other related solutions fit into string spectrum and
discuss their symmetry properties under string dualities. We systematically study various
single-charged p-branes and multi-charged p-branes (dyonic p-branes and intersecting p-
branes) in different spacetime dimensions. We also discuss black holes in type-II string on
tori as special cases and their embedding to p-branes in higher-dimensions. In chapters 7 and
8, we summarize the recent exciting development in microscopic interpretation of black hole
entropy within the framework of string theories. We discuss Sen’s calculation of statistical
entropy of electrically charged black holes, Tseytlin’s work on statistical entropy of dyonic
black holes within chiral null model and D-brane interpretation of black hole entropy.
2 Soliton and BPS State
Solitons are defined as time-independent, non-singular, localized solutions of classical equa-
tions of motion with finite energy (density) in a field theory [512, 106]. Such solutions in
D spacetime dimensions are alternatively called p-branes [234, 228] if they are localized in
D − 1 − p spatial coordinates and independent of the other p spatial coordinates, where
p < D− 1. For example, the p = 0 case (0-brane) has a characteristic of point particles and
is also called a black hole; p = 1 case is called a string; p = 2 case is a membrane. The main
concern of this paper is on the p = 0 case, but we discuss the extended objects (p ≥ 1) in
higher dimensions as embeddings of black holes and in relations to string dualities.
As non-perturbative solutions of field theories, solitons have properties different from
perturbative solutions in field theories. First, the mass of solitons is inversely proportional
to some powers of dimensionless coupling constants in field theories. So, in the regime where
the perturbative approximations are valid (i.e. weak-coupling limit), the mass of solitons is
arbitrarily large and the soliton states decouple from the low energy effective theories. So,
their contributions to quantum effects are negligible. Their contribution to full dynamics
becomes significant in the strong coupling regime. Second, solitons are characterized by
“topological charges”, rather than by “Noether charges”. Whereas the Noether charges are
associated with the conservation laws associated with continuous symmetry of the theory,
the topological conservation laws are consequence of topological properties of the space
of non-singular finite-energy solutions. The space of nonsingular finite energy solutions
is divided into several disconnected parts. It takes infinite amount of energy to make a
transition from one sector to another, i.e. it is not possible to make a transition to the
other sector through continuous deformation. Third, the solitons with fixed topological
charges are additionally parameterized by a finite set of numbers called “moduli”. Moduli
or alternatively called collective coordinates are parameters labeling different degenerate
solutions with the same energy. The space of solutions of fixed energy is called moduli space.
The moduli of solitons are associated with symmetries of the solutions. For example, due
to the translational invariance of the Yang-Mills-Higgs Lagrangian, the monopole solution
sitting at the origin has the same energy as the one at an arbitrary point inR3; the associated
collective coordinates are the center of mass coordinates of the monopole. In addition, there
are collective coordinates associated with the gauge invariance of the theory. Note, monopole
carries charge of the U(1) gauge group which is broken from the Non-Abelian (SU(2)) one
at infinity (where the Higgs field takes its value at the gauge symmetry breaking vacuum).
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Thus, only relevant gauge transformations of Non-Abelian gauge group that relate different
points in moduli space are those that do not approach identity at infinity, i.e. those that
reduce to non-trivial U(1) gauge transformations at infinity.
Another important characteristic of solitons is that they are the minimum energy config-
urations for given topological charges, i.e. the energy of solitons saturates the Bogomol’nyi
bound [94, 510]. The lower bound is determined by the topological charges, e.g. the winding
number for strings and U(1) gauge charge carried by black holes. The original calculation
[94] of the energy bound for a soliton in flat spacetime involves taking complete square of the
energy density Ttt; the minimum energy is saturated if the complete square terms are zero.
Solitons therefore satisfy the first order differential equations 2 (“complete square terms”
= 0), the so-called Bogomol’nyi or self-dual equations. An example is the (anti) self-dual
condition Fµν = ± ⋆ Fµν for Yang-Mills instantons [68]. Another example is the magnetic
monopoles [592, 507] in an SU(2) Yang-Mills theory, which satisfy the first order differential
equation Bi = ±DiΦ relating the magnetic field Bi to the Higgs field Φ. Here, the Higgs
field takes its values at the minimum of the potential V (Φ), where the non-Abelian gauge
group SU(2) is spontaneously broken down to the Abelian U(1) gauge group.
The energy of solitons in asymptotically flat curved spacetime is given by the ADM
mass [20, 1, 349], i.e. a Poincare´ invariant conserved energy of gravitating systems. The
ADM mass is defined in terms of a surface integral of the conserved current Jµ = T µνKν
over a space-like hypersurface at spatial infinity. Here, T µν is the energy-momentum tensor
density and Kν is a time-like Killing vector of the asymptotic spacetime. The so-called
positive-energy theorem [146, 531, 532, 533, 534, 631, 483, 387, 295, 379] proves that the
ADM mass of gravitating systems is always positive. In such proofs, one calculates the
energy associated with a small deviation around the background spacetime and finds it
always positive, implying that the background spacetime (Minkowski or anti-De Sitter space-
time) is a stable vacuum configuration. The proof of the positive energy theorem, first
given in [631] and refined covariantly in [483], involves the volume and the surface integrals
(related through the Stokes theorem) of Nester’s 2-form, which is defined in terms of a spinor
and its gravitational covariant derivative. Such proofs have an advantage of being easily
generalized to supergravity theories. The positive energy theorem proves that the ADMmass
of gravitating systems is always positive, provided the spinor satisfies the Witten’s condition
and the matter stress energy tensor, if any, satisfies the dominant energy condition.
One way of proving positivity of the energy of solitons in curved spacetime is by embed-
ding the solutions into (extended) supergravity theories [296, 295] as solutions to equations
of motion. In this case, the Nester’s form is defined in terms of the supersymmetry param-
eters and their supercovariant derivatives. Then, the surface integral yields the supercharge
anticommutation relations of extended supersymmetry, i.e. the 4-momentum term plus the
central charge term. The 4-momentum in the surface integral is the ADM 4-momentum
[20, 1] of the soliton and the central charge corresponds to the topological charge carried by
the soliton [485, 489, 201]; the soliton behaves as if a particle carrying the corresponding
4-momentum and quantum numbers. This is a reminiscent of BPS states in extended super-
gravities. One can think of solitons as realizations of states in supermultiplet carrying central
charges of extended supersymmetry [299, 399]. In fact, for each Killing spinor, defined as a
spinor field which is covariant with respect to the supercovariant derivative, one can define
2Note, the stress-energy tensor is second order in derivatives of spacetime coordinates.
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a conserved anticommuting supercharge, whose anticommutation relation is just the surface
integral of the Nester’s 2-form.
The integrand of the volume integral of the Nester’s 2-form yields sum of terms bilinear
in supersymmetry variations of the fermionic fields in the supergravity theory. Since such
terms are positive semidefinite operators, provided the (generalized) Witten’s condition [631]
and the dominant energy condition for the matter stress-energy tensor are satisfied, the
terms in the surface integral have to be non-negative, leading to the inequality “(ADM
mass) ≥ (the maximum eigenvalue of the topological charge term)”. Again a reminiscent of
the mass bound for the states in the BPS supermultiplet. This bound is saturated iff the
supersymmetry variations of fermions are all zero. The equations obtained by setting the
supersymmetry variations of fermions equal to zero are called the Killing spinor equations.
These are a system of first order differential equations satisfied by the minimum energy
configuration among solutions with the same topological charge. Such a configuration is a
bosonic configuration which is invariant under supersymmetry transformations and therefore
is called supersymmetric.
The necessary and sufficient condition for the existence of supersymmetric solution is the
existence of “non-zero” superconvariantly constant spinors, i.e. Killing spinors. Note, such
Killing spinors define supercharges, which act on the lowest spin state to build up supermul-
tiplets of superalgebra. Killing spinors are Goldstone modes of broken supersymmetries; for
each supersymmetry preserved, the corresponding supercharge is projected onto zero norm
states, and the rest of supercharges are associated with Goldstone spinor degrees of freedom
originated from broken supersymmetries. The number of supercharges which are projected
onto the zero norm states is determined by the number of distinct eigenvalues of the central
charge matrix. In the language of solitons, such central charge matrix is determined by the
charge configurations of solitons. Alternatively, one can determine the number of supersym-
metries preserved by the solitons from the spinor constraints, which are byproducts of the
Killing spinor equations along with self-dual or the first order differential equations. The
number of constraints on the Killing spinors are again determined by the charge configura-
tion of the solitons. These constraints determine the number of independent spinor degrees
of freedom, i.e. the number of supersymmetries preserved by the soliton. Thus, the number
of supersymmetries preserved by solitons is intrinsically related to the topological charge
configurations of solitons through either the number of eigenvalues of central matrix or the
number of constraints on the Killing spinors.
In the following, we elaborate on ideas discussed in the above in a more precise and
concrete way, by quantifying ideas and giving some examples. First, we discuss how the
physical parameters (mass, angular momenta, etc) are defined from solitons. Then, we
discuss the BPS multiplets of extended supersymmetry theories. Finally, we discuss positive
energy theorem of general relativity and extended supergravity theories.
2.1 Physical Parameters of Solitons
We discuss how to define physical parameters (e.g. the ADM mass, angular momenta, U(1)
charges) of gravitating systems. This serves to fix our conventions for defining parameters of
solitons. The classical solutions near the space-like infinity can be regarded as the “imprints”
of the ADM mass, angular momenta and electric/magnetic charges of the source.
First, we discuss the parameters of spacetime metric. The physical parameters are defined
7
with reference to the background (asymptotic) spacetime. We assume that the spacetime
is asymptotically Minkowski at space-like infinity, since the solitons under consideration in
this review satisfy this condition.
We consider the following general form of action in D spacetime dimensions:
S =
∫ √−gdDx( 1
16πGDN
R+ Lmat
)
, (1)
where GDN is the D-dimensional Newton’s constant (related to the Plank constant κD as
κ2D = 8πG
D
N) and Lmat is the matter Lagrangian density. For the signature of the metric
gµν , we take the mostly positive convention (−+ · · ·+). From (1), one obtains the following
Einstein field equations for gravitation:
Gµν = Rµν − 1
2
gµνR = 8πGNDTmatµν , (2)
where the matter stress-energy tensor Tmatµν is defined as
Tmatµν ≡
2√−g
∂(
√−gLmat)
∂gµν
, (3)
where Tmatij are stresses, T
mat
0i are momentum densities and T
mat
00 is the mass-energy density
(i, j = 1, ..., D − 1).
In order to measure the mass, the momenta and the angular momenta of gravitating
systems, one usually goes to the external spacetime far away from the source. In this region,
the gravitational field is weak and, therefore, the Einstein’s field equations (2) take the
form linear in the deviation hµν of the metric gµν from the flat one ηµν (gµµ = ηµν + hµν ,
|hµν | ≪ 1). This linearize field equations 3 have the invariance under the infinitesimal
coordinate transformations (xµ → xµ + ξµ) hµν → hµν − ∂νξµ − ∂µξν, which resembles the
gauge transformation of U(1) gauge fields. (The linearized Riemann tensor, Einstein tensor,
etc are examples of invariants under this transformation.) By using this gauge-invariance,
one can fix the gauge by imposing the “Lorentz gauge” condition ∂ν(h
µν − 1
2
ηµνhαα) = 0.
This gauge condition is left invariant under the gauge transformations satisfying ξα,ββ = 0. In
this gauge, the Einstein’s equations take the form, which resembles the Maxwell’s equations:
∇2hµν = −16πGDN
(
Tmatµν −
1
D − 2ηµνT
mat
)
≡ −16πGDN T¯matµν , (4)
where ∇2 = ∂α∂α is the flat (D − 1)-dimensional space Laplacian and T ≡ T µµ.
The linearized Einstein’s equations (4) have the following general solution that resembles
the retarded wave solution of the Maxwell’s equations:
hµν(x
i) =
16πGDN
(D − 3)ΩD−2
∫ T¯µν(t− |~x− ~y|, ~y)
|~x− ~y|D−3 d
D−1y
=
16πGDN
(D − 3)ΩD−2
1
rD−3
∫
T¯µνd
D−1y
3In the linearized field theory, the spacetime vector indices are raised and lowered by the Minkowski
metric ηµν .
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+
16πGDN
ΩD−2
xk
rD−1
∫
ykT¯µνd
D−1y + · · · , (5)
where Ωn =
2π
n+1
2
Γ(n+1
2
)
is the area of Sn and i, k = 1, ..., D − 1 are spatial indices. Note, the
ADM D-momentum vector P µ and angular momentum tensor Jµν of the gravitating system
are defined as
P µ =
∫
T µ0dD−1x, Jµν =
∫
(xµT ν0 − xνT µ0)dD−1x. (6)
In particular, the time component of P µ is the ADM mass M , i.e. M = P 0.
With a suitable choice of coordinate basis, one can put the spatial components J ij (i, j =
1, ..., D − 1) of Jµν in the following form expressed in terms of the angular momenta Jk
(k = 1, ..., [D−1
2
]) in each rotational plane:
[J ij ] =

0 J1
−J1 0
0 J2
−J2 0
. . .
 , (7)
where for the even D the last row and column have zero entries.
In obtaining the general leading order expression for the metric, one chooses the rest frame
(P i = 0) with the origin of coordinates at the center of mass of the system (
∫
xiT 00dD−1x =
0). In this frame, J0i = 0, J ij = 2
∫
xiT j0dD−1x and gµν takes the form:
ds2 = −
[
1− 16πG
D
N
(D − 2)ΩD−2
M
rD−3
+O
(
1
rD−1
)]
dt2
−
[
16πGDN
ΩD−2
xk
rD−1
Jki +O
(
1
rD−1
)]
dtdxi
+
[(
1 +
16πGDN
(D − 2)(D − 3)ΩD−2
M
rD−3
)
δij
+ (gravitational radiation terms)] dxidxj . (8)
Note, the leading order terms of the asymptotically Minkowski metric is time-independent
and is determined uniquely by the ADM mass M and the intrinsic angular momenta J ij of
the source.
The general action (1) contains the following kinetic term 4 for a d-form potential Ad =
1
d!
Aµ1···µddx
µ1 ∧ · · · ∧ dxµd with field strength Fd+1 = dAd:
Sd−form =
1
16πGDN
∫
dDx
√−g
(
1
2(d+ 1)!
F 2d+1
)
. (9)
Note, in this kinetic term, GDN is absorbed in the action in contrast to the form of the matter
term in (1). The field equations and Bianchi identities of Ad are
d ⋆ Fd+1 = 2κ
2
D(−)d
2
⋆ Jd, dFd+1 = 0, (10)
4We omit the dilaton factor in the kinetic term for the sake of the argument.
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where Jd is the rank d source current and ⋆ denotes the Hodge-dual transformation in D
spacetime dimensions, i.e. (⋆Ad)
µ1···µD−d ≡ 1
d!
ǫµ1···µD(Ad)µD−d+1···µD with ǫ
01···D−1 = 1.
The soliton that carries the “Noether” electric charge Qd under Ad is an elementary
extended object with d-dimensional worldvolume, called (d − 1)-brane, and has the electric
source J coming from the σ-model action of the (d− 1)-brane. The “topological” magnetic
charge Pd˜ of Ad is carried by a solitonic (i.e. singularity and source free) object with d˜-
dimensional worldvolume, called (d˜−1)-brane, where d˜ ≡ D−d−2. The “Noether” electric
and the “topological” magnetic charges of Ad are defined as
Qd ≡
√
2κD
∫
MD−d
(−)d2 ⋆ Jd = 1√
2κD
∫
SD−d−1
⋆Fd+1,
Pd˜ ≡
1√
2κD
∫
Sd+1
Fd+1. (11)
These charges obey the Dirac quantization condition [482, 591]:
QdPd˜
4π
=
n
2
, n ∈ Z. (12)
The electric and magnetic charges of Ad have dimensions [Qd] = L
− 1
2
(D−2d−2) and [Pd˜] =
L
1
2
(D−2d−2), respectively. Electric/magnetic charges are dimensionless when D = 2(d + 1).
Examples are point-like particles (d = 1) in D = 4, strings (d = 2) in D = 6 [542, 311] and
membranes (d = 3) in D = 8 [311, 388].
From (11), one sees that the Ansa¨tze for Fd+1 for the soliton that carries electric or
magnetic charge of Ad are respectively given by:
⋆ Fd+1 =
√
2κDQdεd˜+1/Ωd˜+1, Fd+1 =
√
2κDPd˜εd+1/Ωd+1, (13)
where εn denotes the volume form on S
n, and the electric and magnetic charges of Ad are
defined from the asymptotic behaviors:
Ad ∼ ωd√
2κD
Qd
rD−d−2
, Fd+1 ∼ Ωd+1√
2κD
Pd˜
rd+1
, (14)
where r is the transverse distance from the (d − 1)-brane, ωd is the volume form for the
(d− 1)-brane worldvolume and Ωd+1 is the volume form of Sd+1 surrounding the brane.
From the elementary (d−1)-brane, one finds that the electric charge Qd is related to the
tension Td of the (d− 1)-brane in the following way:
Qd =
√
2κDTd(−)(D−d)(d+1). (15)
Here, Td has dimensions [Td] = ML
d−1 in the unit c = 1 and therefore is interpreted as mass
per unit (d − 1)-brane volume. In particular, for a 0-brane (d = 1) the tension T1 is the
mass. The Dirac quantization condition (12), together with (15), yields the following form
of the magnetic charge Pd˜ of Ad:
Pd˜ =
2πn√
2κDTd
(−)(D−d)(d+1), n ∈ Z. (16)
We comment on the ADM mass of (d−1)-branes. Note, in deriving (8) we assumed that
the metric gµν depends on all the spatial coordinates. So, (8) applies only to the 0-brane
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type soliton (or black holes). The (d− 1)-branes do not depend on the (d− 1) longitudinal
coordinates internal to the (d − 1)-brane and therefore the Laplacian in (4) is replaced by
the flat (D − d− 1)-dimensional one. As a consequence, in particular, the (t, t)-component
of the metric has the asymptotic behavior:
gtt ∼ −
(
1− 16πG
D
N
(D − 2)ΩD−d−1
Md
Vd−1
1
rD−d−2
)
. (17)
Here, the ADM mass Md of the (d − 1)-brane is defined as Md ≡ ∫ T 00dD−1x =
Vd−1
∫
T 00dD−dx, where Vd−1 is the volume of the (d − 1)-dimensional space internal to the
(d− 1)-brane. So, for (d− 1)-branes it is the ADM mass “density” ρd ≡ MdVd−1 =
∫
T 00dD−dx
that has the well-defined meaning. As an example, we consider the elementary BPS (d− 1)-
brane in D dimensions. The leading order asymptotic behavior of the (t, t)-component of
the metric of (d− 1)-brane carrying one unit of the d-form electric charge is 5
gtt ∼ −
1− D − d− 2
D − 2
c
(D)
d
rD−d−2
 , d˜ > 0, (18)
where c
(D)
d ≡ 2κ
2
DTd
d˜Ωd˜+1
is the unit (d − 1)-brane electric charge and r ≡ (x21 + · · ·+ x2D−d−2)1/2
is the radial coordinate of the transverse space. For (d − 1)-branes carrying m units of the
basic electric charge, c
(D)
d in (18) is replaced by mc
(D)
d . From (17) and (18), one obtains the
following ADM mass density of the (d− 1)-brane carrying one unit of electric charge:
ρd = Td =
1√
2κD
|Qd|. (19)
2.2 Supermultiplets of Extended Supersymmetry
2.2.1 Spinors in Various Dimensions
Before we discuss the BPS states in extended supersymmetry theories, we summarize the
basic properties of spinors for each spacetime dimensions D. More details can be found, for
example, in [628, 629, 575, 438]. We assume that there is only one time-like coordinate. The
types of super-Poincare´ algebra satisfied by supercharges depend on D. The superalgebra
is classified according to the fundamental spinor representations of the homogeneous group
SO(1, D − 1) and the vector representation of the automorphism group that supercharges
belong to. The pattern of superalgebra repeats with D mod 8.
In even D, one can define γ5-like matrix γ¯ ≡ ηγ0γ1 · · · γD−1 which anticommutes with
γµ and has the property γ¯2 = 1 (implying η2 = (−1)(D−2)/2), required for constructing a
projection operator. So, the 2[D/2] complex component Dirac spinor ψ, which is defined to
transform as δψ = −1
2
εµνΣ
µνψ (Σµν ≡ −1
4
[γµ, γν ]) under the infinitesimal Lorentz trans-
formation, in even D is decomposed into 2 inequivalent Weyl spinors ψ+ =
1
2
(1 + γ¯)ψ and
ψ− = 12(1− γ¯)ψ with 2D/2−1 complex components each.
5When d˜ = 0, e.g. a string in D = 4, the metric is asymptotically logarithmically divergent. In this
case, the ADM mass density is determined from volume integral of the (t, t)-component of the gravitational
energy-momentum pseudo-tensor [440].
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We discuss the reality properties of spinors. One can always find a matrix B satisfying
Σµν ∗ = BΣµνB−1. B defines the charge conjugation operation:
ψ → ψc = Cψ ≡ B−1ψ∗. (20)
By definition, the charge conjugation operator C commutes with the Lorentz generators Σµν ,
implying that ψ and ψc have the same Lorentz transformation properties. If C2 = 1, or
equivalently BB∗ = 1, the Dirac spinor ψ can be reduced to a pair of Majorana spinors (i.e.
eigenstates of C) ψA = 12(1 + C)ψ and ψB = 12(1 − C)ψ. This is possible in D = 2, 3, 4, 8, 9
mod 8. First, in odd D, Majorana spinors are necessarily self-conjugate under C and are
always real. So, the Dirac spinors in odd D are real [pseudoreal] in D = 1, 3 mod 8 [D = 5, 7
mod 8]. In even D, Majorana spinors can be either complex or real depending on whether ψ
and ψc have the same or opposite helicity. Namely, since Cγ¯ = (−1)(D−2)/2γ¯C, ψ and ψc have
the same [opposite] helicity for even [odd] (D − 2)/2, i.e. D = 2 mod 8 [D = 4, 8 mod 8].
So, in even D, the Dirac spinors are real [complex] or pseudoreal for D = 2 mod 8 [D = 4, 8
mod 8] or D = 6 mod 8, respectively. In particular, in D = 2 mod 8, both the Weyl and
the Majorana conditions are satisfied, and therefore in this case the Dirac spinor ψ is called
Majorana-Weyl.
We saw that supercharges Qi (i = 1, ..., N), transforming as spinors under SO(1, D− 1),
have different chirality and reality properties depending on D. The set {Qi}, furthermore,
transforms as a vector under an automorphism group, with i acting as a vector index. The
automorphism group depends on the reality properties of {Qi}. The automorphism group is
SO(N), USp(N) or SU(N)×U(1) for real, pseudoreal or complex case, respectively. In D =
2 mod 8 and D = 6 mod 8, the pair of Weyl spinors with opposite chiralities are not related
via C and therefore are independent: the automorphism groups are SO(N+)× SO(N+) and
USp(N+)×USp(N+) in D = 2 mod 8 and D = 6 mod 8, respectively, where N++N− = N .
The central charge ZIJ transforms as a rank 2 tensor under the automorphism group with
(I, J) acting as tensor indices. In D = 0, 1, 7 mod 8 [D = 3, 4, 5 mod 8], the central charge
has the symmetry property ZIJ = ZJI [ZIJ = −ZJI ].
The number N of supercharges QI in eachD is restricted by the physical requirement that
particle helicities should not exceed 2 when compactified to D = 4 [479, 17, 169, 69, 274].
This limits the maximum D with 1 time-like coordinate and consistent supersymmetric
theory to be 11 with N = 1 supersymmetry, i.e. 32 supercharge degrees of freedom. This
corresponds to N = 8 supersymmetry in D = 4 when compactified on T 7. In D < 11, the
number of spinor degrees of freedom cannot exceed that of N = 1, D = 11 theory. For the
pseudoreal cases, i.e. D = 5, 6, 7 mod 8, only even N are possible.
2.2.2 Central Charges and Super-Poincare´ Algebra
We discuss types of central charge ZIJ one would expect in the super Poincare´ algebra.
According to a theorem by Haag et. al. [330], within a unitary theory of point-like particle
interactions in D = 4 the central charge can be only Lorentz scalar. However, in the presence
of p-branes (p ≥ 1), central charges ZIJµ1···µp transforming as Lorentz tensors can be present in
the superalgebra without violating unitarity of interactions [201]. In fact, as will be shown,
it is the Lorentz tensor type central charges in higher dimensions that are responsible for the
missing central charge degrees of freedom in lower dimensions when the higher-dimensional
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superalgebra is compactified with an assumption that no Lorentz tensor type central charges
are present [603].
The Lorentz tensor type central charges appear in the supersymmetry algebra schemat-
ically in the form:
{QIα, QJβ} = δIJ(Cγµ)αβPµ +
∑
p=0,1,...
(Cγµ1···µp)αβZIJµ1···µp , (21)
where Pµ is D-dimensional momentum, I, J = 1, ..., N label supersymmetries and α, β are
spinor indices in D dimensions. Here, (Cγµ)αβ in (21) is replaced by (CγµP±)αβ for pos-
itive or negative chiral Majorana spinors 6 QI± (e.g. type-IIB theory), where P± projects
on the positive or negative chirality subspace, and also similarly for (Cγµ1···µp)αβ . Note,
ZIJµ1···µp commute with Q
I
α and Pµ, but transform as second rank tensors under the Lorentz
transformation, and therefore are central with respect to supertranslation algebra, only.
The number of central charge degrees of freedom is determined by the number of all the
possible (I, J) in (21) [41, 42, 44, 43]. In the sum term in (21), one has to take into account
the overcounting due to the Hodge-duality between p and D−p forms (ZIJµ1···µp ∼ ZIJµ1···µD−p).
When p = D−p, ZIJµ1···µp are self-dual or anti-self dual. (For this case, the degrees of freedom
are halved.) (I, J) on ZIJµ1···µp are defined to have the same permutation symmetry as (α, β)
in γ
µ1···µp
αβ so that γ
µ1···µp
αβ Z
IJ
µ1···µp is symmetric under the simultaneous exchanges of indices
in the pairs (I, J) and (α, β) so that they have the same symmetry property (under the
exchange of the indices) as the left hand side of (21). Namely, only terms associated with
γµαβ or γ
µ1···µp
αβ that are either symmetric or antisymmetric under the exchange of α and β
can be present on the right hand side of (21).
2.2.3 Central Charges and κ-Symmetry
The p-form central charge ZIJµ1···µp in (21) arises from the surface term of the Wess-Zumino
(WZ) term in the p-brane worldvolume action [201].
Before we discuss this point, we summarize how WZ term emerges in the p-brane world-
volume action [599, 600]. In the Green-Schwarz (GS) formalism [313, 315, 351, 86] of the
supersymmetric p-brane worldvolume action, one achieves manifest spacetime supersymme-
try by generalizing spacetime with bosonic coordinates Xµ (µ = 0, 1, ..., D − 1) and global
Lorentz symmetry to superspace Σ with coordinates ZM = (Xµ, θα) and super-Poincare´
invariance. Here, α is a D-dimensional spacetime spinor index and the spacetime spinor θα
takes an additional index I (I = 1, .., N) for N -extended supersymmetry theories, i.e. θI α.
Fields in the GS action are regarded as maps from the worldvolume W to Σ. The world-
volume W of a p-brane has coordinates ξi = (τ, σ1, ..., σp) with worldvolume vector index
i = 0, 1, ..., p. We denote an immersion fromW to Σ as φ : W → Σ. The pullback φ∗ of a form
in Σ by φ induces a form in W . To generalize the bosonic p-brane worldvolume Lagrangian
density Lbos = Tp[−det (∂iXµ(ξ)∂jXν(ξ)ηµν)]1/2 to be invariant under the supersymmetry
transformation as well as local reparameterization and global Poincare´ transformations, one
introduces a supertranslation invariant D-vector-valued 1-form Πµ ≡ dXµ − iθ¯γµdθ. This
corresponds to the spacetime component of the left-invariant 1-form ΠA = (Πµ,Πα = dθα)
6A Majorana spinor Q is defined as Q¯ = QTC, where the bar denotes the Dirac conjugate. The positive
or negative chiral spinor Q± is defined as γ¯Q± = ±Q±.
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on Σ. The simplest and straightforward supersymmetric generalization of the bosonic world-
volume σ-model action for a p-brane is [86, 2, 313, 315, 351, 377, 87, 85, 201]
S1 = Tp
∫
W
dp+1ξ
√
−det
(
Πµi (ξ)Π
ν
j (ξ)ηµν
)
, (22)
where Tp is the p-brane tension and Π
µ
i is the ξ
i-component of the pullback of the 1-form Πµ in
Σ by φ, i.e. (φ∗ΠA)(ξ) = ΠAi (ξ)dξ
i with Πµi = ∂iX
µ − iθ¯γµ∂iθ and Παi = ∂iθα (∂i ≡ ∂/∂ξi).
(22) is manifestly invariant under the global super-Poincare´ and local reparameterization
transformations, but is not invariant under a local fermionic symmetry, called ‘κ-symmetry’
[313, 377, 131, 88, 3], which is essential for equivalence of the GS and NSR formalisms
of the worldvolume action. To make (22) invariant under the κ-symmetry, one introduces
an additional term SWZ , called ‘Wess-Zumino (WZ) action’, into (22). To construct the
Wess-Zumino (WZ) action for a p-brane, one introduces the super-Poincare´ invariant closed
(p + 2)-form h(p+2) on Σ. Such closed (p + 2)-forms exist only for restricted values of D
and p. The complete listing of the values of (D, p) are found in [2]. The maximum values
of allowed D and p are Dmax = 11 and pmax = 5, which can also be determined by the
worldvolume bose-fermionic degrees of freedom matching condition discussed in the next
paragraph. The super-Poincare´ invariant closed (p+2)-form, in general, has the form h(p+2) =
Πµ1 · · ·Πµp+2dθ¯γµ1···µp+2dθ. Since h(p+2) is closed, one can locally write h(p+2) in terms of a
(p + 1)-form b(p+1) (on Σ) as h(p+2) = db(p+1). Then, a super-Poincare´ invariant WZ action
for a p-brane is obtained by integrating b(p+1) over W [86, 2, 313, 315, 351, 377, 87, 85, 201]:
SWZ = Tp
∫
dp+1ξφ∗ b(p+1). (23)
Note, whereas S1 and SWZ are individually invariant under the local reparameterization and
global super-Poincare´ transformations, the κ-symmetry is preserved only in the complete
action Sp = S1+SWZ . The κ-symmetry gauges way the half of the degrees of freedom of the
spinor θ, thereby only 1/2 of spacetime supersymmetry is linearly realized as worldvolume
supersymmetry [378]. To summarize, the invariance under the κ-symmetry necessitates the
introduction of b(p+1) (on Σ) via the WZ term; b(p+1) couples to the worldvolume of the
p-branes and becomes the origin of the central charge term in the supersymmetry algebra.
We comment on the allowed values of p and the number N of spacetime supersymmetry
for each D. This is determined [241] by matching the worldvolume bosonic degrees NB
and fermionic degrees NF of freedom. First, we consider the case where the worldvolume
theory corresponds to scalar supermultiplet (with components given by scalars and spinors).
By choosing the static gauge (defined by Xµ(ξ) = (X i(ξ), Y m(ξ)) = (ξi, Y m(ξ)), with i =
0, 1, ..., p and m = p + 1, ..., D − 1), one finds that the number of on-shell bosonic degrees
of freedom is NB = D − p− 1. We denote the number of supersymmetries and the number
of real components of the minimal spinor in D-dimensional spacetime [(p + 1)-dimensional
worldvolume] as N and M [n and m], respectively. Then, since the κ-symmetry and the
on-shell condition each halves the number of fermionic degrees of freedom, the number of
on-shell fermionic degrees of freedom is NF =
1
2
mn = 1
4
MN . The allowed values of N and
p for each D is determined by the worldvolume supersymmetry condition NB = NF , i.e.
D−p−1 = 1
2
mn = 1
4
MN . The complete listing of values of N and p are found in [241, 234].
The maximum number ofD in which this condition can be satisfied isDmax = 11 (p = 2) with
M = 32 and N = 1. So, for other cases (D < 11), MN ≤ 32. Similarly, the maximum value
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of p for which this condition can be satisfied is pmax = 5. The “fundamental” super p-branes
[2] that satisfy this condition are (D, p) = (11, 2), (10, 5), (6, 3), (4, 2). The 4 sets of p-branes
obtained from these “fundamental” super p-branes through double-dimensional reduction
are named the octonionic, quaternionic, complex and real sequences. Note, in addition
to scalars and spinors, there are also higher spin fields on the worldvolume [241]: vectors
or antisymmetric tensors. First, we consider vector supermultiplets. Since a worldvolume
vector has (p − 1) degrees of freedom, the worldvolume supersymmetry condition NB =
NF becomes D − 2 = 12mn = 14MN . This condition introduces additional points in the
brane-scan. Vector supermultiplets exist only for 3 ≤ p ≤ 9 and the bose-fermi matching
condition can be satisfied in D = 4, 6, 10, only. Second, we consider tensor worldvolume
supermultiplets. In p+1 = 6 worldvolume dimensions, there exists a chiral (n+, n−) = (2, 0)
tensor supermultiplet (B−µν , λ
I , φ[IJ ]), I, J = 1, ..., 4, with a self-dual 3-form field strength,
corresponding to the D = 11 5-brane. The decomposition of this (2, 0) supermultiplet under
(1, 0) into a tensor multiplet with 1 scalar and a hypermultiplet with 4 scalars, followed by
truncation to just the tensor multiplet, leads to worldvolume theory of 5-brane in D = 7.
2.2.4 Central Charges and Topological Charges
We illustrate how Lorentz tensor type central charges (associated with p-branes) arise in the
supersymmetry algebra [201]. Since the action Sp has the manifest super-Poincare´ invariance,
one can construct supercharges Qiα from the conserved Noether currents jα associated with
super-Poincare´ symmetry. Whereas (22) is invariant under the super-Poincare´ variation,
i.e. δSS1 = 0, the integrand of the WZ action (23) is only quasi-invariant. Namely, since
δSb(p+1) = d∆(p) for some p-form ∆(p), the integrand of SWZ transforms by total spatial
derivative: TpδS(φ
∗ b(p+1)) = d(φ∗∆(p)) ≡ ∂i∆i(p)dτ ∧ dσ1 ∧ · · · ∧ dσp. It is ∆(p) that induces
‘topological charge’ which becomes central charge in the super-Poincare´ algebra. Generally,
when a Lagrangian density L is quasi-invariant under some transformation, i.e. δAL = ∂i∆iA,
the associated Noether current jiA contains an “anomalous” term ∆
i
A: j
i
A = δAZ
M ∂L
∂(∂iZM )
−
∆iA. Such an anomalous term modifies the algebra of the conserved charges Q
A =
∫
dpσjτA
to include a topological (or central) terms AAB.
For a p-brane, the WZ action (23) gives rise to the central term in the supersymmetry
algebra of the form:
Aαβ = Tp(Cγµ1···µp)αβ
∫
dpσj
τ µ1···µp
T , (24)
where j
τ µ1···µp
T is the (worldvolume) time-component of the topological current density
j
i µ1···µp
T = ǫ
ij1···jp∂j1X
µ1(ξ) · · ·∂jpXµp(ξ). So, p-form central charges in supersymmetry al-
gebra 7 (21) has the following general form [44] given by the surface integral of a (p+1)-form
local current JIJµ0µ1···µp(x) over a space-like surface embedded in D-dimensional spacetime:
ZIJµ1···µp =
∫
dD−1Σµ0 JIJµ0µ1···µp(x). (25)
Here, the (p + 1)-form local current JIJµ0µ1···µp(x) has contributions from individual p-branes
7In the supersymmetry algebra (21), the p-brane tension Tp is set equal to 1.
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with the coordinates Xaµ(τ, σ1, ..., σp) and charges z
IJ
a (index a labeling each p-brane)
8:
JIJµ0µ1···µp(x) =
∫
dτdσ1 · · ·dσp
∑
a
zIJa δ
(D) (x−Xa(τ, σ1, ..., σp))
×∂τXa[µ0 · · ·∂σpXaµp](τ, σ1, ..., σp). (26)
This (p+1)-form current is coupled to a (p+1)-form gauge potential AIJµ0µ1···µp(x) of the low
energy effective supergravity in the following way:
S ∼
∫
dDxA
µ0µ1···µp
IJ (x)J
IJ
µ0µ1···µp(x)
=
∑
a
∫
dτdσ1 · · · dσpAµ0µ1···µpIJ (Xa)∂τXa[µ0 · · ·∂σpXaµp]zIJa , (27)
where zIJa are the charges of A
IJ
µ0µ1···µp(x) carried by the a-th p-brane with the coordinates
Xaµ. The field equation for A
IJ
µ0µ1···µp(x) is:
∂λ∂[λA
IJ
µ0µ1···µp](x) = J
IJ
µ0µ1···µp(x). (28)
So, one can think of ZIJµ1···µp as being related to charges of A
IJ
µ0µ1···µp(x) with the charge source
given by p-branes with their worldvolumes coupled to AIJµ0µ1···µp(x). There is a one-to-one
correspondence between AIJµ0µ1···µp(x) in the effective supergravity theory and Z
IJ
µ0µ1···µp in
the superalgebra, i.e. there are as many central extensions as form fields in the effective
supergravity.
2.2.5 S-Theory
The maximally extended superalgebra has 32 real degrees of freedom in the set {QIα} of
supercharges, i.e. N = 1 supersymmetry in D = 11 or N = 8 supersymmetry in D = 4.
So, the right hand side of (21) has at most 32×33
2
= 528 degrees of freedom; the sum of
D degrees of freedom of the momentum operator P µ and the degrees of freedom of central
charges ZIJµ1···µp in (21) has to be 528. This is the main reason for the necessity of existence
of p-branes in higher dimensions [603]; N = 1 supersymmetry in D = 11 without central
charge has only 11 degrees of freedom on the right hand side of (21).
The extended superalgebra (21) can be derived by compactifying either a type-A super-
algebra in D = 2 + 10 or a type-B superalgebra in D = 3 + 10 (the so-called “S-theories”)
[41, 42, 44, 43], with the Lorentz symmetries SO(10, 2) and SO(9, 1)⊗SO(2, 1), respectively.
The superalgebra of the type-IIA(B) theory is obtained by compactifying the type-A(B) al-
gebra. First, the type-A algebra has the form:
{Qα, Qβ} = γM1M2αβ ZM1M2 + γM1···M6αβ Z+M1···M6, (29)
where Mi = 0
′, 0, 1, ..., 10 is a D = 12 vector index with 2 time-like indices 0′, 0. Note, in
D = 12 with 2 time-like coordinates, only gamma matrices which are (anti)symmetric are
γM1M2 and γM1···M6, with γM1···M6 being self-dual. So, one has terms involving 2-form central
charge ZM1M2 and self-dual 6-form central charge Z
+
M1···M6 , without momentum operator P
M
term, in (29). Generally, in theD < 12 supersymmetry algebra compactified from the type-A
8So, a p-form central charge is related to boundaries of the p-brane. For example for a string (p = 1),
Zµ1 ∼ Xµ1(0)−Xµ1(π).
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algebra, the spinor indices a and α of 32 spinors Qaα are regarded as those of SO(c+1, 1) and
SO(D−1, 1) Lorentz groups, respectively, where c is the number of compactified dimensions
from the point of view of D = 10 string theory. Second, the type-B algebra has the form:
{Qa¯α¯, Qb¯β¯} = γµα¯β¯(cτi)a¯b¯P iµ + γµ1µ2µ3α¯β¯ ca¯b¯Yµ1µ2µ3 + γµ1···µ5α¯β¯ (cτi)a¯b¯X iµ1···µ5 , (30)
where the indices are divided into the D = 10 ones α¯, β¯ = 1, 2, ..., 16 and µ = 0, 1, ..., 9 with
the Lorentz group SO(1, 9), and the D = 3 ones a¯, b¯ = 1, 2 and i = 0′, 1′, 2′ with the Lorentz
group SO(1, 2). (The barred [unbarred] indices are spinor [spacetime vector] indices.) Here,
γµ [τi] are gamma matrices of the SO(1, 9) [SO(1, 2)] Clifford algebra and c
a¯b¯ = iσa¯b¯2 = ǫ
a¯b¯.
We discuss the maximal extended superalgebras that follow from the type-A algebra.
First, the following N = 1, D = 11 superalgebra is obtained from (29) by compactifying the
0′-coordinate:
{Qα, Qβ} = (ΓµC)αβPµ + (Γµ1µ2C)αβZµ1µ2 + (Γµ1···µ5C)αβXµ1···µ5 , (31)
where each term on the right hand side emerges from the terms in (29) as
ZM1M2 → Pµ ⊕ Zµ1µ2 66 = 11 + 55
Z+M1···M6 → Xµ1···µ5 462 = 462. (32)
The central charges Zµ1µ2 and Zµ1···µ5 are associated with the M 2 and M 5 branes, respec-
tively. The maximal extended superalgebras in D < 11 are obtained by compactifying the
D = 11 supertranslation algebra (31) on tori. The central charge degrees of freedom in
lower dimensions are counted by adding the contribution from the internal momentum Pm
(m = 1, ..., 11 −D) and the number of ways of wrapping M 2 and M 5 branes on cycles of
T 11−D in obtaining various p-branes in lower dimensions. Schematically, decompositions of
the terms on the right hand side of (31) are:
Pµ = Pµ ⊕ Pm, Zµ1µ2 = Zµ1µ2 ⊕ Zm1µ1 ⊕ Zm1m2 ,
Xµ1···µ5 = Xµ1···µ5 ⊕Xm1µ1···µ4 ⊕Xm1m2µ1µ2µ3 ⊕Xm1m2m3µ1µ2 ⊕Xm1···m4µ1 ⊕Xm1···m5 . (33)
The N(N − 1) Lorentz scalar central charges of the (maximal) N -extended D < 11 superal-
gebras originate from the Lorentz scalar type terms (under the SO(D− 1, 1) group) on the
right hand sides of (33), i.e. Pm, Z
mm and Xm1···m5 . In this consideration, one has to take
into account equivalence under the Hodge-duality in D dimensions. N(N − 1) = 56 Lorentz
scalar central charges of N = 8 superalgebra in D = 4 originate from the 7 components of
Pm,
7×6
2×1 = 21 terms in Z
m1m2 , 7×6×5×6×5
5×4×3×2×1 = 21 terms in X
m1···m5 and 7 terms in the Hodge-
dual of Xm1µ1···µ4 . The similar argument regarding the supertranslational algebras of type-IIB
and heterotic theories can be made, and details are found, for example, in [44, 603].
We saw that one has to take into account the Lorentz tensor type central charges in
higher-dimensions to trace the higher-dimensional origin of N(N − 1) 0-form central charge
degrees of freedom in N -extended supersymmetry in D < 11. This supports the idea that
in order for the conjectured string dualities (which mix all the electric and magnetic charges
associated with N(N − 1) 0-form central charges in D < 10 among themselves) to be valid,
one has to include not only perturbative string states but also the non-perturbative branes
within the full string spectrum. In lower dimensions, these central charges are carried by
0-branes (black holes). It is a purpose of chapter 4 to construct the most general black
hole solutions in string theories carrying all of 0-form central charges. In section 6.3.3, we
identify the (intersecting) p-branes in higher dimensions which reduce to these black holes
after dimensional reduction.
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2.2.6 Central Charges and Moduli Fields
We comment on relation of central charges to U(1) charges and moduli fields [7, 8]. Except
for special cases of D = 4, N = 1, 2 and D = 5, N = 2, scalar kinetic terms in supergravity
theories are described by σ-model with target space manifold given by coset space G/H .
Here, a non-compact continuous group G is the duality group that acts linearly on field
strengths HΛµ1···µp+2 and is on-shell and/or off-shell symmetry of the action. The isotropy
subgroup H ⊂ G is decomposed into the automorphism group HAut of the superalgebra and
the group Hmatter related to the matter multiplets: H = HAut ⊕Hmatter. (Note, the matter
multiplets do not exist for N > 4 in D = 4, 5 and in maximally extended supergravities.)
The properties of supergravity theories are fixed by the coset representatives L of G/H .
L is a function of the coordinates of G/H (i.e. scalars) and is decomposed as:
L = (LΛΣ) = (L
Λ
AB, L
Λ
I ), L
−1 = (LAB Λ, LI Λ), (34)
where (A,B) and I respectively correspond to 2-fold tensor representation of HAut and the
fundamental representation of Hmatter . Here, Λ runs over the dimensions of a representation
of G. The (p+2)-form strength HΛ kinetic terms are given in terms of the following kinetic
matrix determined by L:
NΛΣ = LAB ΛLABΣ − LI ΛLIΣ. (35)
So, the “physical” field strengths of (p + 1)-form potentials in supergravity theories are
“dressed” with scalars through the coset representative and the (p+ 2)-form field strengths
appear in the supersymmetry transformation laws dressed with the scalars. The central
charges of extended superalgebra, which is encoded in the supergravity transformations rules,
are expressed in terms of electric QΛ ≡ ∫SD−p−2 GΛ and magnetic PΛ ≡ ∫Sp+2HΛ charges of
(p + 2)-form field strengths HΛ = dAΛ (GΛ = ∂L∂HΛ ) and the asymptotic values of scalars in
the form of the coset representative, manifesting the geometric structure of moduli space.
These central charges satisfy the differential equations that follow from the Maurer-
Cartan equations satisfied by the coset representative. One of the consequences of these
differential equations is that the vanishing of a subset of central charges (resulting from the
requirement of supersymmetry preserving bosonic background) forces the covariant deriva-
tive of some other central charges to vanish, i.e. “principle of minimal central charge”
[258, 259]. Furthermore, from defining relations of the kinetic matrix of (p + 2)-form field
strengths and the symmetry properties of the symplectic section under the group G, one
obtains the sum rules satisfied by the central and matter charges.
For other cases, in which the scalar manifold cannot be expressed as coset space, one can
apply the similar analysis as above by using techniques of special geometry [576, 132, 270].
For this case, the roles of the coset representative and the Maurer-Cartan equations are
played respectively by the symplectic sections and the Picard-Fuchs equations [134].
2.2.7 BPS Supermultiplets
We discuss massive representations of extended superalgebras with non-zero central charges
[485, 489, 330, 264, 575], i.e. the BPS states. It is convenient to go to the rest frame of
states defined by Pµ = (M, 0, ..., 0), where M is the rest mass of the state. The little group,
defined as a set of transformations that leave this Pµ invariant, consists of SO(D − 1),
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the automorphism group and the supertranslations. Since central charges ZIJ transform
as a second rank tensor under the automorphism group, only the subset of automorphism
group that leaves ZIJ invariant should be included in the little group. Central charges
inactivate some of supercharges, reducing the size of supermultiplets. In the following, we
illustrate properties of the BPS states for the D = 4 case with an arbitrary number N of
supersymmetries.
In the Majorana representation, the central charges U IJ and V IJ (I, J = 1, ..., N) appear
in the N -extended superalgebra in D = 4 in the form [264]:
{QIα, QJβ} = (γµC)αβPµδIJ + CαβU IJ + (γ5C)αβV IJ , (36)
where α, β = 1, ..., 4 are indices of Majorana spinors, C is the charge conjugation matrix
C = −CT , and the supercharges QIα are in the Majorana representation. In the Majorana
representation, U IJ and V IJ are hermitian operators and antisymmetric.
Alternatively, one can express the superalgebra (36) in the Weyl basis. In this basis, a
4-component spinor Qα (α = 1, ..., 4) is decomposed into left- and right-handed 2-component
Weyl spinors:
QIα = (Q
I
L)α, (Q
I
R)
α˙ = ǫα˙β˙Q∗ I
β˙
= (iσ2Q
∗ I
L )
α˙, (37)
where α, β = 1, 2 and α˙, β˙ = 1, 2 are Weyl spinor indices, and ǫαβ = ǫα˙β˙ = (iσ2)αβ = −ǫαβ =
−ǫα˙β˙ is the 2-dimensional Levi-Civita symbol. Namely, the lower and upper components
of a 4-component spinor Qα (α = 1, ..., 4) are (QL)α and ǫ
α˙β˙Q∗
L β˙
, respectively. In this
2-component Weyl basis representation, the anticommutations (36) become
{QIα, Q∗ Jβ˙ } = (σµ)αβ˙P µδIJ ,
{QIα, QJβ} = ǫαβZIJ , {Q∗ Iα˙ , Q∗ Jβ˙ } = ǫα˙β˙ZIJ , (38)
where ZIJ ≡ −V IJ + iU IJ .
The central charge matrix ZIJ can be brought to the block diagonal form by applying
the U(N) automorphism group:
ZIJ = diag(z1ǫ
ij , z2ǫ
ij , · · · , z[N
2
]ǫ
ij) = iσ2 ⊗ Zˆ[N
2
], (39)
where zm (m = 1, ..., [
N
2
]) are eigenvalues of ZIJ and Zˆ[N
2
] ≡ diag(z1, ..., z[N
2
]). There are
extra 0 entries in the N -th row and column in ZIJ for an odd N . Further redefining the
supercharges and making use of the reality condition satisfied by the supercharges, one can
simplify supersymmetry algebra:
{Smα (a), S∗nβ (b)} = δαβδmnδab (M − (−)bzn),
{Smα (a), Snβ (b)} = {S∗mα (a), S∗nβ (b)} = 0, (40)
where α, β = 1, 2, a, b = 1, 2, and m,n = 1, ..., N/2. For odd N , there are extra anticommu-
tation relations associated with the extra 0 entries in ZIJ .
Since the left-hand-sides of (40) are positive semidefinite operators, the rest mass M of
the particles in the supermultiplet is always greater than or equal to all the eigenvalue of
the central charge matrix and therefore:
M ≥ max{|zm|}. (41)
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The state that saturates the bound (41) is called the BPS state. The supermultiplet that do
not saturate (41) is called the long multiplet and is the same as that of extended superalgebra
without central charges. The BPS supermultiplet is called short multiplet, since there are
fewer supercharges (or raising operators) available for building up supermultiplet (since
the supercharges that annihilate the supersymmetric vacuum get projected onto zero norm
states). The type of supermultiplet that BPS states belong to depends on the number of
distinct eigenvalues of the central charge matrix ZIJ .
In the following, we give examples on all the possible BPS multiplets of N = 4 super-
symmetry algebra. N = 4 superalgebra has [N
2
] = 2 eigenvalues z1 and z2. There are two
types of BPS supermultiplets in the N = 4 superalgebra depending on whether z1,2 are the
same or different.
When z1 = z2, two raising operators S
1
α (2) and S
2
α (2) in (40) are projected onto the zero-
norm states; Smα (2) (m = 1, 2) annihilate the supersymmetric vacuum state and become zero.
So, 1
2
of supersymmetry is preserved and the remaining raising operators S1α (1) and S
2
α (1) act
on the lowest helicity state to generate the highest spin 1 multiplet.
When z1 6= z2, say, z1 > z2, the raising operator S1α (2) is projected onto the zero-norm
states. Hence, 1
4
of supersymmetry is preserved and the remaining raising operators S1α (1),
S2α (1) and S
2
α (1) act on the lowest helicity state to generate the highest spin 3/2 multiplet.
2.3 Positive Energy Theorem and Nester’s Formalism
We discuss the positive mass theorem [146, 531, 532, 533, 534, 631, 483, 295, 379] of general
relativity. The positive mass theorem says that the total energy, i.e. the rest mass plus
potential energy plus kinetic energy, of the gravitating system is always positive with a
unique zero-energy configuration with appropriate boundary conditions at infinity, provided
that the matter stress-energy tensor Tµν satisfies the dominant energy condition
TµνU
µV ν ≥ 0, (42)
for any non-space-like vectors Uµ and V µ. Here, the unique zero-energy configuration is the
Minkowski space or anti-de Sitter space, which gravitating configurations approach asymp-
totically at infinity. The reason why one cannot make gravitational energy arbitrarily nega-
tive by shrinking the size of the gravitating object (as in the case of Newtonian gravity) is
that when a system collapses beyond certain size, it forms an event horizon, which hides the
inside region that has singularities and negative energy: the system appears to have positive
energy to an outside observer.
In general relativity, there is no intrinsic definition o local energy density due to the
equivalence principle. So, one has to define energy of a gravitating system as a global
quantity defined in background (or asymptotic) region [20, 1]. In general, conserved charges
of general relativity are associated with generators of symmetries of the asymptotic region.
Namely, the conserved charge is defined as a surface integral (with the integration surface
located at infinity) of the time component of the conserved current of the symmetry in the
asymptotic region. Here, the integration surface is taken to be space-like in this section and
thereby gravitational energy is of the ADM type.
20
For a set {kAµ } of vectors that approach the Killing vectors of the asymptotic background,
one can define the conserved charge 9 KA through 10:
KA =
∫
Σ
d3xeΘµ0kAµ =
∫
Σ
ΘµνkAµ dΣν =
1
4
∫
S=∂Σ
δστλµνρΓ
νa
bk
Aρeµae
b
λdΣστ , (43)
where Θµν is the total stress-energy tensor [440] including the pure gravity contributions and
Γab = Γ
a
µbdx
µ is the connection 1-form for the metric gµν . For a time-like Killing vector k
A
µ ,
KA is the ADM energy relative to the zero-energy background state. For a generic asymp-
totically flat spacetime, the set of conserved charges KA consists of the ADM 4-momentum
P µ and the angular-momentum tensor Jµν , which satisfy the Poincare´ algebra. (The ADM
mass M is the norm of the ADM 4-momentum: M =
√
−P µPµ.) For a supersymmetric
bosonic background, one can define the (conserved) supercharge [206, 590] Qm for the con-
served current Jmµ = α
mRµ (∂µ(eα
mRµ) = 0), which is defined in terms of a Killing spinor
αm and a gravitino ψµ satisfying the Rarita-Schwinger equation:
Qm =
∫
Σ
d3xeαmR0 =
∫
Σ
αmεµνρσγν∇ρψσdΣµ
=
1
2
∫
S=∂Σ
αmεµνρσγ5γνψσdΣµρ (44)
where Rµ = εµνρσγ5γν∇ρψσ and σµν ≡ 14 [γµ, γν ], etc.. The generators K˜A and Q˜m of
the asymptotic spacetime symmetries and the supersymmetry transformation satisfy the
following algebras:
[K˜A, K˜B] = C
C
ABK˜C , {Q˜m, Q˜n} = fMmnK˜M , (45)
where CCAB are the same structure constants that appear in the commutator of the Killing
vectors kA and f
A
mn are the same constants
11 in the following relation between the Killing
vectors kµA and the Killing spinors αm:
α¯mγ
µαn = f
A
mnk
µ
A. (46)
So, these conserved charges satisfy the supersymmetry algebras
[P µ, Qm] = 0, [Jµν , Qm] = h¯σµν mn Q
n, {Qm, Qn} = h¯γmnµ P µ. (47)
The third equation in (47) leads to the simple proof [207] of the positivity of energy in
quantum supergravity. Since the left hand side of this equation is a positive semidefinite
operator, one has
h¯−1〈s|{Qm, Qn†}|s〉 = (γµγ0)mn〈s|Pµ|s〉 ≥ 0, (48)
where |s〉 is a physical state vector. For this inequality to be satisfied, the eigenvalues P 0±|~P |
of γµγ0Pµ have to be non-negative, leading to proof of the positivity of gravitational energy.
9At infinity, the current JAµ = e¯Θµνk
ν A is conserved, i.e. ∂µJAµ = 0. Here, e¯ is the determinant of the
background metric and kν A is now Killing vectors of the background spacetime.
10Here, the integration measures for the surface and volume integrals are respectively defined as dΣµν =
1
2εµνρσdx
ρ ∧ dxσ and dΣµ = 16εµνρσdxν ∧ dxρ ∧ dxσ.
11For flat spacetime, one can choose the basis of αm so that fAmn = γ
A
mn.
21
Rigorous proof of the positive energy theorem based on original Witten’s proof [631]
involves the following antisymmetric tensor (the Nester’s 2-form [483]):
Eµν = εµνρσ(ε¯γ5γρ∇σε−∇σε¯γ5γρε), (49)
where a Dirac spinor ε is assumed to approach a constant spinor 12 ε0 asymptotically (ε→
ε0 + O(r−1)) and ∇µ is the gravitational covariant derivative on a spinor. The ADM 4-
momentum Pµ is related to the surface integral of E
µν over the surface S at the space-like
infinity in the following way:
Pµε¯0γ
µε0 =
1
2
∫
S
EµνdΣµν . (50)
Proof of the positive energy theorem involves the surface and the volume integrals of the
Nester’s 2-form, which are related by the Gauss divergence theorem:
∮
S=∂Σ
1
2
Eµν dSµν =∫
Σ ∇µEµν dΣν . This leads to
Pµε¯0γ
µε0 =
∫
Σ
Gµν ε¯γ
µεdΣν +
∫
Σ
∇µε¯(γνσµρ + σµργν)∇ρεdΣν , (51)
where Gµν is the Einstein tensor of the metric gµν . From the Einstein’s equations Gµν = Tµν ,
one sees that the first term on the right hand side of (51) is positive if Tµν satisfies the
dominant energy condition (42). In the coordinate system in which the x0-direction is
normal to Σ, the integrand of the second term on the right hand side of (51) simplifies to
2∇iε¯γ0σij∇jε = 2|∇jε|2 − 2
∣∣∣∣∣
3∑
i=1
γi∇iε
∣∣∣∣∣
2
. (52)
So, if the spinor ε satisfies the “Witten condition” [631]:
3∑
i=1
γi∇iε = 0, (53)
the second term on the right hand side of (51) is also positive. Thus, the left hand side
of (51) is always non-negative for any ε0, leading to proof that energy P
0 of a gravitating
system is non-negative.
The above proof of the positive energy theorem based on the Nester’s formalism can be
readily generalized to gravitating configurations in extended supergravities. In this case, the
gravitational covariant derivative ∇µ on spinors in the Nester’s 2-form (49) is replaced by
the super-covariant derivative ∇ˆµ on spinors. So, the Nester’s 2-form generalizes to:
Eˆµν ≡ 2(∇ˆρǫΓµνρǫ− ǫ¯Γµνρ∇ˆρǫ) = Eµν +Hµν , (54)
where Eµν is the original Nester’s 2-form (49) and Hµν denotes the remaining terms, which
are usually expressed in terms of gauge fields of extended supergravities. Here, the superco-
variant derivative on a supersymmetry parameter ε is given by the gravitino supersymmetry
transformation in bosonic background, i.e. δψµ = ∇ˆµε. The lower bound for mass is given
in terms of central charges (coming from the Hµν term in (54)) of the extended supergravity
12This is a necessary condition [145, 494, 513] for a spinor ε to satisfy the Witten’s condition.
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and the bound is saturated when the gravitating configuration is a bosonic configuration
which preserves some of supersymmetry.
In the following, we discuss proof of the positive mass theorem in pure N = 2, D = 4
supergravity as an example [296]. The N = 2, D = 4 supergravity is first obtained in
[265] by coupling the (2,3/2) gauge action to the (3/2,1) matter multiplet by means of the
Noether procedure. The theory unifies electromagnetism (spin 1 field) with gravity (spin
2 field). The theory has a manifest invariance under the O(2) symmetry, which rotates 2
gravitino into each other. In the bosonic background, the supergravity transformation of the
gravitino, which define the supercovariant derivative ∇ˆµ, is
δψµ =
1√
2πGN
∇ˆµǫ = 1√
2πGN
[∇µ −
√
GN
4
Fνργ
νγργµ]ǫ. (55)
Substituting the supercovariant derivative ∇ˆµε from (55) into the Nester’s two-form (54),
one has the following expression for Hµν :
Hµν ≡ 4ǫ¯(F µν + iγ5 ⋆ F µν)ǫ. (56)
The integrand of the volume integral takes the form:
∇νEˆµν = 16πGN Tmatter µρUρ + 16π
√
GN ǫ¯(J
µ + iγ5J˜
µ)ǫ+ 4∇ˆνǫΓµνρ∇ˆρǫ, (57)
where Uµ ≡ ǫ¯γµǫ is a non-spacelike 4-vector, provided ǫ is the Killing spinor, and the electric
and magnetic 4-vector currents Jµ and J˜µ are defined through the Maxwell’s equations and
the Bianchi identities as ∇νF µν = 4πJµ and ∇ν ⋆ F µν = 4πJ˜µ.
If we assume that the Killing spinor ǫ approaches a constant value ǫ0 as r → ∞, then
the surface and the volume integrals are
ǫ¯0[−Pµγµ +
√
GN(Q+ iγ5P )]ǫ0 =
∫
Σ
[Tmatter µνU
ν +
1
GN
ǫ¯(Jµ + iγ5J˜
µ)ǫ]dΣµ
+
1
4πGN
∫
Σ
∇ˆνǫΓµνρ∇ˆρǫ dΣµ, (58)
where Q and P are the electric and magnetic charges of the gauge field Aµ.
The first term on the right hand side of (58) is always non-negative, if Tmatterµν satisfies
the generalized dominant energy condition:
Tmatterµν U
µV ν ≥ G−1/2N [(JµV µ)2 + (J˜µV µ)2], (59)
for any pairs of non-spacelike four-vectors Uµ and V µ. (This says that the local energy
density of the matter exceeds the local charge density for any observer.) The second term
on the right hand side of (58) is non-negative provided the following generalized Witten’s
condition is satisfied:
γa∇ˆaǫ = 0, (60)
where ∇ˆa is the Israel and Nester’s projection of ∇ˆµ on the surface S = ∂Σ. The second term
vanishes iff ∇ˆaǫ = 0 on S. So, the left hand side of (58) is always positive semidefinite for
ǫ0, provided the generalized Witten’s condition (60) and dominant energy condition (59) are
satisfied. This is possible iff all the eigenvalues of the Hermitian matrix sandwiched between
ǫ0 are non-negative. So, we have the following Bogomol’nyi bound for the ADM mass:
M ≥ G−1/2N
√
Q2 + P 2. (61)
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3 Duality Symmetries
Past few years have been an active period for studying string dualities [635, 636, 622, 543, 500,
227]. Five different string theories (E8×E8 and SO(32) heterotic strings, type-IIA and type-
IIB strings, and type-I string with SO(32) symmetry), which were previously regarded as
independent perturbative theories, are now understood as being related via web of dualities.
String Dualities are classified into T -duality, S-duality and U -duality. T -duality (or
target space duality) [306] is a perturbative duality (i.e. duality that relates theories with
the same string coupling) that transforms the theory with large [small] target space volume
to one with small [large] target space volume [425, 525, 216] or connects different points in
(target-space) moduli space. Under T -duality, type-IIA and type-IIB strings [216, 193], and
E8×E8 and SO(32) heterotic strings [480, 481, 303] are interchanged. Another examples of
T -duality are the O(10−D, 26−D,Z) symmetry [308] of heterotic string on T 10−D and the
O(10−D, 10−D,Z) symmetry [308, 570, 304, 305] of type-II string on T 10−D. S-duality (or
strong-weak coupling duality) is a non-perturbative duality that transforms string coupling
to its inverse (while moduli fields remain fixed) and interchanges perturbative string states
and non-perturbative branes. Duality that relates Type-I string and SO(32) heterotic string
[635, 505] is an example of S-duality. Another examples are (i) the SL(2,Z) symmetry of
type-IIB string [536, 376, 538, 539, 540, 72]; (ii) the D = 6 string-string duality between
the heterotic string on T 4 [on K3] and the type-II string on K3 [on a Calabi-Yau-threefold]
[233, 635, 624, 565, 235, 226, 244, 257, 397, 93, 435, 52]; (iii) the SL(2,Z) symmetry of
N = 4 heterotic string in D = 4 [268, 537, 544, 545, 556, 557, 558, 559, 560, 339]. U -duality
[381, 39, 45, 40], which is closely related to the D = 11 theory (M-theory), is regarded as a
consequence of the SL(2,Z) S-duality of type-IIB string and T -dualities of type-II strings
on a torus. Thus, U -duality is a non-perturbative duality of type-II strings which necessarily
interchanges NS-NS charged state and R-R charged state.
String dualities require existence of non-perturbative states within string spectrum, as
well as the well-understood perturbative states. These non-perturbative states include
smooth solitons and new types of topological objects called D-branes [498]. Such non-
perturbative states are extended objects, which in a low energy limit correspond to p-branes
of the effective field theories. So, string theories, which are previously known as theo-
ries of (perturbative) strings, are no longer theories of strings only, but contain objects of
higher/lower spatial extends. These perturbative and non-perturbative states are interre-
lated via string dualities.
One of important discoveries of string dualities is the conjecture that there exists more
fundamental theory in higher dimensions (D > 10), which reduces to all of 5 perturbative
string theories in different limits in moduli space when the theory is compactified to lower
dimensions (D ≤ 10). Such fundamental theories include M-theory [635, 540, 227, 543] in
D = 11, F -theory in D = 12 [621], and S-theories in D = 12, 13 [41, 42, 44, 43].
M-theory is defined as an unknown theory in D = 11 (with 1 time-like coordinate) whose
low energy effective theory is the D = 11 supergravity [158] and which becomes type-IIA
theory when the extra 1 spatial coordinate is compactified on S1 of radius R. Since the
radius R of S1 is related to the string coupling λ of type-IIA theory as R3 = λ2, the strong
coupling limit (λ ≫ 1) [635] of type-IIA theory is M-theory, i.e. the decompactification
limit (R → ∞) of M-theory on S1. Furthermore, the evidence was given in [358] for the
conjecture that M-theory compactified on S1/Z2 is E8×E8 heterotic string. We mentioned
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in the previous paragraph that type-IIA and type-IIB strings, and E8 × E8 and SO(32)
heterotic strings are related via T -duality, and SO(32) heterotic string and type-I string are
related via S-duality. Thus, all of the 5 different perturbative string theories are obtained
from M-theory by compactifying on S1 or S1/Z2, and applying dualities.
F -theory is a conjectured theory in D = 12 (with 2 time-like coordinates) which is
proposed in an attempt to find geometric interpretation of the SL(2,Z) S-duality of type-
IIB theory. Namely, the complex scalar formed by the dilaton and the R-R 0-form transforms
linear-fractionally under the SL(2,Z) transformation, just like the transformation of modulus
of T 2 under the T -duality of a string theory compactified on T 2. F -theory is, therefore,
roughly defined as a D = 12 theory which reduces to type-IIB theory upon compactification
on T 2, with the modulus of T 2 given by the complex scalar. Note, since type-IIB theory on
S1 is equivalent to M-theory on T 2, F -theory on T 2 × S1 is the same as M-theory on T 2.
The essence of string dualities is that strong coupling limit of one theory is dual to weak
coupling limit of another theory with the strongly coupled string states (dual to perturbative
string states) identified with branes. So, branes play an important role in understanding non-
perturbative aspects of and dualities in string theories. It is one of purposes of this review
to summarize the recent development in solitons and black holes in string theories. The
purpose of this chapter is to give basic facts on dualities in supersymmetric field theories
and superstring theories that are necessary in understanding the rests of chapters of this
review. Therefore, readers are referred to other literatures, e.g. [635, 636, 539, 540, 543, 227,
228, 498, 499, 499, 501, 504, 23, 317, 605], for complete understanding of the subject.
In the first section, we discuss the symplectic transformations in extended supergravities
and moduli spaces spanned by scalars in the supermultiplets. In section 3.2, we summarize
T -duality and S-duality of heterotic string on tori. In this section, we also discuss solution
generating transformations that induce electric/magnetic charges of U(1) gauge fields of
heterotic string on tori when applied to a charge neutral solution. These dualities are basic
transformations for constructing most general black hole solutions in heterotic string on tori.
In section 3.3, we discuss string-string duality between heterotic string on T 4 and type-II
string on K3, and string-string-string triality among type-IIA, type-IIB and heterotic strings
in D = 6. These dualities transform black hole solutions discussed chapter 4 to type-II black
holes which carry R-R charges [49, 56], thereby enabling interpretation of our black hole
solutions in terms of D-brane picture. In the final section, we summarize some aspects of
M-theory and U -duality. The generating black hole solutions of heterotic string on tori
are the generating solutions for type-II string on tori, as well. Namely, when the generating
solutions of heterotic strings are embedded to type-II theories (note, such generating solutions
carry only charges of NS-NS sector, which is common to both heterotic and type-II theories),
subsets of U -dualities of type-II theories on tori induce the remaining U(1) charges of type-II
theories on tori [171].
3.1 Electric-Magnetic Duality
The electric-magnetic duality in electromagnetism was conjectured by Dirac [217] based on
the observation that when electric charge and current are nonzero the Maxwell’s equations
lack symmetry under the exchange of the electric and magnetic fields, or in other words under
the Hodge-duality transformation of the electromagnetic field strength. Dirac conjectured
the existence of magnetic charges [218] to remedy the situation. Magnetic charges are due
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to the topological defect of spacetime and are given by the first Chern class of the U(1)
principal fiber bundle with the base manifold given by S2 surrounding the monopole. The
requirement of the continuity of the transition function that patches the 2 covers of the
northern and southern hemispheres of S2 or the requirement of the unobservability of Dirac
string singularity restricts magnetic charge qm to be quantized [642, 643, 546, 547, 640,
641, 630] relative to electric charge qe in the following way through the Dirac-Schwinger-
Zwanzinger (DSZ) quantization rule:
qeqm
4πh¯
=
n
2
(n ∈ Z). (62)
Under the duality transformation, electric and magnetic charges are interchanged and cor-
respondingly the coupling of the electromagnetic interactions is inverted due to the relation
(62). So, the weak [strong] coupling limit of one theory is described by the strong [weak]
coupling limit of its dual theory.
The extension of the duality idea to non-Abelian gauge theories was made possible by
the discovery of the ’t Hooft-Polyakov monopole solution [592, 507] in non-Abelian gauge
theory. In the ’t Hooft-Polyakov monopole configuration, the non-Abelian gauge group
is spontaneously broken down to the Abelian one at spatial infinity by Higgs fields that
transform as the adjoint representation of the gauge group. The magnetic charge of the ’t
Hooft-Polyakov monopole is determined by the second homotopy group of S2 formed by the
symmetry breaking Higgs vacuum, i.e. the winding number around S2 as one wraps around
S2∞ surrounding the monopole. Within this context, Montonen and Olive [476] conjectured
that the spontaneously broken electric non-Abelian gauge group is dual to the spontaneously
broken magnetic non-Abelian gauge group. Under this duality, the gauge coupling of one
theory is inverted in its dual theory, leading to the prediction that the strong coupling limit
of a gauge theory is the weak coupling limit of its dual theory [550, 551, 549].
Note, the hub of the Montonen-Olive conjecture lies in the existence of symmetry
breaking Higgs fields which transform in the adjoint representation of the non-Abelian
gauge group. It is a generic feature of extended supersymmetries that scalars live in the
same supermultiplet as vector fields. So, the scalars in vector supermultiplet transform
as the adjoint representation under the non-Abelian gauge group. Furthermore, super-
symmetric theories obey the well-known non-renormalization theorem (See for example
[485, 192, 37, 473, 267, 573, 321, 375]) The extended supersymmetry theories have an-
other nice feature that the states preserving some of supersymmetry, i.e. BPS states, are
determined entirely by their charges and moduli. These are (degenerate) ground states of
the theories (parameterized by moduli). Such BPS mass formula is invariant under dualities
and degeneracy of BPS states remains unchanged under dualities. For example, electrically
charged BPS states at coupling g have the same mass and degeneracy as magnetically charged
states BPS states at coupling 1/g. Furthermore, the supersymmetry algebra prevents the
number of degeneracy of BPS states from changing as the coupling constant is varied. Thus,
it is BPS states that are suitable for testing ideas on duality symmetries.
In the following, we discuss generalization of electric-magnetic duality of Maxwell’s equa-
tions to N -extended supersymmetry theories and study moduli spaces spanned by scalars.
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3.1.1 Symplectic Transformations in Extended Supersymmetries
In supersymmetry theories, scalars φI are taken as coordinates of the target space manifold
Mscalar of non-linear σ-model, which we write in general in the form [270]:
Lscalar = gIJ(φ)gµν∇µφI∇νφJ , (63)
where the covariant derivative ∇µ on φI is with respect to the gauge group Ggauge that the
vector fields AΛµ in the theory belong to:
∇µφI = ∂µφI + gAΛkIΛ(φ), (64)
with Killing vector fields ~kΛ ≡ kIΛ(φ) ∂∂φI satisfying the Lie algebra ggauge of Ggauge:[
~kΛ, ~kΣ
]
= f∆ΛΣ
~k∆. (65)
Note, ggauge is a subalgebra of the isometry algebra of Mscalar.
Here, gIJ is the metric of Mscalar. In other words, a scalar is regarded as a map from
the spacetime manifold to Mscalar. It turns out that the types of allowed target space
manifolds formed by scalars are fixed by the number m of supercharge degrees of freedom
in N -extended superalgebra [527]. When m exceeds 8, the target space manifold is fixed
as a symmetric space specified by the number n of vector multiplets. For example, D = 4,
N = 8 supergravity, for which m = 32, has the target space manifold E7/SU(8) [159, 160];
the D = 4, N = 4 theory, for which m = 16, has target space manifold SO(6,n)
SO(6)⊗SO(n) ⊗ SU(1,1)U(1)
[205, 555, 557, 545, 544]. A special case is the effective action of the heterotic string on T 6,
which is described by the N = 4 supergravity coupled to the N = 4 super-Yang-Mills theory
with the gauge group U(1)22 (n = 22 case). Here, SO(6,12)
SO(6)⊗SO(12) describes (classical) moduli
space of Narain torus [480, 481], and SU(1,1)
U(1)
is parameterized by the dilaton-axion field.
(In section 3.2, we discuss the Sen’s approach [560] of realizing such target space manifolds
within the effective supergravity through the dimensional reduction of the heterotic string
effective action.) For m ≤ 8, the target space manifolds are less restrictive. For a D = 4,
N = 2 theory, corresponding to m = 8, the scalar manifold is factorized into a quaternionic
one and a special Ka¨hler manifold [581, 576], which are respectively spanned by the scalars
in the hypermultiplets and the vector multiplets. For m = 4 case, e.g. D = 4, N = 1 theory,
the target space manifold is the Ka¨hler manifold.
Within the extended supersymmetry theories described above, one can generalize [276]
the electric-magnetic duality transformations, which preserve equations of motion for the
U(1) field strengths. For this purpose, only relevant part of scalars is from vector supermul-
tiplets. Such generalized electric-magnetic duality transformation is realized as follows.
We consider the general form of the diffeomorphism of the scalar manifold:
t : Mvscalar →Mvscalar : φI 7→ tI(φ). (66)
The map that corresponds to the isometry of the scalar manifold, i.e. t∗gIJ = gIJ , becomes
the candidate for the symmetry of the theory.
General form of kinetic term for vector fields in vector supermultiplets is [270]
Lvec = 1
2
γΛΣ(φ)FΛ ∧ ⋆FΣ + 1
2
θΛΣ(φ)FΛ ∧ FΣ, (67)
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where the field strengths FΛµν of gauge fields AΛµ are
FΛµν ≡
1
2
(∂µAΛν − ∂νAΛµ + gfΛΣ∆AΣµA∆ν ), (68)
and ⋆FΛµν ≡ 12ǫµνρσFΛ ρσ is the Hodge-dual of FΛµν . Here, the n×n matrix γIJ(φ) generalizes
the coupling constant of the conventional gauge theory and the antisymmetric matrix θIJ(φ)
is the generalization of the θ-term [630].
The transformation properties of the gauge fields and the complex symmetric matrix
NΛΣ(φ) ≡ θΛΣ(φ) − iγΛΣ(φ) are determined by the symplectic embedding of the isometry
group Giso of the scalar manifold Mvscalar as follows.
We consider the following homomorphism from the group Diff(Mscalar) of diffeomor-
phisms t : Mvscalar →Mvscalar to the general linear group GL(2n,R):
ιδ : Diff(Mvscalar)→ GL(2n,R). (69)
One introduces a 2n×1 matrix V = (⋆F , ⋆G)T , where ⋆G ≡ − ∂L
∂FT . Then, the map ιδ in (69) is
defined by assigning, for each element ξ of Diff(Mvscalar), a 2n×2nmatrix ιδ(ξ) =
(
Aξ Bξ
Cξ Dξ
)
in GL(2n,R) which transforms V as(
⋆F
⋆G
)
7→
(
⋆F
⋆G
)′
=
(
At Bt
Ct Dt
)(
⋆F
⋆G
)
, or(F+
G+
)
7→
(F+
G+
)′
=
(
At Bt
Ct Dt
)( F+
NF+
)
, (70)
where F+ ≡ F − i ⋆ F and G+ ≡ NF+ [212, 213]. The transformation law (70) on V is
dictated by the requirement that the Bianchi identities and the field equations for vector
fields remain invariant.
Under the action of the diffeomorphism ξ on φI , N (φ) also transforms. If we further
require that transformed field G′ to be defined as ⋆G′ = − ∂L′
∂F ′T , the transformation property
of NΛΣ(φ) under the diffeomorphism t on φI is fixed as the fractional linear form:
N (φ) 7→ N ′(t(φ)) = [Ct +DtN (φ)][At +BtN (φ)]−1, (71)
with ιδ(ξ) now restricted to belong to Sp(2n,R) ⊂ GL(2n,R).
When Bt 6= 0 6= Ct, it is a symmetry of equations of motion only. When Bt = 0 6= Ct,
the Lagrangian is invariant up to four-divergence. When Bt = 0 = Ct, the Lagrangian is
invariant. In particular, the symplectic transformations (70) and (71) with Bt 6= 0 are non-
perturbative, since they necessarily induce magnetic charge from purely electric configuration
and invert N , which plays the role of the gauge coupling constant.
When electric/magnetic charges are quantized, Sp(2n,R) gets broken down to Sp(2n,Z)
so that the charge lattice spanned by the quantized electric and magnetic charges is preserved
under the transformation (70). This is the generalization of the electric-magnetic duality
symmetry to the case of D = 4 supersymmetry theory with n vector fields.
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3.1.2 Symplectic Embedding of Homogeneous Spaces
When the number of supercharge degrees of freedom exceeds 8, e.g. N ≥ 3 in D = 4,
Mscalar is a homogeneous space G/H with the isometry group G. The supersymmetry
restricts the dimension of Mscalar and the number n of vector multiplets to be related to
each other and, therefore, Mscalar is determined uniquely by n. In the following, we discuss
the symplectic embedding of the homogeneous space and show how the gauge kinetic matrix
NΛΣ is determined.
We consider the following embedding of the isometry group G of G/H into Sp(2n,R):
ιδ : G→ Sp(2n,R) : L(φ) 7→ ιδ(L(φ)). (72)
Applying the following isomorphism from the real symplectic group Sp(2n,R) to the complex
symplectic group Usp(n, n) ≡ Sp(2n, C) ∩ U(n, n):
µ :
(
A B
C D
)
7→
(
T V ∗
V T ∗
)
, (73)
where
T ≡ 1
2
(A− iB) + 1
2
(C + iD), V ≡ 1
2
(A− iB)− 1
2
(C + iD), (74)
one can define the complex symplectic matrix O(φ) (∈ Usp(n, n)), for each coset represen-
tative L(φ) of G/H , as follows:
µ · ιδ : G→ Usp(n, n) : L(φ) 7→ O(φ) =
(
U0(φ) U
∗
1 (φ)
U1(φ) U
∗
0 (φ)
)
, (75)
where
U0(φ)
†U0(φ)− U1(φ)†U1(φ) = 1, U0(φ)†U1(φ)∗ − U1(φ)†U0(φ)∗ = 0. (76)
From O(φ) in (75), which is defined for each coset representative L(φ) of G/H , one can
define the following scalar matrix [276] which has all the right properties for the gauge kinetic
matrix NΛΣ = θΛΣ − iγΛΣ:
N ≡ i[U †0 + U †1 ]−1[U †0 − U †1 ], (77)
namely, N T = N and N transforms fractional linearly under Sp(2n,R).
Specifically, we consider the homogeneous space of the form 13 ST [m,n] ≡ SU(1,1)
U(1)
⊗
SO(m,n)
SO(m)⊗SO(n) , where m is the number of graviphotons and n the number of vector multiplets.
Here, SU(1,1)
U(1)
is parameterized by the axion-dilaton field S and SO(m,n)
SO(m)⊗SO(n) is parameterized
by a m× n real matrix X.
In the real basis, the SO(m,n) T -duality and SL(2,R) S-duality groups of ST [m,n] are
respectively embedded into the symplectic group as:
ιδ : L ∈ SO(m,n) 7→
(
L O
O (LT )−1
)
∈ Sp(2m+ 2n,R)
13ST [2, n] is the only special Ka¨hler manifold with direct product structure [266] of this form.
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ιδ :
(
a b
c d
)
∈ SL(2,R) 7→
(
a1 bη
cη d1
)
∈ Sp(2m+ 2n,R), (78)
where η is an SO(m,n) invariant metric, 1 is the (m + n) × (m + n) identity matrix, and
a, b, c, d ∈ R satisfy ad− bc = 1. In the complex basis, the embeddings are:
ιδ : L ∈ SO(m,n) 7→( 1
2
(L+ ηLη) 1
2
(L− ηLη)
1
2
(L− ηLη) 1
2
(L+ ηLη)
)
∈ Usp(m+ n,m+ n),
ιδ :
(
t v∗
v t∗
)
∈ SU(1, 1) 7→(
Re t 1+ iIm t η Re v 1− iIm v η
Re v 1+ iIm v η Re t 1− iIm t η
)
∈ Usp(m+ n,m+ n). (79)
The symplectic embeddings (79) make it possible to express the gauge kinetic matrix
N in terms of the scalars S and X, which parameterize ST [m,n], as follows. The coset
representatives of SU(1, 1)/U(1) and SO(m,n)/[SO(m)× SO(n)] are respectively
L(S) ≡ 1
n(S)
(
1 i−S
i+S
i+S¯
i−S¯ 1
)
,
L(X) ≡
(
(1+XXT )1/2 X
XT (1 +XTX)1/2
)
, (80)
where n(S) ≡
√
4ImS
1+|S|2+2ImS . Note, M ≡ L(X)LT (X) is a symmetric SO(m,n) matrix,
studied by Sen [560], which will be discussed in section 3.2.
Applying the transformations (79), one obtains the following symplectic embedding of
the coset representations of ST [m,n]:
ιδ(L(S)) ◦ ιδ(L(X)) =
(
U0(S,X) U
∗
1 (S,X)
U1(S,X) U
∗
0 (S,X)
)
∈ Usp(n +m,n+m), (81)
where the explicit expressions for ιδ(L(S)) and ιδ(L(X)) are obtained by applying the trans-
formations (79). Substituting this expression into the general formula in (77), one obtains
the following gauge kinetic matrix:
N = iImSηL(X)LT (X)η +ReSη = iImSηMη +ReSη. (82)
Then, the Lagrangian Lscalar + Lvec (Cf. see (63) and (67)) takes the following form that
corresponds to ST [m,n]:
L = √−g
[
Rg + 1
4(ImS)2
∂µS∂
µS¯ − 1
4
Tr(∂µM∂
µM)
−1
4
ImSF Iµν(ηLη)IJFJ |µν +
1
8
√−gReSF
I
µνηIJFJρσǫµνρσ
]
. (83)
The T -duality and S-duality of the heterotic string on T 6 [537, 544, 465, 560] are special
cases of the symplectic transformations (78) with (m,n) = (6, 22). In general, under the
SO(m,n) and SL(2,R) transformations (78), the gauge fields and the gauge kinetic matrix
transform, respectively, as (Cf. (70) and (71)):
F+ 7→ F+ ′ = LF+, N 7→ N ′ = (LT )−1NL−1,
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F+ 7→ F+ ′ = aF+ + bηNF+, N 7→ N ′ = (dN + cη)(bηN + a)−1. (84)
Note, O(m,n) [SL(2,R)] is a perturbative [non-perturbative] symmetry, since N is not
inverted [gets inverted]. SL(2,R) is the symmetry of the equations of motion only, since
electric and magnetic charges get mixed, and since this corresponds to the transformations
(70) and (71) with Bt 6= 0 6= Ct.
3.1.3 Target Space Manifolds of N = 2 Theories
Contrary toD = 4, N ≥ 3 theories, the scalar manifolds of N = 2 theories are not necessarily
expressed as homogeneous symmetric coset manifolds 14. Scalar manifold of the D = 4,
N = 2 theory has the generic form:
Mscalar = SMn ⊗HMm, (85)
where SMn is a special Ka¨hler manifold of the complex dimension n = “the number of the
vector supermultiplets”, and the manifold HMm spanned by the scalars in the hypermulti-
plets has the dimension 4m, where m = “the number of the hypermultiplets”. So, the metric
gIJ(φ) of Mscalar has the form:
gIJ(φ)dφ
I ⊗ dφJ = gab∗dza ⊗ dz¯b∗ + huvdqu ⊗ dqv. (86)
Here, gab∗ [huv] is the special Ka¨hler metric on SMn [the quaternionic metric on HMn].
Special Ka¨hler Manifolds N = 2 super-Yang-Mills theory is described by a chiral su-
perfield Φ, which is defined by D¯α˙iΦ = 0 (like chiral superfield in N = 1 theory), with an
additional constraint:
Dα(iD
β
j)Φǫαβ = ǫikǫjℓD¯
α˙(kD¯ℓ)β˙ Φ¯ǫα˙β˙ , (87)
where i = 1, 2 labels supercharges of N = 2 theory, α, α˙ = 1, 2 are indices of chiral spinors,
and D¯α˙ is a covariant chiral superspace derivative. The component fields of a N = 2 chiral
superfield ΦA are a scalar XA, spinors λiA, U(1) gauge field strength FAµν , and auxiliary
scalars Y Aij satisfying a reality constraint Yij = ǫikǫjℓY¯
kℓ (due to the constraint (87)). The
action of N = 2 chiral superfields ΦA is determined by an arbitrary holomorphic function
F (ΦA) of ΦA as
∫
d4x
∫
d4θ F (ΦA) + c.c., and is given, in terms of the component fields, by:
Lvec = gAB¯∂µXA∂µX¯B + gAB¯λ¯iAγµ∂µλB¯i + Im(FABF−Aµν F−B µν) + ..., (88)
where the dots denote the interaction terms involving fermions, gAB¯ = ∂A∂B¯ K is a Ka¨hler
metric, and FAB ≡ ∂A∂BF . Note, this action is a special case of the most general coupling of
N = 1 chiral superfields to N = 1 Abelian vector superfields in which the Ka¨hler potential
K and the holomorphic kinetic term function FAB take the following special forms [572, 283]
K(X, X¯) = i[F¯A(X¯)X
A − FA(X)X¯A] (FA ≡ ∂AF ), FAB = ∂A∂BF. (89)
14But there is a subclass of homogeneous special manifolds, which are classified in [166]. These are
SU(1,1)
U(1) ,
SU(1,nv)
SU(nv)×U(1)
, SU(1,1)U(1) ⊗ SO(2,nv)SO(2)×SO(nv) ,
Sp(6,R)
SU(3)×U(1) ,
SU(3,3)
SU(3)×SU(3) ,
SO∗(12)
SU(6)×U(1) , and
E7(−6)
E6×SO(2)
with the
corresponding symplectic groups Sp(2nv+2) respectively given by Sp(4), Sp(2nv+2), Sp(2nv+4), Sp(14),
Sp(20), Sp(32), and Sp(56).
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The Ka¨hler manifold with the Ka¨hler potential K(X, X¯) determined by the prepotential
F (X) [212, 161, 211] through (89) is called the special Ka¨hler manifold [210, 212, 576, 222,
113, 128, 198].
When N = 2 chiral fields ΦΛ (Λ = 0, 1, ..., nv) are coupled to the Weyl multiplet (with
components given by vierbein, 2 gravitinos and auxiliary fields) [210, 212], the invariance
under the dilatation requires F (X) to be a homogeneous function of degree 2 (so that F (X)
has Weyl weight 2) [212, 210]. Furthermore, the requirement of canonical gravitino kinetic
term imposes one constraint on the set of scalars XΛ as
i(X¯ΛFΛ − F¯ΣXΣ) = 1, (90)
leading to gauge fixing for dilations and the special Ka¨hler manifold of the dimension nv.
Note, the extra chiral superfield Φ0 is introduced to fix the dilatation gauge, to break the
S-supersymmetry, and to introduce the physical U(1) gauge field in the N = 2 supergravity
multiplet (the scalar and the spinor components of the superfield Φ0 do not become additional
physical particles). The final form of bosonic action describing nv numbers of N = 2 vector
multiplets coupled to N = 2 supergravity is
e−1L = −1
2
R+ gab∗∂µza∂µz¯b∗ − Im (NΛΣ(z, z¯)F+Λµν F+Σµν), (91)
where za (a = 1, ..., nv) are the coordinates of a Ka¨hler space spanned by the scalars X
Λ
(Λ = 0, 1, ..., nv) which satisfy one constraint (90) (therefore, the manifold spanned by X
Λ
has nv complex dimensions). A convenient choice for z
a is the inhomogeneous coordinates
called the special coordinates: za = Xa(z)/X0(z), a = 1, ..., nv. (Note, X
a(z) = za in special
coordinates in which ∂(X
a/X0)
∂zb
= δab [113, 128, 576, 134].) Here, K and NΛΣ (Cf. the scalar
matrix N in (71)) are determined by F (X) to be of the forms [212, 161, 211, 130, 198]:
e−K(z,z¯) = iZ¯Λ(z¯)FΛ(Z(z))− iZΣ(z)F¯Σ(Z¯(z¯)),
NΛΣ = F¯ΛΣ + 2iIm(FΛ∆)Im(FΣΠ)X
∆XΠ
Im(F∆Π)X∆XΠ
, (92)
where ZΛ(z) = e−K/2XΛ and Z¯Λ(z¯) = e−K/2X¯Λ (Λ = 0, 1, ..., nv) are holomorphic sections
of the projective space PCn+1 [128, 129, 198], and FΛΣ ≡ ∂ΛFΣ(X). We give some examples
of the holomorphic function F (X) of N = 2 theories and the corresponding special Ka¨hler
manifold target spaces:
F = iX0X1
SU(1, 1)
U(1)
F = (X1)3/X0
SU(1, 1)
U(1)
F = −4
√
X0(X1)3
SU(1, 1)
U(1)
F = iXΛηΛΣX
Σ SU(1, n)
SU(n)⊗ U(1)
F =
dΛ∆ΣX
ΛX∆XΣ
X0
Calabi−Yau.
F = −iX
s
X0
(
(X1)2 −
n∑
a=2
(Xa)2
)
SO(2, 1)
SO(2)
× SO(2, n)
SO(2)× SO(n) . (93)
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So far, we defined the special Ka¨hler manifold as the Ka¨hler manifold with the special
form of the Ka¨hler metric given by (92), which depends on the holomorphic prepotential
F . Now, we discuss the symplectic formalism of the special Ka¨hler manifolds of N = 2
supergravity coupled to nv vector supermultiplets.
For the symplectic formalism [132, 214, 133] of the special Ka¨lher manifold M, one
considers the tensor bundle of the type H = SV ⊗L. Here, SV →M denotes a holomorphic
flat vector bundle of rank 2nv + 2 with structural group Sp(2nv + 2,R)
15, and L → M
denotes the complex line bundle whose first Chern class equals the Ka¨hler form of the nv-
dimensional Hodge-Ka¨hler manifold M.
A holomorphic section of the bundle H has the form [128, 113, 114, 115, 198, 134]:
Ω =
(
XΛ
FΣ
)
Λ,Σ = 0, 1, ..., nv, (94)
which is defined for each coordinate patch Ui ⊂M of the (Hodge-Ka¨hler) manifold M and
transforms as a vector under the symplectic transformation Sp(2nv + 2,R). The Hodge-
Ka¨hler manifold M with a bundle H described above is called special Ka¨hler, if the Ka¨hler
potential is expressed in terms of the holomorphic section Ω as 16
K = −log(i〈Ω|Ω¯〉) = −log
[
i
(
X¯ΛFΛ − F¯ΣXΣ
)]
, (95)
where 〈Ω|Ω¯〉 ≡ −Ω†
(
0 I
−I 0
)
Ω denotes a symplectic inner product.
One further introduces the symplectic section of the bundle H according to
V =
(
LΛ
MΣ
)
≡ eK/2ΩT . (96)
Then, by definition, V satisfies the constraint [212, 161, 211, 130, 128]:
1 = i〈V |V¯ 〉 = i(L¯ΛMΛ − M¯ΣLΣ), (97)
and is covariantly holomorphic:
∇a∗ V = (∂a∗ − 1
2
∂a∗K)V = 0, (98)
where ∂a ≡ ∂/∂za and ∂a∗ ≡ ∂/∂z¯a∗ .
One further introduces the matrix of the following form:
Ua = ∇aV = (∂a + 1
2
∂aK)V ≡
(
fΛa
hΣ|a
)
(a = 1, ..., nv). (99)
Then, period matrix NΛΣ (which corresponds to the gauge kinetic matrix in the N = 2
theory) is defined via the relations
M¯Λ = N¯ΛΣL¯Σ, hΛ|a = N¯ΛΣfΣa . (100)
15The additional two dimensions in SV come from a vector field in the supergravity multiplet.
16Alternatively, one can define special Ka¨hler manifold by introducing the symplectic section V (96)
satisfying the constraint (97). Then, the Ka¨hler potential is determined in terms of the holomorphic section
Ω as in (95) through the constraint (97) with (96) substituted.
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Therefore, the period matrix has the following explicit form
N¯ΛΣ = hΛ|I ◦ (f−1)IΣ, (101)
where the (nv + 1)× (nv + 1) matrices fΛI and hΛ|I in the above are defined as
fΛI =
(
fΛa
L¯Λ
)
, hΛ|I =
(
hΛ|a
M¯Λ
)
. (102)
As a consequence, under the diffeomorphism of the base manifold M, NΛΣ transforms frac-
tional linearly, like the gauge kinetic matrix (Cf. (71)).
Note, in the above symplectic formalism of the special Ka¨hler manifold no reference was
made on the prepotential. In fact, for some cases, the existence of the prepotential is not
even guaranteed 17 [136]. We now discuss how the concept of the prepotential emerges within
the framework of symplectic formalism.
Under the coordinate transformations of M, Ω transforms as:
Ω→ Ω′ = e−fMΩ, (103)
where the factor e−f corresponds to a U(1) Ka¨hler transformation (i.e. K transforms as
K → K + Re f(z)) and M ∈ Sp(2n + 2,R), and NΛΣ transforms fractional linearly just
like a gauge kinetic matrix (Cf. (71)). From the transformation law (103) with M = I, one
can infer that XΛ can be regarded as homogeneous coordinates of a (nv + 1)-dimensional
projective space at least locally [210, 283, 212], since XΛ and e−fXΛ are identified under
the Ka¨hler transformations. This is possible provided the Jacobian matrix ∂a
(
Xb
X0
)
(a, b =
1, ..., nv) is invertible [132]. In this case, due to the integrability condition following from
(97) and (98), the lower components FΣ of Ω are expressed as
FΣ =
∂
∂XΣ
F, (104)
in terms of a homogeneous function F (X) = 1
2
XΛFΛ of degree 2 in X
Λ. Then, one can
use za ≡ Xa
X0
(a = 1, ..., nv) as the special coordinates and the holomorphic prepotential is
F(z) ≡ (X0)−2F (X). In terms of F and za, the Ka¨hler potential K is expressed as [210]
K(z, z¯) = −log i
[
2(F − F¯)− (∂aF + ∂a∗ F¯ )(za − z¯a∗)
]
. (105)
Hypergeometry N = 2 hypermultiplet consists of a doublet of 0-form spinors with left
and right chiralities, and 4 real scalars, which can be locally regarded as the 4 components of
a quaternion. The scalars qv (v = 1, ..., 4nH) in nH hypermultiplets form a 4nH -dimensional
real manifold HM [30, 353, 277, 198, 211, 129] with a metric
ds2 = huv(q)dq
u ⊗ dqv. (106)
This manifold is endowed with 3 complex structures Jx : T (HM) → T (HM) (x = 1, 2, 3)
satisfying the quaternionic algebra JxJy = −δxy1 + ǫxyzJz. The metric huv(q) is hermitian
with respect to Jx:
h(JxX, JxY) = h(X,Y), X,Y ∈ T HM. (107)
17For electrically neutral theories, one can always rotate to bases where a prepotential exists [155].
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From Jx, one can define triplet of SU(2) Lie-algebra valued HyperKa¨hler forms as
Kx = Kxuvdq
u ∧ dqv, (108)
where Kxuv = huw(J
x)wv . Supersymmetry requires the existence of a principal SU(2)-bundle
SU → HM with a connection ωx. The manifold HM is defined by requiring that Kx is
covariantly closed with respect to the connection ωx:
∇Kx ≡ dKx + ǫxyzωy ∧Kz = 0. (109)
There are two types of hypergeometry: rigid [local] hypergeometry corresponding to
global [local] N = 2 supersymmetry is called HyperKa¨hler [quaternionic]. The only difference
between the two manifolds are the structure of the SU-bundle. A HyperKa¨hler manifold
has the flat SU-bundle, and a quaternionic manifold has the curvature of the SU-bundle
proportional to the HyperKa¨hler 2-form. Here, the SU -curvature is defined as
Ωx ≡ dωx + 1
2
ǫxyzωy ∧ ωz. (110)
In the quaternionic case, the curvature is:
Ωx =
1
λ
Kx, (111)
where λ is a real number related to the scale of the quaternionic manifold. In the limit
λ→∞, quaternionic manifold becomes Hyperka¨hler manifold [6].
The manifold HM has the following holonomy group:
Hol(HM) = SU(2)⊗H for quaternionic manifold,
Hol(HM) = 1⊗H for HyperKa¨hler manifold, (112)
where H ⊂ Sp(2nH ,R). We denote the flat indices that run in the fundamental repre-
sentation of SU(2) [Sp(2nH ,R)] as i, j = 1, 2 [α, β = 1, ..., 2nH ]. Then, the metric of the
quaternionic manifold is expressed in terms of the vielbein 1-form U iα = U iαu (q)dqu as:
huv = U iαu U jβv Cαβǫij , (113)
where Cαβ = −Cβα [ǫij = −ǫji] is the flat Sp(2nH) [Sp(2) ∼ SU(2)] invariant metric.
The vielbein U iα is covariantly constant with respect to the SU(2)-connection ωx and some
Sp(2nH ,R) Lie algebra valued connection ∆
αβ = ∆βα:
∇U iα ≡ dU iα + 1
2
ωx(ǫσxǫ
−1)ij ∧ U jα +∆αβ ∧ U iγCβγ = 0, (114)
where σx (x = 1, 2, 3) are the Pauli spin matrices. Also, U iα satisfies the reality condition:
Uiα ≡ (U iα)∗ = ǫijCαβU jβ. (115)
The curvature 2-form Ωx forms the representation of the quaternionic algebra:
hstΩxusΩ
y
tw = −λ2δxyhuw + λǫxyzΩzuw, (116)
and can be written in terms of the vielbein U iα as
Ωx = iλCαβ(σ
xǫ−1)ijUαi ∧ Uβj . (117)
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3.2 Target Space and Strong-Weak Coupling Dualities of Het-
erotic String on a Torus
3.2.1 Effective Field Theory of Heterotic String
The effective field theory of massless states in heterotic string is D = 10 N = 1 supergravity
coupled to N = 1 super-Maxwell theory [137, 74, 142]. The massless bosonic fields of
heterotic string at a generic point of Narain lattice [480, 481] are metric GˆMN , 2-form field
BˆMN , gauge fields Aˆ
I
M of U(1)
16 and dilaton field Φ, where 0 ≤ M,N ≤ 9 and 1 ≤ I ≤ 16.
The field strengths of AˆIM and BˆMN are defined as Fˆ
I
MN = ∂M Aˆ
I
N − ∂N AˆIM and HˆMNP =
∂M BˆNP− 12AˆIM Fˆ INP+cyc. perms., respectively. TheD = 10 effective action [137, 74, 142, 111]
of these massless bosonic modes is
L = 1
16πG10
√
−Gˆ [RGˆ + GˆMN∂MΦ∂NΦ− 112HˆMNP HˆMNP − 14 Fˆ IMN Fˆ I MN ], (118)
where Gˆ ≡ det GˆMN , RGˆ is the Ricci scalar of GˆMN , and G10 is the D = 10 gravitational
constant 18. We choose the mostly positive signature convention (−++ · · ·+) for the metric
GˆMN . For the spacetime vector index convention, the characters (A,B, ...) and (M,N, ...)
denote flat and curved indices, respectively.
The supersymmetry transformations of the fermionic fields, i.e. gravitino ψM , dilatino λ
and gaugini χI , are
δψM = ∇Mε− 1
8
HˆMNP Γˆ
NPε,
δλ = (ΓˆM∂M Φˆ)ε− 1
6
HˆMNP Γˆ
MNP ε,
δχI = Fˆ IMN Γˆ
MNε, (119)
where∇Mε = ∂Mε+ 14ΩMABΓˆABε is the gravitational covariant derivative on a spinor ε. Here,
ΩMAB is the spin-connection defined in terms of a Zehnbein Eˆ
A
Λ (defined as Eˆ
A
MηABEˆ
B
N =
GˆMN): ΩABC ≡ −Ω˜AB,C+Ω˜BC,A−Ω˜CA,B, where Ω˜AB,C ≡ EˆM[A EˆNB]∂N EˆMC , and curved indices
are obtained by contracting with Zehnbein. ΓˆA are gamma matrices of SO(1, 9) Clifford
algebra {ΓˆA, ΓˆB} = 2ηAB (those with several indices are defined as the antisymmetrized
products of gamma matrices, e.g. ΓˆAB ≡ 1
2
(ΓˆAΓˆB − ΓˆBΓˆA)).
3.2.2 Kaluza-Klein Reduction and Moduli Space
The effective field theory of massless bosonic fields in heterotic string on a Narain torus
[480, 481] at a generic point of moduli space is obtained by compactifying D = 10 effective
field discussed in the previous section on T 10−D [465, 560].
Before we discuss the compactification Ansatz, we fix our notation for indices. General
indices running over D = 10 are denoted by upper-case letters (A,B, ...;M,N, ...). The
lower-case Greek letters (α, ..., β;µ, ν, ...) are for D < 10 spacetime coordinates and the
lower-case Latin letters (a, b, ...;m,n, ...) are for the internal coordinates. The flat indices
are denoted by the letters in the beginning of alphabets (A,B, ...;α, β, ...; a, b, ...) and curved
indices are denoted by the letters at the latter parts of alphabets (M,N, ...;µ, ν, ...;m,n, ...).
18In this section, we fix the D = 10 gravitational constant to be G10 = 8π
2.
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The compactification [416, 434, 143, 528, 529, 465, 247, 225] on T 10−D is achieved by
choosing the following Abelian Kaluza-Klein (KK) Ansatz for the D = 10 metric
GˆMN =
(
eaϕgµν +GmnA
(1)m
µ A
(1)n
ν A
(1)m
µ Gmn
A(1)nν Gmn Gmn
)
, (120)
where A(1)mµ (µ = 0, 1, ..., D − 1; m = 1, ..., 10 − D) are KK U(1) gauge fields, ϕ ≡ Φˆ −
1
2
ln detGmn is the D-dimensional dilaton and a ≡ 2D−2 . Then, the affective action is specified
by the following massless bosonic fields: the (Einstein-frame) graviton gµν , the dilaton ϕ,
(36− 2D) U(1) gauge fields Aiµ ≡ (A(1)mµ , A(2)µm, A(3) Iµ ) defined as A(2)µm ≡ Bˆµm + BˆmnA(1)nµ +
1
2
AˆImA
(3) I
µ and A
(3) I
µ ≡ AˆIµ − AˆImA(1)mµ , the 2-form field Bµν with the field strength Hµνρ =
∂µBνρ− 12AiµLijF jνρ + cyc.perms., and the following symmetric O(10−D, 26−D) matrix of
scalars (moduli) [465, 560]:
M =
 G
−1 −G−1C −G−1aT
−CTG−1 G+ CTG−1C + aTa CTG−1aT + aT
−aG−1 aG−1C + a I + aG−1aT
 , (121)
where G ≡ [Gˆmn], C ≡ [12Aˆ(I)m Aˆ(I)n + Bˆmn] and a ≡ [AˆIm] are defined in terms of the internal
parts of D = 10 fields. M can be expressed in terms of the following O(10 − D, 26 − D)
matrix as M = V TV [465]:
V =
E
−1 −E−1C −E−1aT
0 E 0
0 a I16
 , (122)
where E ≡ [eam], C ≡ [12AˆImAˆIn + Bˆmn] and a ≡ [AˆIm]. V plays a role of a Vielbein in the
O(10−D, 26−D) target space. Note, M parameterizes the quotient space O(10−D, 26−
D)/[O(10−D)×O(26−D)] with dimensions 26− 36D+D2. The dimensionality precisely
matches the number of scalar fields in the matrix M : (11 − D)(10 − D)/2 scalars Gˆmn,
(10−D)(9−D)/2 scalars Bˆmn, and 16 · (10−D) scalars AˆIm.
The resulting theory in D < 10 corresponds to 26 − D vector multiplets coupled to
D < 10, N -extended supergravity. The supergravity multiplet consists of graviton gµν , 2-
form potential Bµν , 10−D graviphotons A(R) aµ (a = 1, ..., 10−D), dilaton ϕ, gravitinos ψαµ
(α = 1, ..., N) and dilatinos λα. The field content in the 26−D vector multiplets is 26−D
vector fields A(L) Iµ (I = 1, ..., 26 − D), (10 − D) × (26 − D) scalars φaI parameterizing the
coset O(10−D, 26−D)/[O(10−D)×O(26−D)] and gauginos χαI . At the string level, the
10−D graviphotons originate from the right moving sector of the heterotic string and the
26 −D photons in the vector multiplets originate from the left moving sector. In terms of
the field strengths F iµ of the U(1)36−2D gauge group, the graviphoton field strengths F (R) aµν
and matter photon field strengths F (L) Iµν are expressed as
F (R)µν = VRLFµν , F (L)µν = VLLFµν , (123)
where V = (VR VL )
T and the O(10−D, 26−D) invariant metric L is defined in (127).
Then, the effective D < 10 action (in the Einstein frame) takes the form [465, 560]:
L = 1
16πGD
√−g[Rg − 1
(D − 2)g
µν∂µϕ∂νϕ+
1
8
gµνTr(∂µML∂νML)
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− 1
12
e−2aϕgµµ
′
gνν
′
gρρ
′
HµνρHµ′ν′ρ′ − 1
4
e−aϕgµµ
′
gνν
′F iµν(LML)ijF jµ′ν′], (124)
where g ≡ det gµν , Rg is the Ricci scalar of gµν , and F iµν = ∂µAiν − ∂νAiµ are the U(1)36−2D
gauge field strengths. Here, the D < 10 gravitational constant GD is defined in terms of the
D = 10 one G10 as G10 = (2π
√
α′)10−DGD 19, where
√
α′ is the radius of internal circles. The
Einstein-frame metric gµν is related to the string-frame metric g
str
µν through Weyl-rescaling
gstrµν = e
αϕgµν . In terms of the graviphotons A
(R) a
µ and photons A
(R) I
µ in vector multiplets,
the gauge kinetic terms take the form: Fµν(LML)Fµν = F (R) Tµν F (R)µν + F (L)Tµν F (L)µν , due
to the relation M = V TV = V TR VR + V
T
L VL.
In particular for D = 4, the supersymmetry transformations (119) of fermionic fields in
the bosonic background take the following simplified form in terms of D = 4 fields [236]:
δψµ = [∇µ − 1
4
iγ5
∂µS1
S2
− 1
8
√
2
√
S2F
(R)a
αβ γ
αβγµΓ
a +
1
4
Qabµ Γ
ab]ǫ,
δλ =
1
4
√
2
[γµ
∂µ(S2 − iγ5S1)
S2
− 1
2
√
2
√
S2F
(R)a
µν γ
µνΓa]ǫ,
δχ =
1√
2
[γµVLL∂µV
T
R · Γ−
1
2
√
2
√
S2F
(L)
µν γ
µν ]ǫ, (125)
where Qabµ = (VRL∂µV
T
R )
ab is the composite SO(6) connection and S is the axion-dilaton
field defined in section 3.2.3. Here, the D = 10 gamma matrices ΓA (A = 0, 1, ..., 9) are
decomposed into the D < 10 spacetime parts γµ (µ = 0, 1, ..., D − 1) and the internal space
parts Γa (a = 1, ..., 10−D).
3.2.3 Duality Symmetries
The D < 10 effective action (124) is invariant under the O(10−D, 26−D) transformations
(T -duality) [465, 560]:
M → ΩMΩT , Aiµ → ΩijAjµ, gµν → gµν , ϕ→ ϕ, Bµν → Bµν , (126)
where Ω ∈ O(10−D, 26−D), i.e. with the property:
ΩTLΩ = L, L =
 0 I10−D 0I10−D 0 0
0 0 I26−D
 , (127)
where In denotes the n× n identity matrix.
When electric/magnetic charges are quantized according to the Dirac-Schwinger-
Zwanzinger-Witten (DSZW) quantization rule [218, 546, 547, 642, 643, 640, 641, 630], the
quantized, conserved electric ~α and magnetic ~β charge vectors live on the even, self-dual,
Lorentzian lattice Λ [410, 557]. The subset of O(10−D, 26−D,R) symmetry that preserves
the lattice Λ is O(10−D, 26−D,Z), the so-called T -duality group of heterotic string on a
torus. T -duality symmetry is a perturbative symmetry, which is proven to be exact to order
by order in string coupling [307]. Under the T -duality, the charge lattice vectors transform
as
~α→ LΩL~α, ~β → LΩL~β. (128)
19We choose α′ = 1 in most of cases.
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In addition, the effective field theory has an on-shell symmetry called strong-weak cou-
pling duality (S-duality) [268, 537, 544, 545, 556, 557, 558, 559, 560]. The equations of
motion for (124) are invariant under the SO(1, 1) [SL(2,R)] transformation for 5 ≤ D ≤ 10
[D = 4]. Such transformations mix electric and magnetic charges, while transforming the
dilaton in a nontrivial way. When the DSZW quantization is taken into account, such duality
groups break down to integer-valued subgroups Z2 and SL(2,Z) for 5 ≤ D ≤ 10 and D = 4,
respectively. These are the conjectured S-dualities in heterotic string.
As an example, we discuss the D = 4 SL(2,R) symmetry. D = 4 case is special
for the following reason. Since the 2-form field strengths are self-dual under the Hodge-
duality, U(1) gauge fields obey electric-magnetic duality transformations, which leave the
Maxwell’s equations and Bianchi identities invariant. Also, the field strength Hµνρ of the 2-
form potential Bµν is Hodge-dualized to a pseudo-scalar Ψ (axion): H
µνρ = − e2ϕ√−gεµνρσ∂σΨ,
forming a complex scalar S = Ψ+ ie−ϕ with dilaton ϕ. The (Einstein-frame) D = 4 theory
has the on-shell symmetry under the SL(2,R) transformations (S-duality) [165, 163, 560]:
S → aS + b
cS + d
, M →M, gµν → gµν ,
F iµν → (cΨ+ d)F iµν + ce−2ϕ(ML)ij ⋆ F jµν , (129)
where ⋆F i µν = 1
2
√−gε
µνρσF iρσ, and a, b, c, d ∈ R satisfy ad− bc = 1.
The instanton effect breaks the SL(2,R) symmetry down to SL(2,Z) [569, 557]. The
electric and magnetic “lattice charge vectors” [560] ~α and ~β that live on an even, self-
dual, Lorentzian lattice Λ with signature (6, 22) are given in terms of the physical electric
and magnetic charges ~Q and ~P (defined as F itr ≈ Q
i
r2
and ⋆F itr ≈ P
i
r2
) as ~β ≡ L~P and
~α ≡ e−φ∞M−1∞ ~Q−Ψ∞~β [557]. Under the S-duality, ~α and ~β transform as [410, 557](
~α
~β
)
→
(
a −b
−c d
)(
~α
~β
)
, (130)
where a, b, c, d are integers satisfying ad− bc = 1.
3.2.4 Solution Generating Symmetries
For stationary solutions, which have the Killing time coordinate, one can further perform
Abelian KK compactification of the time coordinate on S1. The T -duality transformation
of such (D − 1)-dimensional action can be applied to a known D-dimensional solution to
generate new types of solutions in D dimensions with different spacetime structure [251, 336,
466, 223, 446, 147, 148, 144, 99, 552, 553, 341, 554, 562, 393, 278].
The basic idea on solution generating symmetry is as follows. If the background configura-
tion is time-independent, then under the (time-independent) general coordinate transforma-
tions, Gtµ˘ and Btµ˘ transform as vectors, where µ˘ = 1, ..., D− 1. In addition, Btµ˘ transforms
as a vector under the (time-independent) gauge transformation of the 2-form field. So, one
can add 2 new U(1) gauge fields associate with Gtµ˘ and Btµ˘ to the existing D-dimensional
36−2D U(1) gauge fields, forming a new multiplet of vectors A˘i˘µ˘ (˘i = 1, ..., 38−2D) [562]. In
addition, since Gtt and Ait transform as scalars under the transformations mentioned above,
the scalar matrix of moduli is enlarged to a (38− 2D)× (38− 2D) matrix [562].
Under the T -duality of the (D−1)-dimensional effective action, the (t, t)-component of the
D-dimensional metric gµν mixes with scalars in the moduli matrix M and the t-component
39
of the U(1)36−2D gauge fields Aiµ, and the (t, µ˘)-components of gµν mix with the Aiµ and
the (t, µ˘) components of Bµν . So, unlike the D-dimensional T -duality transformation, which
leaves the D-dimensional spacetime intact, the (D−1)-dimensional T -duality transformation
can be applied to a known D-dimensional solution to generate new solutions with different
spacetime structure. In particular, such transformations can be imposed on charge neutral
solutions to generate electrically charged (under the D-dimensional U(1)36−2D gauge group)
solutions: 36 − 2D SO(1, 1) boosts in the (D − 1)-dimensional T -duality group generate
electric charges of U(1)36−2D gauge field when acted on charge neutral solutions 20
The (D − 1)-dimensional effective action is [561, 562, 495]:
L =
√
g˘e−ϕ˘
[
Rg˘ + g˘µ˘ν˘∂µ˘ϕ˘∂ν˘ϕ˘+ 1
8
g˘µ˘ν˘Tr(∂µ˘M˘L˘∂ν˘M˘L˘)
− 1
12
g˘µ˘µ˘
′
g˘ν˘ν˘
′
g˘ρ˘ρ˘
′
H˘µ˘ν˘ρ˘H˘µ˘′ν˘′ρ˘′ − g˘µ˘µ˘′ g˘ν˘ν˘′F˘ i˘µ˘ν˘(L˘M˘L˘)˘ij˘F˘ j˘µ˘′ν˘′
]
, (131)
where U(1) gauge fields A˘i˘µ˘ (˘i = 1, ..., 38− 2D), dilaton ϕ˘, 2-form field B˘µ˘µ˘ and the metric
g˘µ˘ν˘ are defined as
A˘iµ˘ ≡ Aiµ˘ − (gtt)−1gtµ˘Ait, 1 ≤ i ≤ 36− 2D, 1 ≤ µ˘ ≤ D − 1,
A˘37−2Dµ˘ ≡ 12(gtt)−1gtµ˘, A˘38−2Dµ˘ ≡ 12Btµ˘ +AitLijA˘jµ˘,
ϕ˘ ≡ ϕ− 1
2
ln(−gtt), g˘µ˘ν˘ = gµ˘ν˘ − (gtt)−1gtµ˘gtν˘ ,
B˘µ˘ν˘ ≡ Bµ˘ν˘ + (gtt)−1(gtµ˘Aiν˘ − gtν˘Aiµ˘)LijAjt + 12(gtt)−1(Btµ˘gtν˘ − Btν˘gtµ˘), (132)
and the symmetric O(11−D, 27−D) moduli matrix is given by
M˘ =

M + 4(gtt)
−1AtATt −2(gtt)At 2MLAt
+4(gtt)
−1At(AtLAt)
−2(gtt)−1ATt (gtt)−1 −2(gtt)−1ATt LAt
2ATt LM −2(gtt)−1AATt LAt gtt + 4ATt LMLAt
+4(gtt)
−1ATt (ATt LAt) +4(gtt)−1(ATt LAt)2
 . (133)
Here, L˘ ≡
L 0 00 0 1
0 1 0
 is an O(11−D, 27−D) invariant matrix and At ≡ [Ait].
This action has invariance under the O(11−D, 27−D) T -duality [562, 495]:
M˘ → Ω˘M˘ Ω˘T , A˘i˘µ˘ → Ω˘i˘j˘A˘j˘µ˘, ϕ˘→ ϕ˘, g˘µ˘ν˘ → g˘µ˘ν˘ , B˘µ˘ν˘ → B˘µ˘ν˘ , (134)
where Ω˘ ∈ O(11−D, 27−D), i.e. Ω˘L˘Ω˘T = L˘.
D = 3 case is special since a 2-form field strength is dual to a scalar. So, the scalar moduli
space is enlarged from O(7, 23,Z)\O(7, 23)/[O(7)× O(23)] to O(8, 24,Z)\O(8, 24)/[O(8)×
O(24)] [561]. The O(8, 24,Z) duality symmetry are generated by D = 4 SL(2,Z) S-duality
and D = 3 O(7, 23,Z) T -duality [561], just as U -duality in type-II string is generated by S-
duality in D = 10 and T -duality in D < 10 [381]. The O(8, 24,Z) symmetry transformation
puts the axion-dilaton field on the same putting as the other moduli fields and, therefore, is
non-perturbative in nature.
20When acted on magnetically charged solutions, such transformations induce unphysical Taub-NUT
charge [562]. This is due to the singularity of Dirac monopole.
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Since we consider stationary solution, i.e. a solution with isometry in the time direction,
we compactify the time coordinate as well as other internal space coordinates on T 7 to obtain
D = 3 effective action ((124) with D = 3 and now µ¯ = r, θ, φ; m = t, 1, ..., 6). Such action
has an off-shell symmetry under the O(7, 23) transformation (126). The DSZW quantization
condition breaks this symmetry to integer valued O(7, 23,Z) subset.
In D = 3, one can perform the following Hodge-duality transformations to trade the
D = 3 U(1) fields Aiµ¯ with a set of scalars ψ ≡ [ψi] [561]:
√−he−2ϕhµ¯µ¯′hν¯ν¯′(ML)ijF jµ¯′ν¯′ = ǫµ¯ν¯ρ¯∂ρ¯ψi, (135)
where hµ¯ν¯ is the D = 3 space metric and i, j = 1, ..., 30. Here, M is a symmetric O(7, 23)
matrix defined as in (121) but now the time-component is included, and L is an O(7, 23)
invariant metric defined in (127). So, the D = 3 effective theory is described only in terms
of graviton and scalars. The D = 3 effective action has the form [561]:
L = 1
4
√−h [Rh + 18hµ¯ν¯Tr(∂µ¯ML∂ν¯ML)], (136)
where h ≡ det hµ¯ν¯ , Rh is the Ricci scalar of hµ¯ν¯ . M is a symmetric O(8, 24) matrix of D = 3
scalars defined as [561]
M =

M − e2ϕψψT e2ϕψ MLψ
−1
2
e2ϕψ(ψTLψ)
e2ϕψT −e2ϕ 1
2
e2ϕψTLψ
ψTLM 1
2
e2ϕψTLψ −e−2ϕ + ψT L¯M¯L¯ψ
−1
2
e2ϕψT (ψTLψ) −1
4
e2ϕ(ψTLψ)2
 . (137)
The action is manifestly invariant under the O(8, 24) transformations [561]:
M→ ΩMΩT , hµ¯ν¯ → hµ¯ν¯ , (138)
where Ω ∈ O(8, 24), i.e.
ΩLΩT = L, L =
 L¯ 0 00 0 1
0 1 0
 . (139)
When electric and magnetic charges are quantized according to the DSZW quantization
condition, the O(8, 24) is broken down to O(8, 24,Z). Since O(8, 24,Z) is generated by the
conjectured S-duality in D = 4 and T -duality in D = 3 (which is proven to hold order by
order in string coupling), the establishing O(8, 24,Z) invariance of the full string theory is
equivalent to proving the S-duality in D = 4 [561].
3.3 String-String Duality in Six Dimensions
Six dimensions is special in the duality of (d−1)-branes [234]. A (d−1)-brane inD dimensions
is dual to a (d˜ − 1)-brane (d˜ ≡ D − d − 2) under the Hodge-dual transformation of field
strengths. So, in particular the heterotic string (1-brane) in D = 6 is dual to another string
(d˜ = 6− 2− 2 = 2) [226]. In fact, it was found out by Duff et. al. [246, 598] that the type-
IIA string compactified on K3 surface has the same moduli space as that of the heterotic
string compactified on T 4, i.e. O(4, 20,Z)/O(4, 20,R)\[O(4,R)×O(20,R)]. Based on these
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observations, it is conjectured [635] that the heterotic string on T 4 is dual to the Type-IIA
string onK3 surface, the so-called string-string duality inD = 6 [635, 381, 226, 229, 235, 340].
The effective action of heterotic string compactified on T 4 in the string-frame is [635, 565]
S =
1
16πG6
∫
d6x
√−Ge−Φ[RGGµ¯ν¯∂µ¯Φ∂ν¯Φ− 1
12
Gµ¯µ¯
′
Gν¯ν¯
′
Gρ¯ρ¯
′
Hµ¯ν¯ρ¯Hµ¯′ν¯′ρ¯′
−Gµ¯µ¯′Gν¯ν¯′F iµ¯ν¯(LML)ijF jµ¯′ν¯′ +
1
8
Gµ¯ν¯Tr(∂µ¯ML∂ν¯ML)], (140)
where µ¯ = 0, ..., 5, i = 1, ..., 24, L is an O(4, 20) invariant metric and M is an symmetric
O(4, 20) matrix, i.e. MT = M and MLMT = L. (Definitions of D = 6 fields in terms of the
D = 10 fields are given in section 3.2.2.) The field strengths of the U(1) gauge fields and
the 2-form potential are
F iµ¯ν¯ = ∂µ¯Aiν¯ − ∂ν¯Aiµ¯, Hµ¯ν¯ρ¯ = (∂µ¯Bν¯ρ¯ + 2Aiµ¯LijF jν¯ρ¯) + cyc. perms.. (141)
The effective action for type-IIA string compactified on a K3 surface is [635, 565]
S ′ =
1
16πG6
∫
d6x
(√−G′ [e−Φ′{RG′ +G′ µ¯ν¯∂µ¯Φ′∂ν¯Φ′
− 1
12
G′ µ¯µ¯
′
G′ ν¯ν¯
′
G′ ρ¯ρ¯
′
H ′µ¯ν¯ρ¯H
′
µ¯′ν¯′ρ¯′ +
1
8
G′ µ¯ν¯Tr(∂µ¯M
′L∂ν¯M
′L)}
−G′ µ¯µ¯′G′ ν¯ν¯′F ′ iµ¯ν¯(LM ′L)ijF ′ jµ¯′ν¯′
]
− 1
4
εµ¯ν¯ρ¯σ¯τ¯ ε¯B′µ¯ν¯F ′ iρ¯σ¯LijF ′ jτ¯ ε¯
)
, (142)
where now the corresponding D = 6 fields in type-IIA theory are denoted with primes. Note,
the field strength of B′µ¯ν¯ is defined without Chern-Simmons term involving U(1) gauge fields
H ′µ¯ν¯ρ¯ = ∂µ¯B
′
ν¯ρ¯ + cyc. perms.. (143)
The scalars and metric are defined similarly as those in the effective action (140) of heterotic
string on T 4. But since the K3 surface does not have a continuous isometry, there are no
KK U(1) gauge fields, instead there are additional U(1) gauge fields arising from the 1-form
A
(10)
M and the 3-form A
(10)
MNP in the R-R sector.
These two string-frame effective actions are described by the same field degrees of freedom
and have the same modular space. So, they can be identified as the same action, provided
we perform the following conformal transformation of the metric and the Hodge-duality
transformation of the 2-form field [635, 565]:
Φ′ = −Φ, G′µ¯ν¯ = e−ΦGµ¯ν¯ , M ′ = M, A′(a)µ¯ = A(a)µ¯ ,
√−Ge−ΦH µ¯ν¯ρ¯ = 1
6
εµ¯ν¯ρ¯σ¯τ¯ ε¯H ′σ¯τ¯ ε¯. (144)
Under the string-string duality, the dilaton changes its sign, indicating that the string cou-
pling λ = e−〈Φ〉 of the dual theory is inverse of the original theory. So, a perturbative string
state (weak string coupling λ ≪ 1) in one theory is mapped to a non-perturbative string
state (strong string coupling λ≫ 1) under the string-string duality. For example, perturba-
tive, singular, fundamental string in one theory is mapped to non-perturbative soliton string
in the other theory [565].
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3.3.1 String-String-String Triality
Upon toroidal compactification to D = 4, the D = 6 string-string duality (144) interchanges
the D = 4 S-duality and the (T 2 part of) T -duality [226], while the dilaton-axion field and
the Ka¨hler structure of T 2 are interchanged. So, the axion-dilaton field of the string-string
duality transformed theory is given by the Ka¨hler structure of the original theory. Note, the
T 2 part of the fullD = 4 T -duality group, i.e. the O(2, 2,Z) ∼= SL(2,Z)×SL(2,Z) subgroup,
contains not only the SL(2,Z) factor parameterized by the Ka¨hler structure of T 2 but also the
other SL(2,Z) factor parameterized by the complex structure of T 2 [215, 570, 229]. Namely,
the effective D = 4 theory has the SL(2,Z) × SL(2,Z) × SL(2,Z) symmetry with each
SL(2,Z) factor respectively parameterized by the dilaton-axion field, the Ka¨hler structure
and the complex structure. So, on the ground of symmetry argument, one expects another
string theory whose axion-dilaton field is given by the complex structure of the original theory
[236]. In fact, mirror symmetry [319, 372, 320, 24, 317] exchanges the complex structure
and the Ka¨hler structures of an internal manifold. In particular, the mirror symmetry
exchanges the type-IIA and type-IIB strings, and transforms heterotic string into itself.
Thus, combining the D = 6 string-string duality (which interchanges the dilaton-axion field
and the Ka¨hler structure) and the Mirror symmetry (which interchanges the Ka¨hler structure
and the complex structure), we establish the “triality” [236] among the heterotic string on
K3× T 2 and the type-IIA and type-IIB strings on the Calabi-Yau-threefold.
For the purpose of illustrating the triality among these three theories, we consider only
the T 2 part and the NS-NS sector (which is common to the three theories) described by the
following D = 6 effective action:
L = 1
16πG6
√−Ge−Φ[RG +Gµ¯ν¯∂µ¯Φ∂ν¯Φ− 1
12
Gµ¯µ¯
′
Gν¯ν¯
′
Gρ¯ρ¯
′
Hµ¯ν¯ρ¯Hµ¯′ν¯′ρ¯′ ]. (145)
All the three theories with such truncation have the effective actions of this form. We
label these three D = 4 theories as FXY Z , where F = H,A,B respectively denoting the
heterotic theory, the type-IIA theory and the type-IIB theory, and the subscripts X, Y, Z
respectively are the axion-dilaton field, the Ka¨hler structure and the complex structure of
the theory. We can take any of these three theories as the starting point, but for the purpose
of definiteness we start with the heterotic string and impose the string-string duality and
the Mirror symmetry to obtain all other 5 theories.
Compactification on T 2 is achieved by the following KK Ansatz for the D = 6 metric:
Gµ¯ν¯ =
(
eηgµν + A
m
µ A
n
νGmn A
m
µ Gmn
AnνGmn Gmn
)
, (146)
where µ, ν = 0, ..., 3 are the D = 4 spacetime indices and m,n = 1, 2 are the internal space
indices. The D = 6 2-form field is decomposed as:
Bµ¯ν¯ =
(
Bµν +
1
2
(Amµ Bmν − BµnAnν ) Bµn + Amµ Bmn
Bmν +BmnA
n
ν Bmn
)
. (147)
Here, η, gµν , A
m
µ , Bµν and Gmn are respectively the D = 4 dilaton (defined below), Einstein-
frame metric, the KK U(1) gauge field, the 2-form field and the internal metric.
To express the D = 4 effective action in an SL(2,Z)×SL(2,Z) T -duality invariant form,
we parameterize the internal metric and the 2-form field as:
Gmn = e
ρ−σ
(
e−2ρ + c2 −c
−c 1
)
, Bmn = bǫmn, (148)
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and define the D = 4 dilaton η and axion a as:
e−η = e−Φ
√
detGmn = e
−(Φ+σ), ǫµνρσ∂σa =
√−ge−ηgµσgνλgρτHσλτ , (149)
where Hµνρ is the field strength of Bµν . Then, from the above real scalars we define the
following complex scalars [215]
S = S1 + iS2 ≡ a+ ie−η,
T = T1 + iT2 ≡ b+ ie−σ,
U = U1 + iU2 ≡ c+ ie−ρ, (150)
which (within the framework of the heterotic string) are respectively the dilaton-axion field,
the Ka¨hler structure and the complex structure.
Then, the final form of the D = 4 effective action is [236]:
L = 1
16πG4
√−g[Rg − 1
4
S2g
µµ′gνν
′FTµν(MT ⊗MU)Fµ′ν′
+
1
4
gµνTr(∂µMTL∂νMTL) + 1
4
gµνTr(∂µMUL∂νMUL)
− 1
2(S2)2
gµν∂µS∂µS¯
]
, (151)
where MT ,MU ∈ SL(2,R) are defined as
MT ≡ 1
T2
(
1 T1
T1 |T |2
)
, MU ≡ 1
U2
(
1 U1
U1 |U |2
)
, (152)
and the U(1) gauge fields Aiµ (i = 1, ..., 4) are given by A1µ = B4µ, A2µ = B5µ, A3µ = A1µ,
A4µ = A2µ. Here, L is an SL(2,Z) invariant metric. The action is manifestly invariant under
the SL(2,R)× SL(2,R) T -duality:
MT → ωTTMTωT , MU → ωTUMUωU , Fµν → (ω−1T ⊗ ω−1U )Fµν , (153)
where ωT,U ∈ SL(2,R) and the rest of the fields are inert. In addition, the theory has an
on-shell S-duality symmetry:
S → aS + b
cS + d
,
( F iµν
⋆F iµν
)
→ ω−1S
( F iµν
⋆F iµν
)
; ω =
(
a b
c d
)
, (154)
where a, b, c, d ∈ Z satisfy ad− bc = 1, and ⋆F iµν is the Hodge-dual (defined from the action
(151)) of the field strength F iµν .
We denote the theory described by (151) as HSTU , meaning the heterotic theory with
the dilaton-axion field, the Ka¨hler structure and the complex structure given respectively by
S, T, U defined in (150). Under the Mirror symmetry, the Ka¨hler structure and the complex
structure are interchanged, and therefore we obtain HSUT theory, i.e. the heterotic string
with the Ka¨hler structure and the complex structure now respectively given by U and T
defined in (150); the effective action is (151) with T and U fields interchanged. We call
HSTU and HSUT as the S-strings, meaning the string theories with the dilaton-axion field
given by S defined in (150).
Under theD = 6 string-string duality (144), theHSTU is transformed to ATSU . Under the
Mirror symmetry, ATSU is transformed to BTUS. So, the ATSU and BTUS are the T -strings.
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We apply string-string duality to BTUS to obtain BUTS. Under the Mirror symmetry,
BUTS is transformed to AUST . Therefore, we have the U -strings given by BUTS and AUST .
We comment on relation of the D = 4 S-duality to the D = 6 string-string duality. Since
effect of the D = 6 string-string duality on the D = 4 theory is to interchange the complex
structure and the dilaton-axion field, the SL(2,Z) subset T -duality of one theory accounts for
the S-duality of the string-string duality transformed theory [233, 226]. Namely, the large-
small radius T -duality (R → α′/R) of one theory corresponds to the strong-weak coupling
duality (g2/2π → 2π/g2) of the dual theory. In terms of transformation of U(1) gauge
fields, one can understand this as follows [236]. Under the string-string duality, electric
[magnetic] charges of 2-form U(1) gauge fields of one theory is transformed to magnetic
[electric] charges of 2-form U(1) gauge fields of the dual theory, while those of KK U(1)
fields remain inert. Since the T -duality interchanges KK U(1) gauge fields and 2-form U(1)
gauge fields (associated with the same internal coordinates), under the combined action of
the D = 6 string-string duality and the D = 4 T -duality, electric [magnetic] charges of KK
U(1) gauge fields and magnetic [electric] charges of 2-form U(1) gauge fields are exchanged,
which is exactly the D = 4 S-duality. Thus, since the T -duality is proven to hold order by
order in string coupling, proof of the conjectured D = 4 S-duality amounts to proof of the
D = 6 string-string duality, and vice versa.
Since the string-string duality interchanges the dilaton-axion field with the Ka¨hler struc-
ture, the string coupling g2/2π of one theory is transformed to the worldsheet coupling α′/R2
of the dual theory [226]. So, string quantum corrections controlled by the string coupling in
one theory correspond to the stringy classical corrections (α′ corrections) controlled by the
worldsheet coupling in the dual theory; the α′ [quantum] corrections in one theory can be
understood in terms of the quantum [α′] corrections of the dual theory.
3.4 U-duality and Eleven-Dimensional Supergravity
Hull and Townsend [381] conjectured that the type-II superstring theories on a torus has full
symmetry of low-energy effective field theory, which is larger than the direct product of the
D = 10 SL(2,Z) S-duality and the O(10− d, 10− d,Z) T -duality in D = d < 10 [306]. For
example, the effective action of type-II string on T 6, which is D = 4, N = 8 supergravity
[159, 160], has an on-shell E7(7) symmetry [160], which contains SL(2,R) × O(6, 6) as the
maximal subgroup. Hull and Townsend [381] conjectured that the subgroup E7(Z) (broken
due to the DSZW charge quantizations) extends to the full string theory as a new unified
duality group, called U -duality. U -duality unifies the S and T dualities and mixes σ-model
and string coupling constants.
The discrete subgroup E7(Z) is the intersection of the continuous E7(7) group and the
discrete symplectic Sp(28,Z) group, which transforms 28 U(1) gauge fields of the effective
theory linearly: E7(Z) = E7(7) ∩ Sp(28,Z) [381]. Under U -duality, a set of 28 × 2 electric
and magnetic charges transform as a vector, and all the scalars in the theory mix among
themselves. Unlike other types of duality, which assigns a special role to the dilaton, under
U -duality the dilaton is on the same footing as moduli. Thus, unlike T -duality which is
perturbative in nature, U -duality, like S-duality [560], is non-perturbative in nature, so
cannot be tested within perturbative spectrum of string theories.
We list the conjectured U -duality groups in various dimensions [381]. Note, the duality
group in higher dimensions is a subgroup of lower dimensional duality group, since it survives
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compactification (Cf. The duality group does not act on the Einstein-frame metric.). The
SO(10 − d, 10 − d,Z) T -duality in D = d < 10 and the SL(2,Z) S-duality in D = 10 are
unified to U -duality for d < 8. The U -duality groups are, in the descending order starting
from D = 7: SO(5, 5,Z), SL(5,Z), E6(6)(Z), E7(7)(Z), E8(8)(Z), E9(9)(Z), E10(10)(Z). These
U -duality groups in D = d are generated by the T -duality in D = d and n numbers of
U -duality groups in D = d+ 1 [381], where n is the possible numbers of ways in which one
can compactify from D = 10 to D = d+ 1 and then down to D = d.
In comparison, the heterotic string on T 10−d with d > 3 maintains the duality group in
the form (T -duality group) × (S-duality group), i.e. SO(10−d, 26−d,Z)×Z2 for 10 ≥ d ≥ 5
or SO(10− d, 26− d,Z)× SL(2,Z) for d = 4. For d = 3 [561] and d = 2 [563], the T - and
S-dualities are unified to U -duality given by SO(8, 24,Z) and SO(8, 24)(1)(Z), respectively.
As we will see in section 7.1, BPS electric states are within perturbative spectrum of
heterotic string [248]; all the 28 electric charges in the heterotic string on T 6 are related
through the “perturbative” O(6, 22,Z) T -duality. Also, there is non-perturbative spectrum
carrying the remaining 28 magnetic charges, related to perturbative spectrum via the Z2
subset of the “non-perturbative” SL(2,Z) S-duality [558, 544, 486]. These magnetic charges
are carried by solitons. The mass of a state in heterotic string on T 6 carrying electric
[magnetic] charges of the U(1)28 gauge group behaves as ∼ 1 [∼ 1/g2s ] in the string frame,
as expected for a fundamental string [a soliton].
For the type-II string, only 12 of the 28 electric charges couple to perturbative string
states, since the remaining 16 electric charges are R-R charges, which cannot be coupled
to perturbative string states. The Z2 subgroup of the SL(2,Z) S-duality group relates
these perturbative states to solitonic states carrying 12 magnetic charges of the same 12
U(1) gauge fields. The remaining 16 electric and 16 magnetic charges of the U(1)16 gauge
group are carried by another type of non-perturbative states, whose mass behaves as ∼ 1/gs.
Thus, under the (T -duality) × (S-duality) subgroup, i.e. SO(6, 6,Z)×SL(2,Z) ⊂ E7(Z), the
fundamental representation 56 (representing 28 electric and 28 magnetic charges of theD = 4
U(1)28 gauge group) is decomposed as 56 = (12, 2)× (32, 1). Here, the first factor (12, 2)
corresponds to the 12 numbers of SL(2,Z) doublets of perturbative and solitonic states
in the NS-NS sector and the second factor (32, 1) denotes the remaining non-perturbative
states, which are singlets under the SL(2,Z) group and carries 16 electric and 16 magnetic
charges of 16 U(1) gauge fields in the R-R sector.
Since the O(6, 6,Z) T -duality group of the type-II string on T 6 mixes only NS-NS charges
among themselves, it is not inconsistent that string states carry only NS-NS charges. How-
ever, it is not consistent with the conjectured U -duality, since U -duality puts all the 28× 2
electric and magnetic charges of D = 4 U(1)28 gauge group on the same putting. In addition,
as we saw in the decomposition of the 56 representation, the U -duality requires existence of
additional 16+16 electric and magnetic charges in the RR-sector that transform irreducibly
under the O(6, 6,Z) T -duality group. Hence, one leads to the conclusion that all the RR
charges, which cannot be carried by perturbative string states or solitons, should be carried
by another type of non-perturbative states. The low-energy or long-distance description of
these non-perturbative string states is R-R p-branes or black holes. In the original work by
Hull and Townsend [381], they show that all the R-R charged black holes can arise from
extreme p-branes of the D = 10 effective supergravity via dimensional reduction.
In [498], Polchinski shows that the states carrying R-R charges can be realized within
string theories without introducing exotic extended objects like p-branes. Such objects are
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D-branes [193, 445], boundaries to which the ends of open strings (with Dirichlet boundary
condition) are attached. D-branes carry one unit of R-R charges. D-branes are dynamic
objects and the open string states describe their fluctuations. In the strong coupling limit,
D-branes become black holes. Such identification made it possible to give precise statistical
explanation of black hole entropy. In chapter 8, we will summarize aspects of D-branes and
the recent development in D-brane calculation of black hole entropy.
In the following sections, we discuss the S-duality of the type-IIB string and the T -
duality of type-II string on a torus. The U -duality of type-II string on a torus is generated
by these two dualities. In particular, starting from generating black holes of type-II theories
on a torus, one obtains black holes with the general charge configuration by applying the S-
duality and the T -duality transformations. For p-branes in type-II theories, one can generate
p-branes of the general charge configuration by first imposing SO(1, 1) boost on a charge
neutral solution to induce KK electric charge and then applying the T - and the S-duality
transformations and/or another SO(1, 1) boosts sequentially.
3.5 S-Duality of Type-IIB String
The type-IIB string [312, 536] has the SL(2,Z) symmetry [381]. The Z2 ⊂ SL(2,Z) transfor-
mation exchanges the NS-NS 2-form potential Bˆ(1) (coupled to a perturbative string state)
and the R-R 2-form potential Bˆ(2) (coupled to a non-perturbative D-brane) while changing
the sign of the dilaton (or inverting the string coupling). So, the SL(2,Z) symmetry is a
strong-weak coupling duality.
It is well-known that a covariant effective action for type-IIB string does not exist, while
only the field equations [536, 376] exist. The only problem with construction of the covariant
effective action is the R-R 4-form potential Dˆ (with the self-dual 5-form field strength Fˆ ),
whose equation of motion Fˆ = ⋆Fˆ cannot be derived from the covariant action. So, to
construct the covariant effective action for type-IIB string, one is forced to set Dˆ to zero.
However, it is found in [72] that one can construct the type-IIB effective action which gives
rise to the correct field equations and compactifies to the correct action for the dimensionally
reduced type-IIB theories without setting Dˆ to zero. In this approach, one keeps Fˆ different
from zero in the effective action but eliminates the self-duality constraint. After the field
equations are obtained from this effective action, the self-duality constraint is imposed in
order to get the correct field equations for the type-IIB theory.
In the string-frame, such effective action for type-IIB string has the form [72]:
SstringIIB =
1
2
∫
d10x
√
−Gˆstr
[
e−2Φ
{
−Rˆstr + 4(∂Φ)2 − 3
4
(Hˆ(1))2
}
−1
2
(∂χ)2 − 3
4
(Hˆ(2) − χHˆ(1))2 − 5
6
Fˆ 2 − 1
96
√
−Gˆstr
ǫijǫDˆHˆ(i)Hˆ(j)
 , (155)
The field strengths of the 2-form potentials Bˆ(i) and the 3-form potential Dˆ, and their gauge
transformation rules are
Hˆ i = ∂Bˆ(i), δBˆ(i) = ∂Σˆ(i),
Fˆ = ∂Dˆ +
3
4
ǫijBˆ(i)Bˆ(j), δDˆ = ∂Λˆ− 3
4
ǫij∂Σˆ(i)Bˆ(j), (156)
where Σˆ(i) and Λˆ are infinitesimal gauge transformation parameters.
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The SL(2,Z) symmetry of the type-IIB theory is manifest in the effective action in the
Einstein-frame. To go to the Einstein-frame, one Weyl-rescales the metric GˆMN = e
− 1
2
ΦGˆstrMN .
The resulting Einstein-frame action has the form:
SEinsteinIIB =
1
2
∫
d10x
√
−Gˆ
[
−Rˆ+ 1
4
Tr(∂MMˆ∂MMˆ−1)− 3
4
Hˆ(i)MˆijHˆ(j)
−5
6
Fˆ 2 − 1
96
√
−Gˆ
ǫijǫDˆHˆ(i)Hˆ(j)
 , (157)
where Mˆ is a 2× 2 real matrix formed by the complex scalar λˆ = χ + ie−Φ:
Mˆ = 1Imλˆ
(
|λˆ|2 −Re λˆ
−Re λˆ 1
)
. (158)
(157) is manifestly invariant under the SL(2,R) transformation [536, 376]:(
Hˆ(1)
Hˆ(2)
)
→ ω
(
Hˆ(1)
Hˆ(2)
)
, Mˆ → (ω−1)TMˆω−1, ω ∈ SL(2,R). (159)
The SL(2,R) transformation on λˆ has the usual fractional-linear form λˆ→ aλˆ+b
cλˆ+d
. When the
DSZW type charge quantization is taken into account, the SL(2,R) symmetry breaks down
to the SL(2,Z) subset.
3.6 T -Duality of Toroidally Compactified Strings
Closed strings in D dimensions in target space background with d commuting isometries
have O(d, d,Z) T -duality symmetry [308, 570, 304, 305]. The O(d, d,Z) symmetry is a
perturbative symmetry proven to hold order by order in string coupling. For heterotic
string, the symmetry is enlarged to O(d, d+16,Z) due to the additional rank 16 background
gauge fields. Under the Z2 subset that inverts the radius of S
1 (i.e. Ri → α′/Ri) and
interchanges winding and momentum modes (i.e. mi ↔ ni), the type-IIA and the type-IIB
theories are interchanged if odd number of circles are acted on by the Z2 transformations,
while heterotic string transforms to itself. The Z2 transformation between the type-IIA
and the type-IIB strings at the effective field theory level is understood as field redefinition
between type-IIA and type-IIB theories, since the compactification of the type-IIA and the
type-IIB supergravities leads to the same supergravity theory.
We consider the bosonic string worldsheet σ-model with only NS-NS sector fields (target
space metric Gµν(X), 2-form potential Bµν(X) and dilaton Φ(X)), which are common to
both type-II and heterotic strings, turned on. The action with the (curved) D-dimensional
target space has form
S =
1
2π
∫
d2z
[
(Gµν(X) +Bµν(X)) ∂X
µ∂Xν − 1
4
φ(X)R(2)
]
. (160)
Let us assume that (160) is invariant under the d commuting, compact Abelian isome-
tries [309] δXµ = εkµi (i = 1, ..., d) along the X
i-direction, where [ki,kj] = 0. Then, the
background fields become independent of X i.
First, we consider the case where the background fields have only one isometry (d = 1)
along, say, the direction θ = X0. The T -dual pair σ-model actions are obtained by gauging
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the Abelian isometry. Following the procedures discussed in [100, 101, 102, 80, 82], one
obtains the action dual to (160) with the dual background fields (with primes) related to the
original ones (without primes) as 21
G′00 =
1
G00
, G′0a =
B0a
G00
, G′ab = Gab −
Ga0G0b +Ba0B0b
Gab
,
B′0a =
G0a
G00
, B′ab = Bab −
Ga0B0b +Ba0G0b
G00
, Φ′ = Φ+ logG00, (161)
where Xµ = (θ,Xa) (a = 1, ..., D − 1). This is the curved background generalization of the
R→ α′/R T -duality of closed strings on S1.
Alternatively, the dual pair σ-models are obtained by the method of chiral currents [516].
One starts with a (D+ d)-dimensional σ-model with d Abelian (left-handed) chiral currents
J i and (right-handed) anti-chiral currents J¯ i [309]:
SD+d = S1 + Sa + S[X],
S1 =
1
2π
∫
d2z
[
∂θiL∂¯θ
i
L + ∂θ
i
R∂¯θ
i
R + 2Σij(X)∂θ
i
R∂¯θ
j
L
+ΓLai(X)∂X
a∂¯θiL + Γ
R
ia(X)∂θ
i
R∂¯X
a
]
,
Sa =
1
2π
∫
d2z
[
∂θiL∂¯θ
i
R − ∂θiR∂¯θiL
]
,
S[X] =
1
2π
∫
d2z
[
Γab(X)∂X
a∂¯Xb − 1
4
Φ(X)R(2)
]
, (162)
where i, j = 1, ..., d and a, b = d+1, ..., D. Here, chiral and anti-chiral currents, corresponding
to the U(1)dL × U(1)dR affine symmetries δθiL,R = αiL,R(z), are
J i = ∂θiL + Σjiθ
j
R +
1
2
ΓLai∂X
a, J¯ i = ∂¯θiR + Σij θ¯
j
L +
1
2
ΓRia∂¯X
a. (163)
By gauging either a vector or an axial subgroup of U(1)dL×U(1)dR, one has the following
D-dimensional dual pair σ-model actions:
S±D =
1
2π
∫
d2z
[
E±µν(Xa)∂Xµ±∂¯Xν± −
1
4
φ±(Xa)R(2)
]
=
1
2π
∫
d2z
[
E±ij (X
a)∂θi±∂¯θ
j
± + F
R±
ia (X
a)∂θi±∂¯X
a + FL±ai (X
a)∂Xa∂¯θi±
+F±ab(X
a)∂Xa∂¯Xb − 1
4
φ±(Xa)R(2)
]
, (164)
where (Xµ±) = (θi±, X
a) with µ, ν = 1, ..., D, i = 1, ..., d, a = d+ 1, ..., D. Here, θi± ≡ θiR ± θiL
and the upper [lower] signs in ± and ∓ correspond to the axial [vector] gauged σ-model.
The background fields are
E±µν = G±µν + B±µν =
(
E±ij F
R±
ib
FL±aj F
±
ab
)
, φ± = Φ + log det(I ± Σ),
E±ij = (I ± Σ)ik(I ∓ Σ)−1kj , F±ab = Γab ±
1
2
ΓLai(I ∓ Σ)−1ij ΓRjb,
FR±ia = (I ∓ Σ)−1ij ΓRja, FL±ai = ±ΓLaj(I ± Σ)−1ji , (165)
21More general transformations with non-zero R-R fields are derived in [81].
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with G± [B±] denoting the symmetric [the antisymmetric] part of E±. The action S±D has an
isometry under the translation in the θi∓-direction.
The dual pair actions (164) are the most general σ-model with d commuting compact
Abelian symmetries. S+D and S
−
D are related under the combined operations of the sign
reversal of Σ and ΓL, and the coordinate transformation θiL → −θiL (i.e. θi+ ↔ θi−), implying
equivalence of two gaugings at least locally. To achieve global equivalence of the two gaugings,
one has to impose the same periodicity conditions on both θi+ and θ
i
−, i.e. θ
i
± ≡ θi± + 2π.
Then, one establishes the equivalence of vector and axial gauged σ-model actions S±D (the
so-called “vector-axial duality” [426]).
One can relate S±D to the bosonic string σ-model action S in (160) by identifying X
µ =
Xµ±. Then, the background fields in S
±
D are related to those in S in the following way:
Gij =
1
2
(E±ij + E
±
ji), Bij =
1
2
(E±ij − E±ji),
Gia =
1
2
(FR±ia + F
L±
ai ), Bia =
1
2
(FR±ia − FL±ai ),
Gab =
1
2
(F±ab + F
±
ba), Bab =
1
2
(F±ab − F±ba). (166)
From this, transformation rule of background fields under T -duality that relates the dual pair
bosonic string σ-model actions (one related to S+D and the other related to S
−
D) follows. When
S±D have isometry along only one coordinate direction (d = 1), one recovers the factorized
duality transformation (161).
We discuss transformations [305, 309] that relate the different backgrounds (of the same
action) describing the equivalent conformal field theory. S±D have the manifest invariance
under the following O(d, d,Z) transformation
E± → E± ′ = (aˆE± + bˆ)(cˆE± + dˆ)−1
=
(
E± ′ (a− E± ′c)FR±
FL±(cE± + d)−1 F± − FL±(cE± + d)−1cFR±
)
,
φ± → φ± ′ = φ± + 1
2
log
(
detG±
detG± ′
)
, g =
(
a b
c d
)
∈ O(d, d,Z), (167)
where D ×D blocks aˆ, bˆ, cˆ and dˆ of the O(D,D,Z) matrix are
aˆ =
(
a 0
0 ID−d
)
, bˆ =
(
b 0
0 0
)
, cˆ =
(
c 0
0 0
)
, dˆ =
(
d 0
0 ID−d
)
. (168)
Here, In is the n × n identity matrix. The d × d matrices E± transform fractional linearly
under O(d, d,Z):
E± → E± ′ = (aE± + b)(cE± + d)−1. (169)
The constant E± case corresponds to the transformation in the toroidal background.
The O(d, d,Z) transformation is generated by the following transformations.
• Integer “Θ”-parameter shift of E, i.e. Eij → Eij +Θij (Θij = −Θji):
(
a b
c d
)
=
(
Id Θ
0 Id
)
s.t. Θ = −ΘT . (170)
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• Homogeneous transformations of E±, FL±, FR± under GL(d,Z), i.e. E± → ATE±A,
FL± → ATFL±, FR± → FR±A (A ∈ GL(2,Z)):
(
a b
c d
)
=
(
AT 0
0 A−1
)
s.t. A ∈ GL(2,Z). (171)
• Factorized dualities Di, corresponding to the inversion of the radius Ri of the i-th
circle, i.e. Ri → 1/Ri:
(
a b
c d
)
=
(
I − ei ei
ei I − ei
)
s.t. ei = diag(
i−1︷ ︸︸ ︷
0, ..., 0, 1,
d−i−2︷ ︸︸ ︷
0, ..., 0︸ ︷︷ ︸
d
). (172)
The maximal compact subgroup of O(d, d,Z) is O(d,Z)×O(d,Z) with a group element
having the form:(
a b
c d
)
=
1
2
(
OL +OR OL −OR
OL − OR OL +OR
)
s.t. OL, OR ∈ O(d,Z). (173)
The O(d,Z)×O(d,Z) transformation naturally acts on the action SD+d as
θiL → OLθiL, θiR → ORθiR;
(
θ−
θ+
)
→ 1
2
(
OL +OR OL − OR
OL −OR OL +OR
)(
θ−
θ+
)
,
Σ → ORΣOTL , ΓL → ΓLOTL , ΓR → ORΓR, Γ→ Γ, (174)
meanwhile on the actions S±D as
E± → E± ′ =
[
(OL +OR)E
± + (OL − OR)
] [
(OL −OR)E± + (OL +OR)
]−1
,
FL± → FL± ′ = 2FL±
[
(OL −OR)E± + (OL +OR)
]−1
,
FR± → FR± ′ = 1
2
[
(OL +OR)− E± ′(OL − OR)
]
FR±,
F± → F± ′ = F± − FL±
[
(OL −OR)E± + (OL +OR)
]−1
(OL − OR)FR±. (175)
We now specialize to strings in flat background (i.e. toroidal compactification) to under-
stand properties of perturbative string spectrum under T -duality. The relevant part of the
worldsheet action is the toroidal (T d) part:
S =
1
4π
∫ 2π
0
dσ
∫
dτ
[√
ggαβGij∂αX
i∂βX
j + ǫαβBij∂αX
i∂βX
j − 1
2
√
gφR(2)
]
, (176)
where X i ∼ X i + 2πmi and i, j = 1, ..., d. Here, mi is a string ‘winding number’ along the
X i-direction. Gij and Bij can be collected into the “background matrix” E = G + B. The
matrix E is a special case of E± in (165) where E± do not depend on Xa. The lattice Λd,
which defines T d = Rd/(πΛd), is spanned by basis vectors ei satisfying
∑d
a=1 e
a
i e
a
j = 2Gij.
The mode expansions of X i and conjugate momenta 2πPi = GijX˙
j +BijX
j ′ are
X i(σ, τ) = xi +miσ + τGij(pj − Bjkmk)
+
i√
2
∑
n 6=0
1
n
[αin(E)e
−in(τ−σ) + α˜in(E)e
−in(τ+σ)],
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2πPi(σ, τ) = pi +
1√
2
∑
n 6=0
[ETijα
j
n(E)e
−in(τ−σ) + Eijα˜jn(E)e
−in(τ+σ)], (177)
where we made analytic continuation τ → −iτ and the momentum zero modes pi take
integer values, i.e. pi = ni ∈ Z. The equal-time canonical commutation relations
[X i(σ, 0), Pj(σ
′, 0)] = iδijδ(σ−σ′) lead to commutation relations among the oscillator modes:
[xi, pj] = iδ
i
j , [α
i
n(E), α
j
m(E)] = [α˜
i
n(E), α˜
j
m(E)] = mG
ijδm+n,0. (178)
The Hamiltonian takes the form:
H = L0 + L˜0 =
1
4π
∫ 2π
0
dσ(P 2L + P
2
R) =
1
2
ZTM(E)Z +N + N˜ ;
M(E) =
(
G− BG−1B BG−1
−G−1B G−1
)
, Z =
(
ma
na
)
, (179)
where PL,R are the left- and the right-moving momenta defined as
PLa = [2πPi + (G− B)ijXj ′]ei ∗a , PRa = [2πPi − (G+B)ijXj ′]ei ∗a , (180)
and the number operators of the left- and the right-moving modes are
NL =
∑
n>0
αi−n(E)Gijα
j
n(E), NR =
∑
n>0
α˜i−n(E)Gijα˜
j
n(E). (181)
Here, ei ∗ are dual basis vectors, satisfying
∑d
a=1 e
a
i e
j ∗
a = δ
j
i and
∑d
a=1 e
i ∗
a e
j ∗
a =
1
2
(G−1)ij . The
left- and the right-moving momenta zero modes
pR = [n
T +mT (B −G)]e∗, pL = [nT +mT (B +G)]e∗, (182)
transforming as a vector under O(d, d,R), form an even self-dual Lorentzian lattice Γ(d,d)
[480, 481], i.e. p2L − p2R = 2mini ∈ 2Z.
While Γ(d,d) is preserved under O(d, d,R), the Hamiltonian zero mode H0 =
1
2
(p2L + p
2
R)
is invariant only under its maximal compact subgroup O(d,R)×O(d,R). So, the zero-mode
spectrum is unchanged under theO(d,R)×O(d,R) subgroup, only. Note, from (182) one sees
that (pL, pR) and hence Γ
(d,d) are in one-to-one correspondence with a particular background
E = G+B. Thus, the moduli space is isomorphic to O(d, d,R)/[O(d,R)× O(d,R)].
Under the O(d, d,Z) transformation (169) [439],
M(E)→ gM(E)gT ,
αn(E) → (d− cET )−1αn(E ′), α˜n(E)→ (d+ cE)−1α˜n(E ′). (183)
So, NL,R are manifestly invariant under O(d, d,Z); the spectrum is O(d, d,Z) invariant. The
O(d, d,Z) transformation is generated [308, 570, 304, 305] by integer Θ-parameter shift of E,
the GL(2,Z) transformation and the factorized duality Di, as discussed above. Particularly,
under GL(d,Z), which changes the basis of Λd, E → AEAT and (m,n) → (ATm,A−1n)
(A ∈ GL(d,Z)). In addition, the spectrum is invariant under the worldsheet parity [305]
σ → −σ, which acts on E as B → −B. The effect of the worldsheet parity on the spectrum
is to interchange the left-handed and the right-handed modes: pL ↔ pR and αn ↔ α˜n. The
above transformations generate the full spectrum preserving symmetry group Gd.
A particular element g of O(d, d,Z) with a = d = 0 and b = c = I, i.e. E → E−1
[308, 570], corresponds to vector-axial duality symmetry (165). Under this transformation,
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n↔ m and the Hamiltonian (179) is manifestly invariant. When B = 0, the transformation
becomes G → G−1, i.e. the volume inversion of T d. A significance of E → E−1 is that the
gauge symmetry is enhanced to the affine algebra SU(2)dL × SU(2)dR at a single fixed point
G = I and B = 0. The gauge symmetry is maximally enhanced [308] at fixed points under
E → E−1 modulo SL(d,Z) and Θ(Z) transformations, i.e. E such that E−1 =MT (E+Θ)M
(M ∈ SL(d,Z)). Hence, an enhanced symmetry point corresponds to an orbifold singularity
point [220, 221] in the moduli space under some non-trivial O(d, d,Z) transformation. At
the fixed point, E takes the following form in terms of the Cartan matrix Cij of the rank d,
semi-simple, simply-laced symmetry group [252]:
Eij = Cij (i > j), Eii =
1
2
Cii, Eij = 0 (i < j). (184)
Non-maximally enhanced symmetry points correspond to fixed points under factorized duali-
ties Di instead of the full inversion E → E−1. A simplest but non-trivial example is the d = 2
case (i.e. compactification on T 2), which we discuss in section 4.2.2. At the fixed point E = I
under E → E−1, the gauge symmetry is enhanced to (SU(2)× SU(2))L×(SU(2)× SU(2))R.
The gauge symmetry is maximally enhanced to SU(3)L×SU(3)R at the point E =
(
1 1
0 1
)
.
These fixed points correspond to orbifold singularities [570] in the fundamental domain
of the moduli space (parameterized by two complex coordinates of the moduli space 22
SL(2,R)/U(1)× SL(2,R)/U(1)).
3.7 M-Theory
In this section, we discuss some aspects of M-theory. We illustrate how different superstring
theories emerge from different moduli space of compactified M-theory and discuss the M-
theory origin of string dualities.
In this picture, each of 5 different string theories represents a perturbative expansion
about different points in moduli space of the compactifiedM-theory. Namely, 5 perturbative
string theories and uncompactifiedM-theory are located at different subsets of moduli space,
and it is dualities that map one subset of moduli space to another, thereby making transition
between different theories. In the following, we illustrate this idea by showing how different
theories are achieved by taking different limits of parameters of moduli space and how
dualities are realized as transformations of parameters of moduli space.
First, we discuss the connection between the type-II theories and M-theory. Type-IIA
theory is obtained from M-theory by compactifying the extra 1 spatial coordinate on S1
of radius R11 [383, 112, 232, 601, 635]. The type-IIA and the type-IIB theories are related
via T -duality [216, 193]. Namely, the type-IIA theory on S1 of radius RA is perturbatively
equivalent (under T -duality) to the type-IIB theory on S1 of radius RB = 1/RA. So, one
can think of the S1-compactified type-IIB theory as T 2 compactified M-theory 23.
22Note, O(2, 2,R) ∼= SL(2,R) × SL(2,R). Therefore, E, which parameterizes the moduli space
O(2, 2,R)/[O(2,R) × O(2,R)], is reparameterized by the complex coordinates ρ and τ , each parameter-
izing SL(2,R)/U(1).
23Note, due to the no-go theorem for KK compactification of the D = 11 supergravity [633], it might be
impossible to obtain a chiral theory like type-IIB supergravity through dimensional reduction. This no-go
theorem can be circumvented to obtain the (chiral) type-IIB theory by compactifying on orbifolds (rather
53
To understand the connection between type-II theories and M-theory, one has to com-
pactify M-theory on T 2 = S1 × S1 (with the radii of each circle given by R11 and R10 from
the D = 11 point of view), and compactify the type-IIA and the type-IIB theories on circles
of radii RA and RB, respectively. Here, the radius RA [RB] is measured with D = 10 string
frame metric of the type-IIA [the type-IIB] theory.
We first relate parameters of the type-II theories (i.e. the radii RA,B and the string
couplings 24 g(A,B)s in the type-IIA/B theories) to parameters R11 and R10 of T
2 moduli
space before we understand the various limits in the moduli space. R11 is related to g
(A)
s
as R11 = (g
(A)
s )
2
3 . As for the second circle of T 2 = S1 × S1, which is also the circle upon
which the type-IIA theory is compactified, the radius is measured differently depending on
the dimensionality of spacetime. Note, we denoted the radius measured in D = 11 [in
D = 10 by the type-IIA string-frame metric] as R10 [RA]. Namely, since the string-frame
metric gIIAµν (µ, ν = 0, 1, ..., 9) of the type-IIA theory is related to the D = 11 metric G
(11)
MN
(M,N = 0, 1, ..., 10) as G(11)µν ∼ e−
2
3
φAgIIAµν , where φA is the dilaton of the type-IIA theory,
one sees that R10 = RA/(g
(A)
s )
1
3 . Furthermore, one can relate the string coupling g(B)s of the
type-IIB theory to R11 and R10 as follows. Under the T -duality between the type-IIA and
the type-IIB theories, the string couplings are related as g(B)s = g
(A)
s /RA. By using other
relations among parameters, one finds that g(B)s = R11/R10.
We discuss the various limits in theM-theory moduli space of T 2 in terms of R11 and R10
[22]: M-theory and the type-IIA,B theories are located at various limiting points in the T 2-
moduli space. First,M-theory is located at (R10, R11) = (∞,∞) (i.e. the decompactification
limit), which is also the strong coupling limit (g(A)s = (R11)
3
2 → ∞) of the type-IIA theory
[635, 601]. The (uncompactified) type-IIA theory, defined as RA → ∞ and finite string
coupling g(A)s , is located at (R10, R11) = (∞, f inite), i.e. M-theory on S1 of radius R11 <∞.
The (uncompactified) type-IIB theory can be defined as the limit RB → ∞, R11 → 0
and finite string coupling g(B)s . In this limit, R10 = RA/(g
(A))1/3 = RA/(RAg
(B)
s )
1/3 =
R
2/3
A (g
(B)
s )
−1/3 = R−2/3B (g
(B)
s )
−1/3 → 0. So, in terms of parameters of T 2, the (uncompactified)
type-IIB theory corresponds to the limit in which (R10, R11) = (0, 0) while keeping the ratio
g(B)s = R11/R10 finite. The value of g
(B)
s depends on how the limit (R10, R11) → (0, 0) is
taken and, therefore, (R10, R11) = (0, 0) is not really a point in the moduli space.
Note, when 2 circles in T 2 = S1 × S1 are exchanged (i.e. R11 ↔ R10), g(B)s = R11/R10 is
inverted: g(B)s → 1/g(B)s . Such interchange of 2 circles is a subset of more general SL(2,Z)
reparameterization of T 2, which acts on the complex modulus τ of T 2 fractional linearly.
Thus, the reparameterization symmetry of T 2, upon which M-theory is compactified, mani-
fests in the type-IIB theory as the SL(2,Z) S-duality [381], which acts on the complex scalar
ρ = χ+ ie−φ (formed by 0-form χ and the dilaton φB) fractional linearly.
Next, we discuss string theories with N = 1 supersymmetry, i.e. the E8×E8 and SO(32)
heterotic strings and type-I string. To understand the connection between M-theory and
these N = 1 string theories, one has to consider the moduli space of M-theory compactified
on S1/Z2 × S1, i.e. a cylinder of length L and radius R.
We first comment on the relation of type-I string theory to M-theory. One can think of
than manifolds) [358, 197, 639, 568]. In the case of compactification of M -theory on T 2 (which is relevant
to our discussion), when the size of T 2 goes to zero at the fixed shape, one obtains “chiral” type-IIB theory,
due to additional massive ‘wrapping’ modes (of membrane) which become massless [81, 22, 540, 541].
24The string coupling gs is defined as gs = e
〈φ〉.
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the type-I theory as an ‘orientifold’ of the type-IIB theory, namely a theory of unoriented
closed string (gauged under the worldsheet parity transformation Ω [355, 356, 509]) and open
string with SO(32) Chan-Paton factor [314]. To see the direct relation to M-theory, it is
convenient to first compactify one spatial coordinate, which we call Y , of the type-I theory
on S1 and then T -dualize along the S1-direction, inverting the radius of S1. We call such
theory as the type-I′ theory [193, 505]. Since the dual coordinate Y˜ is pseudo-scalar under
the worldsheet parity transformation (i.e. Ω[Y˜ ](τ, σ) = −Y˜ (τ,−σ)), S1 is mapped under
this T -duality to the orbifold S1/Z2 with fixed points at Y˜ = 0, π. So, the type-I
′ theory is
effectively described by the type-IIA theory on S1/Z2; closed strings wrapped around S
1/Z2
look like open string stretched between two 8-plane boundaries located at fixed points of
S1/Z2. (These (parallel) boundaries corresponds to D 8-branes.)
Second, the E8×E8 heterotic string theory is obtained by compactifyingM-theory on the
orbifold S1/Z2 [357, 358]. Namely, M-theory on S
1/Z2 of length L gives rise to spacetime
with two D = 10 faces (the so-called “end-of-the-world 9-branes”) which are separated by a
distance L. Each of the two faces carries an E8 gauge field of the E8 × E8 heterotic string
[357, 358]. In this picture, a fundamental string of the E8 × E8 theory is interpreted as a
cylindrical M 2-brane attached between the two faces. (So, the intersection of the cylindrical
M 2-brane with the faces is a circle.) The string coupling is gE8s = L
3/2 and, therefore, in
the strong coupling limit (gE8s ≫ 1) the two faces move apart far away from each other,
revealing the extra 11-th space dimension [601, 635, 357, 358]. When the separation is very
small (L ≈ 0), the cylindrical M 2-brane is well approximated by a closed string in D = 10.
(This is the weak coupling limit gE8s = L
3/2 ≈ 0 of the E8×E8 theory.) Finally, the SO(32)
heterotic theory is related to the E8×E8 heterotic theory via T -duality [480, 481, 303], and
to the type-I theory via S-duality [635, 187, 380, 505]. A corollary of the these dualities is
the duality between M-theory on a cylinder S1/Z2×S1 and the SO(32) theories on S1 [541].
Now, we discuss the various limits in the moduli space of M-theory on S1/Z2 × S1 in
terms of parameters L and R [357, 358]. An obvious limit in the moduli space is the small
L and R → ∞ limit, which is the uncompactified E8 × E8 heterotic string. Here, L is the
size of S1/Z2 upon which M-theory is compactified to lead to the E8 ×E8 heterotic theory.
The string coupling of the E8 × E8 heterotic string is gE8s = L
3
2 . The second obvious limit
is R → 0. In this limit, the M 2-brane wrapped around the cylinder looks like open string
stretched between the interval S1/Z2 of the length L, i.e. the (uncompactified) type-I
′ open
string with SO(16) Chan-Paton factor attached at each end located at the 9-plane boundary.
In general, a point in the moduli space with small L and finite R corresponds to the
E8 ×E8 heterotic string on S1 of radius R. A non-vanishing ‘Wilson line’ around S1 breaks
E8 ×E8 down to subgroups [634], e.g. U(1)16 or SO(16)× SO(16) depending on the choice
of the Wilson line. In particular, the E8 × E8 heterotic string on S1 with gauge group
SO(16) × SO(16) is obtained from the SO(32) heterotic string on S1 with gauge group
SO(16)× SO(16) by inverting the radius of S1. As R is decreased to a small value, one can
switch to the SO(32) heterotic string on S1 of inverse radius 1/R by using the T -duality
between the E8 ×E8 and SO(32) heterotic strings. For this case, the string coupling of the
SO(32) heterotic string is ghets = L/R, which is small as long as R ≫ L. As the radius R
approaches smaller value so that R becomes much smaller than L, one can switch to the
type-I theory by applying the S-duality between the SO(32) heterotic string and the type-I
string. The string coupling of the type-I theory is then given by gIs = 1/g
het
s = R/L. Note,
under the Z2 transformation that exchanges two moduli R and L of the cylinder, the string
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couplings of the type-I and the SO(32) heterotic theories are inverted, thereby manifesting
as the non-perturbative type-I/heterotic duality.
In the limit (R,L)→ (0, 0) with fixed small gIs = R/L, one has the uncompactified type-I
theory. This is understood as follows. We saw that the type-I′ theory, which is obtained
from the type-I theory on S1 by inverting the radius, is the R→ 0 limit of M-theory on the
cylinder. If we further let the length L of the cylinder approach zero, then in the type-I side
the radius of S1, upon which the type-I theory is compactified, approach infinity (i.e. the
decompactification limit of the type-I theory).
So far, we discussed connections among M-theory and string theories with either N = 1
or N = 2 supersymmetry. One can further relate N = 1 and N = 2 theories. For this
purpose, one breaks 1/2 of supersymmetry in N = 2 theories by compactifying on a manifold
with non-trivial holonomy. An obvious example is the D = 6 string-string duality between
type-IIA theory on K3 and heterotic string on T 4 [382, 635]. Both of the D = 6 theories
have (non-chiral) N = 2 supersymmetry. A corollary of this duality is that M-theory on
K3 is equivalent to heterotic string on T 3 [635], since type-IIA theory is M-theory on S1.
The fundamental string in heterotic string on T 3 is nothing but M 5-brane wrapped around
a 4-cycle of K3 surface [226, 340, 602]. Furthermore, K3-compactified M 2-brane through
direct dimensional reduction is solitonic 5-brane in the heterotic theory wrapped around a
3-cycle of T 3. Thus, it leads to the conjecture that the strong coupling limit of heterotic
string on T 3 is K3-compactified supermembrane in D = 11.
We point out that M-theory and string theories that are connected within the moduli
space (of either T 2 for the N = 2 string theories or S1×S1/Z2 for the N = 1 string theories)
are on an equal putting if one includes “non-perturbative” branes, as well as perturbative
string states, within the spectra of the 5 superstring theories. Namely, a brane that appears
in one theory is necessarily related to branes of the other theories through the dimensional
reduction and/or dualities [540, 541]. In particular, all the branes in the 5 string theories
should have interpretations in terms ofM-branes through dimensional reductions and string
dualities. It turns out that p-branes obtained in this way have the right property as p-
branes of string theories [601] (e.g. the tension T of branes in string-frame depend on
the string coupling gs as ∼ 1, ∼ 1/gs and ∼ 1/g2s for a fundamental string, Dp-branes and
solitonic 5-brane, respectively) and the worldvolume actions (derived from those ofM-theory
[86, 87, 79, 77]) have the right forms [604, 88, 241, 530]. In the following, we discuss the
M-theory origin of branes in string theories.
First, we discuss branes in the type-IIA theory. Since the type-IIA theory is M-theory
compactified on S1, all of p-branes in type-IIA theory (i.e. a fundamental string and a
solitonic 5-brane in the NS-NS sector, and D p-branes with p = 0, 2, 4, 6, 8 in the R-R sector)
should be obtained in this way.
In D = 11, there are M 2-brane [86, 250] and M 5-brane [327] which are elementary and
solitonic branes carrying electric and magnetic charges of the 3-form potential, respectively.
Starting from M 2-brane [86, 87], one obtains either fundamental string [232, 250, 231] in
the NS-NS sector or the D 2-brane in the R-R sector, through double or direct dimensional
reduction. The fundamental string and D 4-brane obtained, respectively, from the M 2- and
M 5-branes via double dimensional reduction have the right dependence of the tensions on
gs, i.e. ∼ 1 and ∼ 1/gs, respectively.
Next, a D 0-brane can be thought of as the KK momentum mode of the D = 11 theory
on S1 [601]. This state with the momentum number n along the S1-direction has mass
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(measured in the string-frame) given by M = n
gs
, which is the right dependence of the mass
on the string coupling for BPS states carrying R-R charges [635]. The integer n is the electric
charge of the KK U(1) gauge field associated with the S1-direction, indicating that such KK
state is electrically charged under the 1-form potential in the R-R sector. The n = 1 KK
state is interpreted as a single D 0-brane and the n > 1 case corresponds to the (marginal)
bound state of n D 0-branes. The D 6-brane is regarded as the KK monopole [601], which
is magnetically charged under the 1-form potential in the R-R sector. For the D 8-brane,
currently there is no interpretation in terms of the D = 11 theory available yet.
Second, we discuss branes in type-IIB theory. In general, branes in type-IIB theory can
be obtained from those in type-IIA theory by applying the T -duality between type-IIA and
type-IIB theories [29, 73, 310, 199, 81]. For example, starting from D 2-brane of type-IIA
theory, one obtains D 1-brane of type-IIB theory by T -dualizing along one of coordinates
with the Neumann boundary condition (i.e. along a longitudinal direction of the D 2-brane).
The fundamental string and the solitonic 5-brane in the NS-NS sector are obtained from the
M 2- and the M 5-branes by dimensional reduction similarly as in the type-IIA case.
On the other hand, one can directly relate branes in the compactified type-IIB theory to
those in compactified M-theory by applying equivalence between type-IIB theory on S1 and
M-theory on T 2. In this relation, one identifies complex modulus τ of T 2 with the complex
scalar ρ of (uncompactified) type-IIB theory, i.e. τ = ρ [538, 22]. (This is motivated by the
observation that the non-perturbative SL(2,Z) symmetry of type-IIB theory is interpreted
as the T 2 moduli group of M-theory on T 2.)
First, we discuss 1-branes in (uncompactified) type-IIB theory. These carry (integer
valued) electric charges 25 q1 and q2 of 2-form potentials in the NS-NS and the R-R sectors
[538], respectively, and are bound states of q1 fundamental strings and q2 D-strings. This
bound state is absolutely stable against decay into individual strings iff the integers q1 and q2
are relatively prime [638], due to the “tension gap” and charge conservation. In the string-
frame with the vacuum expectation value 〈ρ〉 = i(g(B)s )−1, the tension of the (q1, q2) string
[538] is T(q1,q2) =
√
q21 + (g
(B)
s )−2q22T
(B)
1 , where T
(B)
1 is the tension of the fundamental string.
This tension formula has the right limiting behavior: T(1,0) ∼ 1 for a fundamental string and
T(0,1) ∼ (g(B)s )−1 for a D-string [498].
When these 1-branes are wrapped around S1 of radius RB, one has 0-branes inD = 9 with
the momentum modem and the winding mode n around S1. This 0-brane of the D = 9 type-
IIB theory is identified with the M 2-brane wrapped around T 2. Namely, the momentum
mode m [winding mode n] of the type-IIB string is interpreted in the M 2-brane language
as the wrapping [the KK modes] of the M 2-brane on T 2. Through these identifications, one
has relations between the tension of the fundamental string of (uncompactified) type-IIB
theory and the tension T
(M)
2 of M 2-brane: (T
(B)
1 L
2
B)
−1 = 1
(2π)2
T
(M)
2 A
3/2
M , which is consistent
with string dualities. Here, LB = 2πRB is the circumference of S
1, upon which type-IIB
theory is compactified, and AM is the area of T
2 measured in the D = 11 metric.
Direct dimensional reduction of 1-branes in type-IIB theory gives rise to strings with
charges (q1, q2) and the tension T(q1,q2) in D = 9. This type-IIB string in D = 9 is identified
with M 2-brane wrapped around a (q1, q2) homology cycle of T
2 with the minimal length
L(q1,q2) = 2πR11|q1 − q2τ |. Such string of the compactified M-theory has the tension (mea-
25These electric charges (q1, q2) transform linearly under SL(2,Z), while the complex scalar ρ transforms
fractional linearly, i.e. ρ→ aρ+bcρ+d (ad− bc = 1).
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sured by the D = 11 metric) T
(11)
(q1,q2)
= L(q1,a2)T
(M)
2 , which is consistent with relation between
T
(B)
1 and T
(M)
2 in the previous paragraph.
Second, we discuss the D = 9 p-branes related to D 3-brane [238] of (uncompactified)
type-IIB theory. By wrappingD 3-brane around S1, one obtains 2-brane with tension LBT
(B)
3
in D = 9. Here, T
(B)
3 is the tension of D 3-brane in D = 10. This 2-brane of type-IIB theory
is identified with 2-brane in the T 2-compactified M-theory obtained by direct dimensional
reduction of M 2-brane. Such identification of the two 2-branes of type-IIB and M-theory
leads to relation between the tensions T
(B)
1 and T
(B)
3 of fundamental string and D 3-brane:
T
(B)
3 =
1
2π
(T
(B)
1 )
2. When D 3-brane of type-IIB theory is compactified via direct dimensional
reduction on S1, one has 3-brane in D = 9. This 3-brane is identified with M 5-brane
wrapped around T 2. Such an identification leads to the correct DSZ quantization relation
T
(M)
5 =
1
2π
(T
(M)
2 )
2 on tensions of M 2- and M 5-branes.
Third, 5-branes in type-IIB theory carry magnetic charges (p1, p2) of 2-form potentials in
the R-R and the NS-NS sectors, with the tension T
(B)
5(p1,p2)
given similarly as that of 1-branes.
4-branes with the tension LBT
(B)
5(p1,p2)
are obtained by wrapping this 5-branes around S1. The
corresponding 4-branes in theM-theory side isM 5-brane wrapped around a (p1, p2) cycle of
T 2. This identification leads to the correct expression for the tension of the type-IIB 5-brane
(in the string-frame) given by T
(B)
5(p1,p2)
= (g
(B)
s )
−1
(2π)2
|p1 − p2〈ρ〉|(T (B)1 )3. In the limit where the
5-brane carries only either the R-R or the NS-NS magnetic charge, the tension behaves as
T
(B)
5(1,0) ∼ (g(B)s )−1 and T (B)5(0,1) ∼ (g(B)s )−2, as expected for solitons and D-branes.
5-branes in D = 9 have different interpretations. First, a singlet 5-brane of the type-IIB
theory on S1 is magnetically charged under the KK U(1) gauge field associated with the S1-
direction. Second, the SL(2,Z) family of 5-branes of the type-IIB theory on S1 is charged
under the doublet of 2-form U(1) gauge fields. The corresponding singlet 5-brane in the
T 2-compactified M-theory is magnetically charged under the 3-form U(1) gauge field. The
SL(2,Z) multiplet of 5-branes that are matched with those of the type-IIB theory on S1 is
magnetically charged under the doublet of KK U(1) fields of M-theory on T 2.
As for the D = 9 branes associated with D 7-brane (magnetically charged under the
0-form potential), the M-theory interpretation is not well-understood yet. In [540], it is
argued that p-branes with p = 7, 8, 9 in M-theory that would give rise to 7-brane in D = 9
do not exist, and 6-brane in D = 9 cannot be obtained from D 7-brane of type-IIB theory
by the periodic array along the compact direction and also is not consistent with the D = 9
type-IIB theory.
Finally, we comment on branes in the SO(32) theories, i.e. the type-I and the SO(32)
heterotic strings. These 2 theories are related by S-duality, which inverts the string couplings
(i.e. ghets = 1/g
I
s) and exchanges the 2-form potentials of the 2 theories (the 2-form potential
is in the NS-NS sector [the R-R sector] for the SO(32) heterotic theory [the type-I theory]).
The electric [magnetic] charge of the 2-form potential is carried by 1-branes [5-branes]. When
this 1-brane [5-brane] is compactified on S1, one has either 0-brane or 1-brane [4-brane or
5-brane] in D = 9 depending on whether or not these branes are wrapped around S1. The
M-theory origin of these D = 9 branes is understood from the observation that M-theory
on S1/Z2 × S1 with length L and radius R is related to SO(32) theory on S1. Note,
while M 2-brane can wrap on S1/Z2, M 5-brane can wrap around S
1, only. So, M 5-brane
compactified on S1/Z2 × S1 give rise to either 4-brane or 5-brane in D = 9, depending on
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whether M 5-brane is wrapped around S1 or not. These branes are identified with those
of the SO(32) theory. Similarly, 0-brane and 1-brane of the SO(32) theories on S1 are
identifies with the M 2-brane which is first wrapped around S1/Z2 and then either wrapped
around S1 or not. Note, under the exchange of parameters L and R of S1/Z2 × S1, the
SO(32) heterotic theory and the type-I theory is exchanged, while the string couplings are
inverted (i.e. ghets = 1/g
I
s = L/R). Thus, the roles of R and L are interchanged when one
identifies p-branes of the S-dual theory on S1 with those of the M-theory on S1/Z2 × S1.
These identifications yield the tensions for 1-brane and 5-brane of the SO(32) theories with
consistent limiting behavior, i.e. T het5 ∼ (ghets )−2 and T het1 ∼ 1 for the heterotic theory, and
T I5 ∼ (gIs)−1 and T I1 ∼ (gIs)−1 for the type-I theory.
4 Black Holes in Heterotic String on Tori
4.1 Solution Generating Procedure
The primary goal of this chapter is to generate the general black hole solutions in the effective
theories of the heterotic string on tori by applying the solution generating transformations
described in section 3.2.
In principle, D < 10 black hole solutions which have the most general electric/magnetic
charge configurations and are compatible with the conjectured no-hair theorem [385, 386, 125,
343, 344] can be constructed by imposing the SO(1, 1) boosts on charge neutral solutions,
i.e. Schwarzschield or Kerr solution. Here, the SO(1, 1) boosts that generate electric charges
of U36−2D(1) gauge group in D < 10 are contained in the O(11−D, 27−D) symmetry group
(134) of the (D−1)-dimensional Lagrangian. Meanwhile, magnetic charges of the U36−2D(1)
gauge group and the D = 5 NS-NS 2-form potential are generated by the SO(1, 1) boosts in
the O(8, 24) symmetry group (138) of the D = 3 action.
However, it is not necessary to generate all the electric/magnetic charges by applying
the SO(1, 1) boosts, as we explain in the following. The D-dimensional dualities, which
leave the (Einstein-frame) metric intact, can be used to remove some of charge degrees of
freedom (associated with the U36−2D(1) gauge group in D < 10) of black holes. The gen-
eral black hole solution with all the redundant charge degrees of freedom removed by the
D-dimensional dualities is called the “generating solution”, since the most general solution
in the class is obtained by applying the D-dimensional dualities. Thus, one only needs to
generate electric [and magnetic] charges of the generating solutions by applying the SO(1, 1)
boosts in O(11 − D, 27 − D) [O(8, 24)] duality group on the Schwarzschield or the Kerr
solution [562]. The generating solution is equivalent to the solution with the most general
charge configuration due to the conjectured string dualities. This is a reminiscence of auto-
morphism transformations of N -extended superalgebra discussed in section 2.2, which brings
the algebra in a simple form in which only [N/2] eigenvalues of central charge matrix appear
in the algebra rather than whole N(N − 1) central charges. The charge assignments for the
generating solution for each dimensions are:
• dyonic black holes in D = 4 [181]: 5 charge degrees of freedom associated with gauge
fields in the T 2 part.
• black holes in D = 5 [182]: a magnetic charge of the NS-NS 3-form field strength (or
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an electric charge of its Hodge-dual), and 2 electric charges of KK and 2-form U(1)
gauge fields associated with the same internal coordinate.
• black holes in D ≥ 6 [184]: 2 electric charges of KK and 2-form U(1) gauge fields
associated with the same internal coordinate.
For the purpose of constructing solutions, it is convenient to choose scalar asymptotic
values in the “canonical forms” [562]: M∞ = I10−D,26−D and ϕ∞ = 0 [and Ψ∞ = 0 for the
D = 4 case]. This is not an arbitrary choice since one can bring arbitrary scalar asymptotic
values to the canonical forms by applying the following O(10−D, 26−D,R) transformation:
M∞ → Mˆ∞ = ΩM∞ΩT = I10−D,26−D, Ω ∈ O(10−D, 26−D,R), (185)
and the S-duality, for example for the D = 4 case, given by the SL(2,R) transformation
S∞ → Sˆ∞ = (aS∞ + b)/d = i, ad = 1. (186)
The D = 3 O(8, 24,R) transformation that brings an asymptotic value of modulusM (137)
to the form M∞ = I4,28 is equivalent [561] to the D = 4 SL(2,R) transformation plus the
D = 3 O(7, 23,R) transformation. Furthermore, one brings asymptotic values of U(1) gauge
fields Aiµ to zero by applying global U(1) gauge transformations.
Then, the subset of O(11−D, 27−D) [O(8, 24)] that preserves the canonical asymptotic
valueM∞ = I10−D,26−D [M∞ = I4,28] is SO(26−D, 1)×SO(10−D, 1) [SO(22, 2)×SO(6, 2)]
[562]. There are 36−2D [2×28] SO(1, 1) boosts in SO(26−D, 1)×SO(10−D, 1) [SO(22, 2)×
SO(6, 2)]. When applied to a charge neutral solution, these boosts in SO(26−D, 1)×SO(10−
D, 1) [SO(22, 2)×SO(6, 2)] induce electric charges of the U(1)36−2D gauge group in D < 10
[electric and magnetic charges of the U(1)28 gauge group in D = 4] 26.
The starting point of constructing the generating solution is the D-dimensional Kerr
solution, parameterized by the ADM mass and [D−1
2
] angular momenta. The solution in the
“Boyer-Lindquist” coordinate has the form [478]:
ds2 = −(∆− 2N)
∆
dt2 +
∆∏[D−1
2
]
i=1 (r
2 + l2i )− 2N
dr2
+(r2 + l21 cos
2 θ +K1 sin
2 θ)dθ2
+(r2 + l2i+1 cos
2 ψi +Ki+1 sin
2 ψi) cos
2 θ cos2 ψ1 · · · cos2 ψi−1dψ2i
−2(l2i+1 −Ki+1) cos θ sin θ cos2 ψ1 · · · cos2 ψi−1 cosψi sinψidθdψi
−2∑
i<j
(l2j −Kj) cos2 θ cos2 ψ1 · · · cos2 ψi−1
× cosψi sinψi · · · cos2 ψj−1 cosψj sinψjdψidψj
+
µ2i
∆
[(r2 + l2i )∆ + 2l
2
i µ
2
iN ]dφ
2
i −
4liµ
2
iN
∆
dtdφi
+
∑
i<j
4liljµ
2
iµ
2
jN
∆
dφidφj, (187)
where for
26While the SO(1, 1) boosts in SO(22, 1)× SO(6, 1) ⊂ SO(22, 2)× SO(6, 2) induce electric charges of the
D = 4 U(1)28 gauge group, the remaining SO(1, 1) boosts in SO(22, 2)×SO(6, 2)−SO(26−D, 1)×SO(10−
D, 1) induce magnetic charges of the U(1)28 gauge group.
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• Even dimensions:
∆ ≡ α2
D−2
2∏
i=1
(r2 + l2i ) + r
2
D−2
2∑
i=1
µ2i (r
2 + l21) · · · (r2 + l2i−1)
×(r2 + l2i+1) · · · (r2 + l2D−2
2
),
Ki ≡ l2i+1 sin2 ψi + · · ·+ l2D−2
2
cos2 ψi · · · cos2 ψD−6
2
sin2 ψD−4
2
,
N = mr, (188)
and
µ1 ≡ sin θ, µ2 ≡ cos θ sinψ1, · · · ,
µD−2
2
≡ cos θ cosψ1 · · · cosψD−6
2
sinψD−4
2
,
α ≡ cos θ cosψ1 · · · cosψD−4
2
, (189)
• Odd dimensions:
∆ ≡ r2
D−1
2∑
i=1
µ2i (r
2 + l21) · · · (r2 + l2i−1)(r2 + l2i+1) · · · (r2 + l2D−1
2
),
Ki ≡ l2i+1 sin2 ψi + · · ·+ l2D−3
2
cos2 ψi · · · cos2 ψD−7
2
sin2 ψD−5
2
+l2D−1
2
cos2 ψi · · · cos2 ψD−5
2
,
N = mr2, (190)
and
µ1 ≡ sin θ, µ2 ≡ cos θ sinψ1, · · · ,
µD−3
2
≡ cos θ cosψ1 · · · cosψD−7
2
sinψD−5
2
,
µD−1
2
≡ cos θ cosψ1 · · · cosψD−5
2
. (191)
Here, the repeated indices are summed over: i, j in ψ [φ] run from 1 to [D−4
2
] [from 1 to
[D−1
2
]]. The ADM mass and the angular momenta Ji are
M =
(D − 2)ΩD−2
8πGD
m, Ji =
ΩD−2
4πGD
mli =
2
D − 2Mli, (192)
where GD is the D-dimensional Newton’s constant and ΩD−2 = 2π
(D−1)/2
Γ(D−1
2
)
is the area of SD−2.
When compactified to D − 1 dimensions [3 dimensions (for the 4-dimensional Kerr
solution)], the transformation that generates inequivalent solutions from the Kerr solu-
tion is (SO(26 − D, 1) × SO(10 − D, 1))/(SO(26 − D) × SO(10 − D)) [(SO(22, 2) ×
SO(6, 22))/(SO(22) × SO(6) × SO(2))], which has (9 − D) + (25 − D) [2 × 28 + 1] pa-
rameters; these parameters are interpreted as (9−D) + (25−D) electric charge degrees of
freedom [2× 28 electric and magnetic charge degrees of freedom plus unphysical Taub-NUT
charge] introduced to the Kerr solution [562]. For the D = 5 case, an additional charge
associated with the NS-NS 2-form field is generated by an SO(1, 1) boost in O(8, 24) [182].
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After the generating solutions are constructed from the SO(1, 1) boosts, the remaining
charge degrees of freedom are induced (without changing the Einstein-frame spacetime) from
subsets of D-dimensional (continuous) duality transformations that generate new charge
configurations from the generating ones while keeping the canonical scalar asymptotic values
intact. This is [SO(10− D)× SO(26− D)]/[SO(9−D) × SO(25− D)], which introduces
(9−D)+(25−D) new charge degrees of freedom, and, for theD = 4 case, SO(1) ⊂ SL(2,R),
which introduces one more charge degree of freedom. Subsequently, to obtain solutions with
arbitrary scalar asymptotic values, one has to undo the transformations (185) and (186). In
the following sections, we discuss the generating solutions in each dimensions. Note, due
to the conjectured string-string duality between heterotic string on T 4 and type-II string
on K3, these also correspond to the generating solutions of general black holes in type-II
strings on K3× T n for n = 6−D = 0, 1, 2. For this case, some of charges of the generating
solutions can be dualized to R-R charges, rendering interpretation in terms of D-branes. It
turns out that by applying U -dualities of type-II string on tori to such generating solutions,
one can generate the general class of solutions of the effective type-II string on tori as well
[171] (see section 6.3.2) for discussions).
4.2 Static, Spherically Symmetric Solutions in Four Dimensions
4.2.1 Supersymmetric Solutions
In this section, we derive a general BPS spherically symmetric solution with a diagonal
moduli [178]. Such a solution, after subsets of O(6, 22) and SL(2,R) transformations are
applied, satisfies one U(1) charge constraint, missing one parameter to describe the most
general BPS solutions. The solution generalizes the previously known black hole solutions in
heterotic string on tori as special cases, and are shown to be exact to all orders in expansions
of α′ [173]. At particular points in moduli space, such a solution becomes massless, enhancing
not only gauge symmetry but also supersymmetry [179].
Generating Solutions A general BPS non-rotating black hole solution with a diagonal
moduli matrix is obtained by solving the Killing spinor equations. With spherically sym-
metric Ansa¨tze for fields and a diagonal form of moduli M , the Killing spinor equations
δψM = 0, δλ = 0 and δχ
I = 0 (Cf. (119)) are satisfied by restricted charge configurations
(see [178] for details on allowed charge configurations), which we choose without loss of gen-
erality to be P
(1)
1 , P
(2)
1 , Q
(1)
2 , Q
(2)
2 . The explicit BPS non-rotating solution with such a charge
configuration has the form [178]:
λ = r2/[(r − ηPP (1)1 )(r − ηPP (2)1 )(r − ηQQ(1)2 )(r − ηQQ(2)2 )]
1
2 ,
R = [(r − ηPP (1)1 )(r − ηPP (2)1 )(r − ηQQ(1)2 )(r − ηQQ(2)2 )]
1
2 ,
eϕ =
 (r − ηPP (1)1 )(r − ηPP (2)1 )
(r − ηQQ(1)2 )(r − ηQQ(2)2 )
 12 ,
g11 =
r − ηPP (2)1
r − ηPP (1)1
 , g22 =
r − ηQQ(1)2
r − ηQQ(2)2
 , gmm = 1 (m 6= 1, 2), (193)
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where λ and R are components of the metric gµνdx
µdxν = −λdt2+λ−1dr2+R(dθ2+sin2θdφ2),
ηP,Q = ±1 and the radial coordinate is chosen so that the horizon is at r = 0.
The requirement that the ADM mass saturates the Bogomol’nyi bound restricts choice
of ηP,Q such that ηP sign(P
(1)
1 + P
(2)
1 ) = −1 and ηQsign(Q(1)2 + Q(2)2 ) = −1, thus yielding
non-negative ADM mass of the form
MBPS = |P (1)1 + P (2)1 |+ |Q(1)2 +Q(2)2 |. (194)
Note, the relative signs for the pairs (Q
(1)
2 , Q
(2)
2 ) and (P
(1)
1 , P
(2)
1 ) are not restricted but in
this section we consider the case where both of pairs have the same relative signs so that the
solution (193) has regular horizon.
The Killing spinor ε of the above BPS solution satisfies the following constraints:
• P (1)1 6= 0 and/or P (2)1 6= 0: Γˆ5Γˆa=1ε = iηP ε
• Q(1)2 6= 0 and/or Q(2)2 6= 0: Γˆ0Γˆa=2ε = ηQε.
From these constraints, one sees that purely electric (or magnetic) solutions preserve 1/2,
while dyonic solutions preserve 1/4 of N = 4 supersymmetry. The former and the latter
configurations fall into vector- and hyper-supermultiplets, respectively.
Since the Killing spinor equations are invariant under the O(6, 22) and SL(2,R) trans-
formations, one can generate new BPS solutions by applying the O(6, 22) and SL(2,R)
transformations to a known BPS solution. The [SO(6)/SO(4)] × [SO(22)/SO(20)] trans-
formation with 6·5−4·3
2
+ 22·21−20·19
2
= 50 parameters to the solution (193) leads to a general
solution with zero axion and 4 + 50 = 54 = 56− 2 charges. 28 electric ~Q and 28 magnetic
~P charges of such a solution satisfy the two constraints
~P TM± ~Q = 0 (M± ≡ (LML)∞ ± L). (195)
The subsequent SO(2) ⊂ SL(2,R) transformation introduces one more parameter (along
with a non-trivial axion), which replaces the two constraints (195) with the following one
SL(2,R) and O(6, 22) invariant constraint on charges:
~P TM− ~Q [ ~QTM+ ~Q− ~P TM+ ~P ]− (+↔ −) = 0. (196)
Thus, general solution in this class has 4+50+1 = 55 = 2 ·28−1 charge degrees of freedom.
By applying the O(6, 22) and SL(2,R) transformations to (194), one obtains the following
ADM mass for general solutions preserving 1/4 of supersymmetry:
M2BPS = e
−ϕ∞
{
~P TM+ ~P + ~QTM+ ~Q
+2
[
(~P TM+ ~P )( ~QTM+ ~Q)− (~P TM+ ~Q)2
] 1
2
}
. (197)
This agrees with the expression (213) obtained [236] by the Nester’s procedure. When
magnetic ~P and electric ~Q charges are parallel in the SO(6, 22) sense, i.e. ~P TM+ ~Q = 0,
(197) becomes the ADM mass of configurations preserving 1/2 of N = 4 supersymmetry
[337, 34, 420, 421, 422, 560, 564, 299, 495]:
M2BPS = e
−φ∞(~P TM+ ~P + ~QTM+ ~Q), (198)
whose corresponding generating solution is purely electric or magnetic subset of (193).
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General Supersymmetric Solution with Five Charges The BPS solution (193)
has a charge configuration satisfying one constraint (196) when further acted on by the
[SO(6)/SO(4)]× [SO(22)/SO(20)] and SO(2) transformations. So, to construct the gener-
ating solution for the most general BPS solution, which conforms to the conjectured classical
“no-hair” theorem, one has to introduce one more charge degree of freedom into (193).
Such a generating solution was constructed in [174] by using the chiral null model ap-
proach, and has the following charge configuration
(Q
(1)
1 , P
(1)
1 ) = (q, P1), (Q
(1)
2 , P
(1)
2 ) = (Q1, 0),
(Q
(2)
1 , P
(2)
1 ) = (−q, P2), (Q(2)2 , P (2)2 ) = (Q2, 0). (199)
Explicitly, the solution has the form:
λ =
r2[
(r +Q1)(r +Q2)(r + P1)(r + P2)− q2[r + 12(P1 + P2)]2
] 1
2
,
e2ϕ =
(r + P1)(r + P2)[
(r +Q1)(r +Q2)(r + P1)(r + P2)− q2[r + 12(P1 + P2)]2
] 1
2
,
Ψ =
q(P2 − P1)
2(r + P1)(r + P2)
,
G11 =
r + P2
r + P1
, G22 =
r +Q1
r +Q2
, G12 = −B12 = q[r +
1
2
(P1 + P2)]
(r +Q2)(r + P1)
. (200)
For this solution to have a regular horizon, the charges have to satisfy the constraints
P1 > 0, P2 > 0, Q1 > 0, Q2 > 0,
Q1Q2 − q2 > 0, (Q1Q2 − q2)P1P2 − 1
4
q2(P1 − P2)2 > 0. (201)
The ADM mass has the same form as that of the 4-parameter solution (193):
MADM = Q1 +Q2 + P1 + P2, (202)
independent of the additional parameter q. Meanwhile, the horizon area, i.e. A ≡
4π(λ−1r2)r=0, is modified in the following way due to q:
A = 4π
[
(Q1Q2 − q2)P1P2 − 1
4
q2(P1 − P2)2
] 1
2
. (203)
The following ADM mass and horizon area of BPS non-rotating black hole with general
charge configuration are obtained by applying the [SO(6)/SO(4)] × [SO(22)/SO(20)] and
SO(2) ⊂ SL(2,R) transformations to (202) and (203):
M2ADM =
1
2
~˜α
T
µ+~˜α +
1
2
e−4ϕ∞~βTµ+~β
+e−2ϕ∞
[
(~βTµ+~β)(~α
Tµ+~α)− (~βTµ+~α)2
] 1
2 ,
A = πe2ϕ∞
[
(~βTL~β)(~αTL~α)− (~βTL~α)2
] 1
2
, (204)
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where the charge lattice vectors ~α and ~β live on the even self-dual Lorentzian lattice Λ6,22
with signature (6, 22), ~˜α ≡ ~α + Ψ∞~β and µ± ≡ M∞ ± L. Here, ~α and ~β are related to the
physical U(1) charges ~Q and ~P as:
√
2Qi = e
2ϕ∞Mij∞(αj +Ψ∞βj),
√
2Pi = Lijβj , (205)
where we assumed that α′ = 2, GN = 18α
′e2ϕ∞ = 1
4
e2ϕ∞ .
The ADM mass and horizon area in (204) can be put in the SL(2,Z) S-duality, as well
as the O(6, 22) T -duality, invariant forms by expressing them with new charge lattice vector
~vT = (~v1T , ~v2T ) ≡ (~αT , ~βT ) and by introducing the following SL(2,R) invariant matrices:
M = e2ϕ
(
1 Ψ
Ψ Ψ2 + e−4ϕ
)
, L =
(
0 1
−1 0
)
. (206)
The final forms are
M2ADM = (8GN)
−1
(
M∞ ab(~vaTµ+~vb) +
[
2LacLbd(~vaTµ+~vb)(~vc Tµ+~vd)
] 1
2
)
,
S =
A
4GN
= π
[
1
2
LacLbd(~vaTL~vb)(~vc TL~vd)
] 1
2
. (207)
These are manifestly SL(2,R) invariant, since M and ~v transform under SL(2,R) as [560]
M→ ωMωT , ~v → LωLT~v, ω ∈ SL(2,R). (208)
An important observation is that while for fixed values of ~α and ~β, mass changes under
the variation of moduli and string coupling, entropy remains the same as one moves in
the moduli and coupling space [260, 258, 259]. The fact that entropy is independent of
coupling constants and moduli is consistent with the expectation that degeneracy of BPS
states is a topological quantity which is independent of vacuum scalar expectation values
and the fact that entropy measures the number of generate microscopic states, which should
be independent of continuous parameters.
Bogomol’nyi Bound We derive the Bogomol’nyi bound on the ADM mass of asymptot-
ically flat configurations within the effective theory of heterotic string on T 6 [236]. For this
purpose, we introduce the Nester-like 2-form [483]:
Eˆµν ≡ ε¯γµνρδεψ˜ρ, (209)
where δεψ˜µ is the supersymmetry transformation of physical gravitino in D = 4. Given
supersymmetry transformations (119) of fermionic fields expressed in terms of D = 4 fields
[178], the Nester’s 2-form reduces to the form:
Eˆµν = ε¯µνρδρε+
1
2
√
2
e−ϕ/2ε¯(VRL(F − iγ5F˜)µν)aΓaε+ · · · , (210)
where V is a vielbein defined in (122) and L is an invariant metric of O(6, 22) given in (127).
Derivation of the Bogomol’nyi bound consists of evaluating the surface integral of the
Nester’s 2-form (210), which is related through the Stokes theorem to the volume integral of
its covariant derivative. The surface integral yields
1
4πG4
∫
∂Σ
dSµνeEˆ
µν = ε¯∞
[
PADMµ γ
µ +
1
2
√
2G4
e−ϕ∞/2{VR∞L( ~Q− iγ5 ~P )}aΓa
]
ε∞, (211)
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where PADMµ is the ADM 4-momentum [20] of the configuration, and
~Q and ~P are physical
electric and magnetic charges of U(1)28 gauge group.
The integrand of the volume integral is a positive semidefinite operator, provided spinors
ε satisfy the (modified) Witten’s condition [631] n · ∇ˆε = 0 (n is the 4-vector normal to a
space-like hypersurface Σ). Thus, the bilinear form on the right hand side of (211) is positive
semidefinite, which requires that the ADM mass M has to be greater than or equal to the
largest of the following 2 eigenvalues of central charge matrix:
|Z1,2|2 = 1
(4G4)2
e−ϕ∞
[
~Q2R +
~P 2R ± 2{ ~Q2R ~P 2R − ( ~QTR ~PR)2}
1
2
]
, (212)
where ~QR ≡
√
2(VR∞L~Q) and similarly for ~PR. This yields the Bogomol’nyi bound:
M2ADM ≥
1
(4G4)2
e−ϕ∞
[
~Q2R +
~P 2R + 2{ ~Q2R ~P 2R − ( ~QTR ~PR)2}
1
2
]
. (213)
This bound is saturated iff supersymmetric variations of fermionic fields are zero, i.e. BPS
configurations. The Bogomol’nyi bound (213) can be expressed explicitly in terms of electric
~Q and magnetic ~P charges, and asymptotic values M∞ and ϕ∞ of scalars, by using the
identity: LV TR VRL =
1
2
[L(M + L)L]. For example, ~Q2R =
~QTL(M∞ + L)L~Q.
4.2.2 Singular Black Holes and Enhancement of Symmetry
In perturbative heterotic string theories, gauge symmetry is enhanced to non-Abelian ones
through the Halpern-Frenkel-Kacˇ (HFK) mechanism [273, 322, 323, 324, 253, 127, 480]. The
HFK mechanism is due to extra spin one string states which are normally massive at generic
points in moduli space but become massless at particular points. These points are the fixed
points under discrete subgroups of T -duality of the worldsheet theory.
As shown in [382], BPS states in N = 4 theories become massless at particular points in
the moduli space. Since BPS multiplets in N = 4 theories generically contain massive spin
one states, gauge symmetry is enhanced to non-Abelian ones when the BPS states become
massless. Note, the BPS states carry magnetic, as well as electric, charges and, therefore,
are non-perturbative in character. When BPS multiplets with highest spin 3/2 state become
massless, supersymmetry as well as gauge symmetry is enhanced, a phenomenon that is never
observed within perturbative string theories. In this section, we illustrate the enhancement
of symmetries in the BPS states of N = 4 theories by studying massless black holes in
heterotic string on T 6 [179, 119, 141].
Massless Black Holes and Symmetry Enhancement First, we consider the subset of
BPS states with diagonal M∞ and purely imaginary S∞ [179]. We rewrite the corresponding
generating solution (193) with explicit dependence on scalar asymptotic values
λ = r2/[(r − ηPP(1)1∞)(r − ηPP(2)1∞)(r − ηQQ(1)2∞)(r − ηQQ(2)2∞)]
1
2 ,
R = [(r − ηPP(1)1∞)(r − ηPP(2)1∞)(r − ηQQ(1)2∞)(r − ηQQ(2)2∞)]
1
2 , (214)
where the solution now depends on the following “screened” charges:
(P
(1)
1∞,P
(2)
1∞,Q
(1)
2∞,Q
(2)
2∞)
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≡ e−ϕ∞2 (g
1
2
11∞P
(1)
1 , g
− 1
2
11∞P
(2)
1 , g
− 1
2
22∞Q
(1)
2 , g
1
2
22∞Q
(2)
2 )
= (e−
ϕ∞
2 g
1
2
11∞β
(2)
1 , e
−ϕ∞
2 g
− 1
2
11∞β
(1)
1 , e
ϕ∞
2 g
1
2
22∞α
(1)
2 , e
ϕ∞
2 g
− 1
2
22∞α
(2)
2 ). (215)
Here, the quantized charge lattice vectors ~α and ~β live on the even, self-dual, Lorentzian
lattice Λ [557].
When ηP,Q are chosen to satisfy ηP sign(P
(1)
1 +P
(2)
1 ) = −1 and ηQ sign(Q(1)2 +Q(2)2 ) = −1,
the ADM mass takes the following form that saturates the BPS bound:
MBPS = e
−ϕ∞
2 |g
1
2
11∞β
(2)
1 + g
− 1
2
11∞β
(1)
1 |+ e
ϕ∞
2 |g
1
2
22∞α
(1)
2 + g
− 1
2
22∞α
(2)
2 |. (216)
Only electric states (~β = 0) with ~αTLα ≥ 2 are matched onto perturbative string states
[248]. As for dyonic states that break 1/4 of supersymmetry (i.e. those with non-parallel
electric and magnetic charge vectors, i.e. ~QTM+ ~P 6= 0, and therefore cannot be related
to electric solution via the SL(2,Z) transformations), the consistency with the SL(2,Z)
symmetry and consistent electric limit require that the electric and the magnetic lattice
vectors separately satisfy the constraints ~αTL~α ≥ −2 and ~βTL~β ≥ −2. These subsets of
BPS states (214) become massless [48, 406, 179] at the fixed points under T -duality R→ 1/R
(i.e. at the T 2 self-dual point g22∞ = 1 [g11∞ = 1 = g22∞]), when α
(1)
2 = −α(2)2 = ±1
[α
(1)
2 = −α(2)2 = ±1 and β(1)1 = −β(2)1 = ±1] for the case ~β = 0 [~α 6= 0 6= ~β]. There are also
additional infinite number of SL(2,Z) related massless BPS states.
The extra massless spin 1 states associated with α
(1)
2 = −α(2)2 = ±1 [α(1)2 = −α(2)2 = ±1
and β
(1)
1 = −β(2)1 = ±1] at the self-dual points of T 2 contribute to enhancement of Abelian
gauge symmetry to SU(2) [SU(2)×SU(2)] non-Abelian symmetry. The extra massless spin
1 states together with generic massless U(1) gauge fields form the adjoint representations of
the enhanced non-Abelian gauge groups.
The BPS multiplet which preserves 1/4 of N = 4 supersymmetry contains spin 3/2 state.
Thus, additional 4 massless gravitino associated with α
(1)
2 = −α(2)2 = ±1 and β(1)1 = −β(2)1 =
±1 contribute to enhancement of supersymmetry from N = 4 to N = 8.
Note, the infinite number of SL(2,Z) related massless states and enhancement of su-
persymmetry are not realized within perturbative string theories. These are new non-
perturbative phase of string theories that are required by non-perturbative string dualities.
Maximal Gauge Symmetry Enhancement in the Moduli Space of Two-Torus
In this subsection, we study maximal symmetry enhancement in full moduli space of T 2
parameterized by arbitrary scalar asymptotic values [119, 141]. We consider the general
BPS mass formula (197).
The moduli space of T 2 is parameterized by the following real matrix:
M =
(
G−1 −G−1B
−BTG−1 G+BTG−1B
)
, (217)
where G ≡ [Gmn] and B ≡ [Bmn] with (m,n) = 1, 2 being indices associated with T 2. Thus,
the effective theory has the O(2, 2,R) T -duality symmetry. Since O(2, 2,R) ∼= SL(2,R)×
SL(2,R) [215, 570], M is reparameterized [215] by the following 2 complex scalars, which
separately parameterize each SL(2,R) moduli space:
τ = τ1 + iτ2 ≡
√
G
G11
− iG12
G11
, ρ = ρ1 + iρ2 ≡
√
G+ iB12, (218)
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where G ≡ G11G22−G212. Here, τ [ρ] is the complex [Ka¨hler] structure of T 2. Each SL(2,Z)
factor [215, 570, 305] is generated by 2 transformations, which are given, for the SL(2,Z)
factor associated with τ , by
Sτ : τ → 1
τ
, Tτ : τ → τ + i, (219)
where ρ remains intact, and similarly for the SL(2,Z) factor associated with ρ. In addition,
the σ-model corresponding to T 2 is symmetric under the “mirror symmetry” (Smirr : τ ↔
ρ), the worldsheet parity symmetry (τ, ρ) → (τ,−ρ¯) corresponding to σ → −σ, and the
symmetry (τ, ρ)→ (−τ¯ ,−ρ¯) associated with the reflection X1 → −X1.
In accordance with the above reparameterization of moduli space, one can express the
central charges (212) of the N = 4 theory in the following SL(2,R)τ × SL(2,R)ρ × Zτ↔ρ2
invariant form [119] (the subscript ∞ is omitted in ADM mass and central charges)
|Z1,2|2 = 1
4(S + S¯)(τ + τ¯ )(ρ+ ρ¯)
|M1,2|2,
M1 ≡ (αˆj + iSβˆj)Pˆ j, M2 ≡ (αˆj − iS¯βˆj)Pˆ j, (220)
where ~ˆα ≡ (α(1)2 , α(2)2 , α(2)1 ,−α(1)1 )T , ~ˆβ ≡ (β(1)2 , β(2)2 , β(2)1 ,−β(1)1 )T , and Pˆ ≡ (1,−τρ, iτ, iρ)T .
Here, the charge lattice vectors ~ˆα and
~ˆ
β transform under SL(2,R)τ × SL(2,R)ρ × Zτ↔ρ2 as
SL(2,R)τ :
(
αˆ3
αˆ1
)
→ ωτ
(
αˆ3
αˆ1
)
, similary for
(
αˆ2
αˆ4
)
,
(
βˆ3
βˆ1
)
,
(
βˆ2
βˆ4
)
,
SL(2,R)ρ :
(
αˆ3
αˆ0
)
→ ωρ
(
αˆ3
αˆ0
)
, similary for
(
αˆ1
αˆ2
)
,
(
βˆ3
βˆ0
)
,
(
βˆ1
βˆ2
)
,
Z
τ↔ρ
2 : αˆ2 ↔ αˆ3, βˆ2 ↔ βˆ3. (221)
In addition, the central charges (220) are invariant under the SL(2,R)S S-duality:
SL(2,R)S :
(
~ˆα
~ˆ
β
)
→
(
a c
b d
)( ~ˆα
~ˆ
β
)
. (222)
Note, the ADM mass of BPS states is given by the largest of |Z1| and |Z2|.
First, we consider the short multiplet, i.e. the BPS multiplet with 2 central charges
Z1,2 equal in magnitude. It has the highest spin 1 state and preserves 1/2 of the N = 4
supersymmetry. The charge lattice vectors ~α and ~β of the short multiplet live on the S-orbit
satisfying pαˆi = sβˆi (s, p ∈ Z). Explicitly, we write ~ˆα and ~ˆβ in the S-orbit as
αˆ1 = sm2, αˆ2 = sn2, αˆ3 = sn1, αˆ4 = −sm1,
βˆ1 = pm2, βˆ2 = pn2, βˆ3 = pn1, βˆ4 = −pm1, (223)
where mi [ni] corresponds to momentum [winding] number of perturbative string states when
p = 0 and s [p] denotes electric [magnetic] quantum number associated with the S-modulus.
Then, the central charge (220) becomes
M = (s+ ipS)(m2 − im1τ + in1ρ− n2τρ). (224)
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In the complex moduli space parameterized by (τ, ρ), MBPS can vanish at fixed lines
[216, 384, 121] under the Weyl reflections w1 ≡ Smirr, w2 ≡ SρSmirrSρ, w3 ≡ TρSmirrT−1ρ
and w4 ≡ w−13 W2w3 in the T -duality group. Along these lines, the Abelian gauge group
U(1)a × U(1)b × U(1)c × U(1)d ≡ U(1)(1)1 × U(1)(1)2 × U(1)(2)1 × U(1)(2)2 is enhanced to the
non-Abelian U(1)3 × SU(2) group. The BPS states (labeled by ~α) which become massless
along the fixed lines Li under wi are as follows [121, 122]:
• L1 = {τ = ρ}: ~α = ~λ1± = ±(1, 0,−1, 0) contributing to U(1)b × U(1)d × U(1)a+c ×
SU(2)a−c
• L2 = {τ = ρ−1}: ~α = ~λ2± = ±(0, 1, 0,−1) contributing to U(1)a × U(1)c × U(1)b+d ×
SU(2)b−d
• L3 = {τ = ρ − i}: ~α = ~λ3± = ±(1, 1,−1, 0) contributing to U(1)d × U(1)a+c ×
U(1)a−2b−c × SU(2)a+b−c
• L4 = {τ = ρiρ+1}: ~α = ~λ4± = ±(1, 0,−1, 1) contributing to U(1)b × U(1)a+c ×
U(1)a−c−2d × SU(2)a−c+d.
At points where the lines Li intersect [120, 122], there are additional massless states, resulting
in the maximal enhancements of gauge symmetries:
• L1∩L2 = {τ = ρ = 1}: ~α = ~λ1± or ~λ2± contributing to U(1)a+c×U(1)b+d×SU(2)a−c×
SU(2)b−d
• L2 ∩ L3 ∩ L4 = {τ¯ = ρ = eiπ6 }: ~α = ~λ2± or ~λ3± or ~λ4± contributing to U(1)a+c ×
U(1)a−2b−c−2d × SU(3)b−d,2a+b−2c+d.
Along with the above perturbative massless states, there are accompanying infinite massless
dyonic states, so-called S-orbit pαˆi = sβˆi, related via SL(2,Z)S S duality.
Second, we consider the intermediate multiplets, i.e. the BPS multiplets with |Z1| 6= |Z2|.
They have the highest spin 3/2 states and preserve 1/4 of the N = 4 supersymmetry. In this
case, ~ˆα and
~ˆ
β are not proportional, i.e. αˆiβˆj − αˆj βˆi 6= 0. The requirement that the ADM
mass is zero, i.e. |Z1| = 0 and ∆Z2 = |Z1| − |Z2| = 0, leads to the relations [119]:
α
(1)
2 − α(2)2 τρ+ iα(2)1 ρ− iα(1)1 = 0, β(1)2 − β(2)2 τρ+ iβ(2)1 ρ− iβ(1)1 = 0. (225)
These relations are satisfied by the following fixed points [119, 141]:
• τ = ρ = i: (~α, ~β) = (~λ1±, ~λ2±)
• τ¯ = ρ = eiπ6 : (~α, ~β) = (~λi±, ~λj±), 2 ≤ i < j ≤ 4.
In addition to the above massless dyonic states, there are infinite number of SL(2,Z)S
related dyonic states. Since these additional massless states belong to the highest spin 3
2
supermultiplet, supersymmetry as well as gauge symmetry are enhanced [179].
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Properties of Massless Black Holes When both of the pairs (Q
(1)
2 , Q
(2)
2 ) and (P
(1)
1 , P
(2)
1 )
have the same relative signs [178], the singularity of the solution (214) is always behind
or located at the event horizon at r = 0, corresponding to the Reissner-Nordstro¨m-type
horizon or null singularity, respectively. However, the moment at least one of the pairs has
the opposite relative signs [48, 406, 179], there is a singularity outside of the event horizon,
i.e. naked singularity rsing > 0. Explicitly, the curvature singularity is at r = rsing ≡
max{min[|P(1)1∞|, |P(2)1∞|],min[|Q(1)2∞|, |Q(2)2∞|]} > 0.
These singular solutions have an unusual property of repelling massive test particles [406].
(Note, the BPS black holes need not be massless to be able to repel massive test particles
[179].) There is a stable gravitational equilibrium point for a test particle at r = rc where
the gravitational force is attractive for r > rc and repulsive for r < rc [406]. This can also be
seen by calculating the traversal time of the geodesic motion for a test particle with energy
E, mass m and zero angular momentum along the radial coordinate r, as measured by an
asymptotic observer [179]:
t(r) =
∫ r
r∞
E dr
λ(r)
√
E2 −m2λ(r)
. (226)
The minimum radius that can be reached by a test particle corresponds to rmin > rsing for
which λ(r = rmin) = E
2/m2, since it takes infinite amount of time to go beyond r = rmin.
Here, r = rsing is the singularity. Massive test particles cannot reach the singularity of
singular black holes in finite time and are reflected back. On the other hand, classical massless
particles with zero angular momentum do not feel the repulsive gravitational potential due
to increasing λ(r), and they reach the singularity in a finite time.
Note, for regular solutions, studied in section 4.2.1, λ ≤ 1, while for singular solutions
studied in this section, λ ≥ 1 for r small enough. Thus, for regular solutions, particles
are always attracted toward the singularity. When only one charge is non-zero, the regular
solution has a naked singularity at r = 0; t(r = rsing = 0) is finite.
4.2.3 Non-Extreme Solutions
The following non-extreme generalization [180] of the BPS solution (193) is obtained by
solving the Einstein and Euler-Lagrange equations:
λ = r(r + 2β)/[(r + P
(1) ′
1 )(r + P
(2) ′
1 )(r +Q
(1) ′
2 )(r +Q
(2) ′
2 )]
1
2 ,
R(r) = [(r + P
(1) ′
1 )(r + P
(2) ′
1 )(r +Q
(1) ′
2 )(r +Q
(2) ′
2 )]
1
2 ,
eϕ =
 (r + P (1) ′1 )(r + P (2) ′1 )
(r +Q
(1) ′
2 )(r +Q
(2) ′
2 )
 12 , Ψ = 0,
g11 =
r + P
(2) ′
1
r + P
(1) ′
1
, g22 =
r +Q
(1) ′
2
r +Q
(2) ′
2
, gmm = 1 (m 6= 1, 2),
gmn = Bmn = 0 (m 6= n), aIm = 0, (227)
where β > 0 measures deviation from the corresponding BPS solution and P
(1) ′
1 ≡ β ±√
(P
(1)
1 )
2 + β2, etc.. The ADM mass is
M = P
(1) ′
1 + P
(2) ′
1 +Q
(1) ′
2 +Q
(2) ′
2 − 4β. (228)
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The signs ± in the expressions for P (1) ′1 , etc. should be chosen so that M → MBPS
as β → 0. To have a regular horizon, one has to choose the relative signs of both pairs
(Q
(1)
2 , Q
(2)
2 ) and (P
(1)
1 , P
(2)
1 ) to be the same [178]. In this case, the non-extreme solution is
(227) with positive signs in the expressions for P
(1) ′
1 , etc. and have the ADM mass
M =
√
(P
(1)
1 )
2 + β2 +
√
(P
(2)
1 )
2 + β2 +
√
(Q
(1)
2 )
2 + β2 +
√
(Q
(2)
2 )
2 + β2, (229)
which is always compatible with the Bogomol’nyi bound:
MBPS = |P (1)1 |+ |P (2)1 |+ |Q(1)2 |+ |Q(2)2 |. (230)
Such solutions always have nonzero mass.
Space-Time Structure and Thermal Properties We now study spacetime properties
[178, 180] of the regular D = 4 4-charged black hole discussed in the previous subsections.
There is a spacetime singularity, i.e. the Ricci scalar R blows up, at the point r = rsing
where R = 0. The event horizon, defined as a location where the r = constant surface is
null, is at r = rH where g
rr = λ = 0. The horizon(s) forms, provided rH > rsing (time-like
singularity). In some cases, singularity and the event horizon coincide: rsing = rH . In this
case, the singularity is (i) naked (space-like singularity) when the singularity is reachable by
an outside observer (at r = r0 > rH) in a finite affine time τ =
∫ r0
rsing
dr
√
grr
gtt
=
∫ r0
rH
drλ−1(r)
and (ii) also an event horizon (null singularity) when τ =∞.
Thermal properties of the solution (193) are specified by spacetime at the event horizon.
The Hawking temperature [345, 346] is defined by the surface gravity κ at the event horizon:
TH = κ/(2π) = |∂rλ(r = rH)|/(4π). (231)
Entropy S is given by the Bekenstein’s formula [64, 65, 343, 347, 38]:
S =
1
4
× (the surface area of the event horizon) = πR(r = rH). (232)
We classify thermal and spacetime properties according to the number of non-zero
charges:
• All the 4 charges non-zero: There are 2 horizons at r = 0,−2β and a time-like
singularity is hidden behind the inner horizon, i.e. the global spacetime is that
of the non-extreme Reissner-Nordstro¨m black hole. The Hawking temperature is
TH = β/(π
√
P
(1) ′
1 P
(2) ′
1 Q
(1) ′
2 Q
(2) ′
2 ) and the entropy is S = π
√
P
(1) ′
1 P
(2) ′
1 Q
(1) ′
2 Q
(2) ′
2 . When
β → 0, spacetime is that of extreme Reissner-Nordstro¨m black holes.
• 3 nonzero charges: A space-like singularity is located at the inner horizon (r =
−2β). For example when P (1)1 = 0, TH = β 12/(π
√
2P
(2) ′
1 Q
(1) ′
2 Q
(2) ′
2 ) and S =
π
√
2βP
(2) ′
1 Q
(1) ′
2 Q
(2) ′
2 . When β → 0, the singularity coincides with the horizon at
r = 0.
• 2 nonzero charges: A space-like singularity is at r = −2β. For example when P (1)1 6=
0 6= P (2)1 , TH = 1/(2π
√
P
(1) ′
1 P
(2) ′
1 ) and S = π
√
4β2P
(1) ′
1 P
(2) ′
1 . As β → 0, the singularity
coincides with the horizon at r = 0.
• 1 nonzero charge: A space-like singularity is at r = −2β. For example when P (1)1 6= 0,
TH = 1/(2π
√
2βP
(1) ′
1 ) and S = π
√
8β3P
(1) ′
1 . As β → 0, the singularity becomes naked.
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4.2.4 General Static Spherically Symmetric Black Holes in Heterotic String on
a Six-Torus
In section 4.2.1, we saw that a general solution obtained by applying subsets of O(6, 22) and
SL(2,R) transformations on the 4-charged solution has 1 charge degree of freedom missing
for describing non-rotating black holes with the most general charge configuration. It is a
purpose of this section to introduce such 1 missing charge degree of freedom by applying
2 SO(1, 1) boosts (in the D = 3 O(8, 24) duality group) along a T 2 direction (associated
with 4 non-zero charges) with a zero-Taub-NUT constraint 27 to construct the “generating
solution” for non-extreme, non-rotating black holes in heterotic string on T 6 with the most
general charge configuration of U(1)28 gauge group [181]. (See [390] for an another attempt.)
So, the generating solution is parameterized by the non-extremality parameter (or the ADM
mass) and 6 U(1) charges with one zero-Taub-NUT constraint.
Explicit Form of the Generating Solution For the purpose of constructing the gen-
erating solution in a simplest possible form, it is convenient to first generate the 4-charged
non-extreme solution (227) with the following non-zero charges by applying 4 SO(1, 1) boosts
to the Schwarzschield solution:
P
(1)
1 = 2msinhδp1coshδp1 ≡ P1, P (2)1 = 2msinhδp2coshδp2 ≡ P2,
Q
(1)
2 = 2mcoshδq1sinhδq1 ≡ Q1, Q(2)2 = 2mcoshδq2sinhδq2 ≡ Q2. (233)
Only non-extreme solutions compatible with the Bogomol’nyi bound and, therefore, within
spectrum of states, are those with the same relative signs for both pairs (Q1, Q2) and (P1, P2).
For this case, Pˆ1 ≡ 2m cosh2 δp1 −m = ±
√
(P1)2 +m2, etc. are given with plus signs.
As the next step, one introduces one missing charge degree of freedom by applying 2
SO(1, 1) ⊂ O(8, 24) boosts with parameters δ1,2 28 satisfying the zero Taub-NUT condition:
P1tanhδ1 −Q2tanδ2 = 0. (234)
Assuming, without loss of generality, that Q2 ≥ P1, one has, from (234), δ2 in terms of the
other parameters 29:
cosh δ2 = Q2cosh δ1/∆, sinh δ2 = P1sinh δ1/∆, (235)
where ∆ ≡ sign(Q2)
√
(Q2)2cosh
2δ1 − (P1)2sinh2δ1.
The final form of the generating solution [181] (with zero Taub-NUT charge) is 30
λ =
(r +m)(r −m)
(XY − Z2) 12 , R = (XY − Z
2)
1
2 , e2ϕ =
W 2
XY − Z2 ,
27An additional SO(1, 1) boost along a T 2 direction on the 4-charged black hole solution necessarily
induces Taub-NUT term, since the metric components gµν get mixed with the φ-component of the U(1)
gauge potential, which is singular [562].
28One can induce any 2 of the remaining charges in the U(1)
(1)
1 ×U(1)(1)2 ×U(1)(2)1 ×U(1)(2)2 gauge group.
But we here choose to induce P
(2)
2 and Q
(1)
1 .
29For the case Q2 ≤ P1, the role of δ1 and δ2 are interchanged.
30The BPS limit (m = 0 and δ1 → ∞) of this solution is related to the solution (200) via subsets of
SO(2)× SO(2) ⊂ O(2, 2) (T 2 T -duality) and SO(2) ⊂ SL(2,R) transformations.
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∂rΨ =
1
∆3W
[
∆2(P1Q1 + P2Q2) + P1Q2[(P1)
2(r + Qˆ2)− (Q2)2(r + Pˆ1)]
× P1P2(r − Qˆ1)sinh
2δ1 +Q1Q2(r + Pˆ2)cosh
2δ1
XY − Z2
]
sinhδ1coshδ1,
G11 =
X
(r + Pˆ1)(r + Qˆ2)
, G22 =
Y
(r + Pˆ1)(r + Qˆ2)
,
G12 = − Z
(r + Pˆ1)(r + Qˆ2)
,
B12 = − [(Q2)
2(r + Pˆ1)− (P1)2(r + Qˆ2)]coshδ1sinhδ1
∆(r + Pˆ1)(r + Qˆ2)
,
Gij = δij, Bij = 0, (i, j 6= 1, 2), aIm = 0 (236)
with
X = r2 + [(Pˆ2 + Qˆ2)cosh
2δ1 + (Qˆ1 − Pˆ1)sinh2δ1]r
+(Pˆ1Qˆ1sinh
2δ1 + Qˆ2Pˆ2cosh
2δ1),
Y = r2 + 1
∆2
[(P1)
2(Pˆ2 − Qˆ2)sinh2δ1 + (Q2)2(Pˆ1 + Qˆ1)cosh2δ1]r
+ 1
∆2
[(P1)
2Qˆ2Pˆ2 sinh
2 δ1 + (Q2)
2Qˆ1Pˆ1cosh
2δ1],
Z = 1
∆
[(P1P2 +Q1Q2)r + (Pˆ1Q1Q2 + Qˆ2P1P2)]coshδ1sinhδ1,
W = r2 + 1
∆2
[(Q2)
2(Pˆ1 + Pˆ2)cosh
2δ1 + (P1)
2(Qˆ1 − Qˆ2)sinh2δ1]r
+ 1
∆2
[(Q2)
2Pˆ1Pˆ2cosh
2δ1 + (P1)
2Qˆ1Qˆ2sinh
2δ1]. (237)
For the sake of simplification, the coordinate is chosen so that the outer horizon is at r = m.
This solution has the following non-zero charges:
P
(1)
1 = P1Q2/∆, Q
(1)
1 = (Pˆ1 − Pˆ2 − Qˆ1 − Qˆ2)coshδ1sinhδ1,
P
(1)
2 = 0, Q
(1)
2 = (Q1Q2cosh
2δ1 + P1P2sinh
2δ1)/∆,
P
(2)
1 = (Q2P2cosh
2δ1 +Q1P1sinh
2δ1)/∆, Q
(2)
1 = 0,
P
(2)
2 = P1Q2(Q2 −Q1 − P1 − P2)sinhδ1coshδ1/∆2, Q(2)2 = ∆, (238)
and the ADM mass, compatible with the BPS bound [178, 236], is
MADM =
1
∆2
[(P1)
2(Pˆ2 − Qˆ2)sinh2δ1 + (Q2)2(Pˆ1 + Qˆ1)cosh2δ1]
+(Pˆ2 + Qˆ2)cosh
2δ1 + (Qˆ1 − Pˆ1)sinh2δ1. (239)
S- and T -Duality Transformations The additional 51 charge degrees of freedom needed
for parameterizing the most general U(1)28 charge configuration are introduced by [O(6)×
O(22)]/[O(4)× O(20)] and SO(2) transformations. The resulting general solution has the
charge configuration
~Q′ = 1√
2
UT
 U6(eu − ed)
U22
(
eu + ed
016
) , ~P ′ = 1√
2
UT
 U6(mu −md)
U22
(
mu +md
016
) , (240)
where
eTu ≡ (Q(1)1 cosγ + P (2)1 sinγ,Q(1)2 cosγ + P (2)2 sinγ,
4︷ ︸︸ ︷
0, ..., 0),
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eTd ≡ (P (1)1 sinγ,Q(2)2 cosγ,
4︷ ︸︸ ︷
0, ..., 0),
mTu ≡ (P (1)1 cosγ,Q(2)2 sinγ,
4︷ ︸︸ ︷
0, ..., 0),
mTd ≡ (P (2)1 cosγ +Q(1)1 sinγ, P (2)2 cosγ +Q(1)2 sinγ,
4︷ ︸︸ ︷
0, ..., 0), (241)
γ is the SO(2) ⊂ SL(2,R) rotational angle, U6 ∈ SO(6), U22 ∈ SO(22), 016 is a (16 × 1)-
matrix with zero entries and U ∈ O(6, 22,R) brings to the basis where the O(6, 22) invariant
metric (127) is diagonal. And the complex scalar S and the moduli M transform to
S ′ =
(Ψcosγ − sinγ) + ie−ϕcosγ
(Ψsinγ + cosγ) + ie−ϕsinγ
,
M ′ = UT
(
U6 0
0 U22
)
UMUT
(
UT6 0
0 UT22
)
U , (242)
where Ψ, e−ϕ and M are the axion, the dilaton and the moduli of the generating solution
(236). The “Einstein-frame” metric gµν in (236) remains unchanged, but the “string-frame”
metric gstringµν is transformed to the most general form g
string
µν = gµν/Im (S).
Special Cases of the General Solution The generating solution (236), when supple-
mented by appropriate subsets of S- and T -dualities, reproduces all the previously known
spherically symmetric black holes in heterotic string on T 6. Here, we give some examples.
• Non-rotating black holes in Einstein-Maxwell-dilaton system with the gauge kinetic
term 1
4
e−aϕFµνF µν [298, 281, 354, 245] :
(1) P1 = P2 = Q1 = Q2 6= 0 case: the Reissner-Nordstro¨m black hole, i.e. a = 0
(2) any of 3 charges non-zero and equal: the a = 1/
√
3 case [236]
(3) only 2 magnetic (or electric) charges non-zero and equal: the a = 1 case [409]
(4) only 1 charge non-zero: the a =
√
3 case, which contains in the extreme limit
the followings i) P1 6= 0 case: KK monopole [325, 299, 574], and ii) P2 6= 0 case:
H-monopole [420, 421, 422, 286, 57].
• P1 = P2 and Q1 = Q2 solution with subsets of S- and T -dualities applied becomes
general axion-dilaton black holes found in [410, 486, 404, 83].
• The solution with Q1 6= 0 6= Q2, when supplemented by S- and T -dualities, is the
general electric black hole in heterotic string [562, 564]. The S-dual counterpart is the
general magnetic solution [58].
• The non-BPS extreme solution (i.e. m → 0, P2 = Q1 = 0, |Q2| − |P1| → 0 and
δ1 → ∞, while keeping me2|δ1| and (|Q2| − |P1|)e2|δ1| as finite constants) is related by
S- and T -dualities to the non-BPS extreme KK black hole studied in [301].
Global Space-Time Structure and Thermal Properties We classify all the possi-
ble spacetime and thermal properties of non-rotating black holes in heterotic string on T 6.
These properties are determined by the 6 parameters P1,2, Q1,2, δ1 and m of the generating
solution (236), since the D = 4 T - and S-dualities, which introduce the remaining charge
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degrees of freedom, do not affect the “Einstein-frame” spacetime. We separate the solutions
into non-extreme (m > 0) and extreme (m = 0) ones. Within each class, we analyze their
properties according to the range of the other 5 parameters 31 P1,2, Q1,2 and δ1.
Global Space-Time Structure
There is a spacetime singularity at r = rsing where R(r) = 0. The event horizon(s) is located
at r = rhor± where λ = 0, provided rhor± ≥ rsing.
(A) Non-extreme solutions (m > 0)
By analyzing roots of XY − Z2, one sees that a singularity is always at rsing ≤ −m.
Thus, global spacetime is either that of non-extreme Reissner-Nordstro¨m black hole when
rsing < −m (case with 2 horizons at r = ±m) or that of Schwarzschield black hole when
rsing = −m.
XY − Z2 has a single root at rsing = −m, in which case a singularity and the inner
horizon coincide at r = −m, when (a) δ1 6= 0 and P1 = 0, or (b) δ1 = 0 and at least one of
P1,2 and Q1,2 is zero. XY − Z2 has a double root at rsing = −m, in which case the inner
horizon disappears and a singularity forms at r = −m, when (a) δ1 6= 0 and only Q2 is
non-zero, or (b) δ1 = 0 and at least 2 of P1,2, Q1,2 are zero.
(B) Extreme solutions (m→ 0)
When δ1 is finite, the ADM mass of the generating solution always saturates the Bogo-
mol’nyi bound as m→ 0, i.e. becomes BPS extreme solution.
When both pairs (P1, P2) and (Q1, Q2) have the same relative signs, the singularity is
always at rsing ≤ 0. Global spacetime is, therefore, that of the extreme Reissner-Nordstro¨m
black hole when rsing < 0 (time-like singularity), or the singularity and the horizon coincide
(null singularity) when rsing = rhor± = 0. The latter case happens when at least one out
of P1,2, Q1 (and Q2) is zero with δ1 6= 0 (with δ1 = 0). The horizon at rhor = 0 disappears
(naked-singularity) when (i) only Q2 is non-zero with δ1 6= 0, or (ii) only one out of P1,2, Q1,2
is non-zero with δ1 = 0.
When at least one of the pairs (P1, P2) and (Q1, Q2) has the opposite relative sign, the
singularity is outside of the horizon, i.e. rsing > 0 (singularity is naked) [48, 400, 406, 179].
In the case of non-BPS extreme solutions [177, 181], the singularity is always behind the
event horizon (rsing < rhor = 0), i.e. the global spacetime of the extreme Reissner-Nordstro¨m
black hole (time-like singularity).
Thermal Properties
Thermal properties are specified by spacetime at the (outer) horizon. So, we consider only
regular solutions, which include non-extreme solutions compatible with the Bogomol’nyi
bound and extreme solutions with the same relative sign for both pairs (P1, P2) and (Q1, Q2).
The entropy S is of the form
S = π|∆|
∣∣∣[(Qˆ2 +m)(Pˆ2 +m)cosh2δ1 + (Pˆ1 +m)(Qˆ1 −m)sinh2δ1]
×
[
(Q2)
2(Qˆ1 +m)(Pˆ1 +m)cosh
2δ1 + (P1)
2(Qˆ2 +m)(Pˆ2 −m)sinh2δ1
]
31In the following analysis, it is understood that Q2 6= 0 when δ1 6= 0. When Q2 = 0, P1 = 0 due to
initial assumption |Q2| ≥ |P1|. Then, δ1,2 are not constrained by (234). In this case, we have a non-extreme
4-charged solution with charges P
(2)
1 , P
(2)
2 , Q
(1)
1 and Q
(1)
2 . Such a solution is related to (236) through subsets
of SO(2)× SO(2) ⊂ O(2, 2) ⊂ O(6, 22) and SO(2) ⊂ SL(2,R) transformations.
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−
[
P1P2(Qˆ2 +m) +Q1Q2(Pˆ1 +m)
]2
cosh2δ1sinh
2δ1
∣∣∣∣ 12 , (243)
where Pˆ1 = +
√
P 21 +m
2, etc. Entropy increases with δ1, approaching infinity [finite value]
as δ1 → ∞ [non-BPS extreme limit is reached]. For BPS extreme solutions, entropy is (a)
non-zero and finite, approaching infinity as δ1 → ∞, when P1,2 and Q1,2 are non-zero, and
(b) always zero when at least one of P1,2, Q1 (and Q2) is zero with δ1 6= 0 (with δ1 = 0).
The Hawking temperature TH = |∂rλ(r = m)|/4π is
TH =
m√
2
S−1. (244)
As δ1 increases, TH decreases, approaching zero. In the BPS extreme limit with at least 3 of
P1,2, Q1,2 non-zero, TH is always zero. With 2 of them non-zero, TH is non-zero and finite,
approaching zero as δ1 → ∞. When only one of them (only Q2) is non-zero (for the case
δ1 6= 0), TH becomes infinite. In the non-BPS extreme limit, TH is zero.
Duality Invariant Entropy We discuss the duality invariant form of entropy of near-
extreme, non-rotating black hole in heterotic string on T 6 [170].
The (t, t)-component of metric for general N = 4 spherically symmetric solutions has the
form gtt = π(r +m)(r −m)S−1(r) with S(r) given by
S(r) = π
4∏
i=1
√
(r + λi). (245)
Entropy S of non-extreme solutions is given by S(r) at the outer horizon, i.e. S ≡ S(m).
Generally, λi are functions of 28+28 electric and magnetic charges (240) and m (through
m2), and their duality invariant forms are hard to obtain. However, for the near-extreme
case, in which λi are expressed to leading order in m
2 around their BPS values λ
(0)
i , one can
obtain the T - and S-duality invariant entropy expression, which reads
S = π
4∏
i=1
√
λ
[0]
i +
π
2
m
4∏
i=1
√
1/λ
[0]
i
∑
i<j<k
λ
[0]
i λ
[0]
j λ
[0]
k + O(m2). (246)
Here, the T - and S-duality invariants are
4∏
i=1
λ
[0]
i ≡ S2BPS/π =
1
4
F (L,Γ)F (L,−Γ),
4∑
i=1
λ
[0]
i ≡ MBPS =
√
F (M+,Γ) +
√
F (M+,−Γ),∑
i<j
λ
[0]
i λ
[0]
j =
1
2g2s
(
~QTL ~Q+ ~PTL~P
)
+
√
F (M+,Γ)F (M+,−Γ),
∑
i<j<k
λ
[0]
i λ
[0]
j λ
[0]
k =
1
4g2sMBPS
{
M2BPS
(
~QTL ~Q+ ~PTL~P
)
−( ~QTM+ ~Q− ~PTM+ ~P)( ~QTL ~Q− ~PTL~P)
−4( ~QTLM∞L~P)( ~QTM+ ~P)
}
, (247)
where
F (M+,±Γ) = 1
2g2s
(
~QTM+ ~Q + ~PTM+ ~P ± Γ(M+)
)
Γ(M+) =
√
4 ( ~PTM+ ~Q)2 + ( ~QTM+ ~Q− ~PTM+ ~P)2. (248)
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4.3 Rotating Black Holes in Four Dimensions
We generalize the 4-charged non-extreme solution (193) to include an angular momentum
[183]. (For an another attempt, see [389]. But this solution has only 3 charge degrees of
freedom and is a special case of a general solution to be discussed in this section.)
4.3.1 Explicit Solution
By applying the solution generating technique discussed in the beginning this chapter, one
obtains the following D = 4, non-extreme, rotating black hole solution [183]:
g11 =
(r + 2msinh2δp2)(r + 2msinh
2δe2) + l
2cos2θ
(r + 2msinh2δp1)(r + 2msinh
2δe2) + l2cos2θ
,
g12 =
2mlcosθ(sinhδp1coshδp2sinhδe1coshδe2 − coshδp1sinhδp2coshδe1sinhδe2)
(r + 2msinh2δp1)(r + 2msinh
2δe2) + l2cos2θ
,
g22 =
(r + 2msinh2δp1)(r + 2msinh
2δe1) + l
2cos2θ
(r + 2msinh2δp1)(r + 2msinh
2δe2) + l2cos2θ
,
B12 = −2mlcosθ(sinhδp1coshδp2coshδe1sinhδe2 − coshδp1sinhδp2sinhδe1coshδe2)
(r + 2msinh2δp1)(r + 2msinh
2δe2) + l2cos2θ
,
eϕ =
(r + 2msinh2δp1)(r + 2msinh
2δp2) + l
2cos2θ
∆
1
2
,
ds2E = ∆
1
2 [−r
2 − 2mr + l2cos2θ
∆
dt2 +
dr2
r2 − 2mr + l2 + dθ
2
+
sin2θ
∆
{(r + 2msinh2δp1)(r + 2msinh2δp2)(r + 2msinh2δe1)
×(r + 2msinh2δe2) + l2(1 + cos2θ)r2 +W + 2ml2rsin2θ}dφ2
−4ml
∆
{(coshδp1coshδp2coshδe1coshδe2 − sinhδp1sinhδp2sinhδe1sinhδe2)r
+2msinhδp1sinhδp2sinhδe1sinhδe2}sin2θdtdφ], (249)
where
∆ ≡ (r + 2msinh2δp1)(r + 2msinh2δp2)(r + 2msinh2δe1)(r + 2msinh2δe2)
+(2l2r2 +W )cos2θ,
W ≡ 2ml2(sinh2δp1 + sinh2δp2 + sinh2δe1 + sinh2δe2)r
+4m2l2(2coshδp1coshδp2coshδe1coshδe2sinhδp1sinhδp2sinhδe1sinhδe2
−2sinh2δp1sinh2δp2sinh2δe1sinh2δe2 − sinh2δp2sinh2δe1sinh2δe2
−sinh2δp1sinh2δe1sinh2δe2 − sinh2δp1sinh2δp2sinh2δe2
−sinh2δp1sinh2δp2sinh2δe1) + l4cos2θ. (250)
The axion Ψ also varies with spatial coordinates, but since its expression turns out to be
cumbersome, we shall not write here explicitly.
The ADM mass, U(1) charges, and angular momentum are
M = 2m(cosh2δe1 + cosh2δe2 + cosh2δp1 + cosh2δp2),
Q
(1)
2 = 2msinh2δe1, Q
(2)
2 = 2msinh2δe2,
P
(1)
1 = 2msinh2δp1, P
(2)
1 = 2msinh2δp2,
J = 8lm(coshδe1coshδe2coshδp1coshδp2 − sinhδe1sinhδe2sinhδp1sinhδp2), (251)
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where GD=4N =
1
8
and the convention of [478] is followed.
When Q
(1)
2 = Q
(2)
2 = P
(1)
1 = P
(2)
1 , all the scalars are constant, and thus the solution
becomes the Kerr-Newman solution. The δp1 = δp2 = 0 case is the generating solution of
a general electric rotating solution [562]. The case with Q
(1)
2 = P
(1)
1 and Q
(2)
2 = P
(2)
1 is
constructed in [389].
The solution (249) has the inner r− and the outer r+ horizons at
r± = m±
√
m2 − l2, (252)
provided m ≥ |l|. In this case, the solution has the global spacetime of the Kerr-Newman
black hole with the ring singularity at r = min{Q(1)2 , Q(2)2 , P (1)1 , P (2)1 } and θ = π2 .
The extreme solution (r+ = r−) is obtained by taking the limit m → |l|+. In this case,
the global spacetime is that of the extreme Kerr-Newman solution.
The BPS limit is reached by takingm→ 0 and δe1,e2,p1,p2 →∞ while keeping me2δe1,e2,p1,p2
as finite constants so that the charges remain non-zero. When J is non-zero, i.e. l 6= 0, the
singularity is naked since the condition m ≥ |l| for existence of regular horizon (252) is not
satisfied 32. To have a BPS solution with regular horizon, one has to take l → 0, leading to
a solution with J = 0. Thus, the only regular BPS solution in D = 4 is the non-rotating
solution, with global spacetime of the extreme Reissner-Nordstro¨m black hole. This is in
contrast with the D = 5 3-charged solution [182, 98], where one can take l1,2 to zero (so that
the BPS solution has regular horizon) but the angular momenta J1,2 can be non-zero. For
D > 5, the regular BPS limit with non-zero angular momentum is achieved without taking
li to zero if only one angular momentum is non-zero [366].
4.3.2 Entropy of General Solution
The thermal entropy of the solution (249) is [183]
S = 1
4GN
A = 16π[m2(
∏4
i=1 cosh δi +
∏4
i=1 sinh δi)
+m
√
m2 − l2(
4∏
i=1
cosh δi −
4∏
i=1
sinh δi)]
= 16π
[
m2(
4∏
i=1
cosh δi +
4∏
i=1
sinh δi)
+
√√√√m4( 4∏
i=1
cosh δi −
4∏
i=1
sinh δi)2 − J2
 , (253)
where δ1,2,3,4 ≡ δe1,e2,p1,p2 and A = ∫ dθdφ √gθθgφφ∣∣∣
r=r+
is the outer-horizon area.
Note, the thermal entropy has the form which is sum of ‘left-moving’ and ‘right-moving’
contributions. Each term is symmetric in δi, i.e. in the 4 charges, manifesting U -duality
symmetry [381]. On the other hand, (253) is asymmetric in J : only the right-moving term
has J , which reduces the right-moving contribution to the entropy. This reflects right-moving
worldsheet supersymmetry of the corresponding σ-model.
32See [610] for the same result from the conformal σ-model perspective.
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When J = 0, the entropy becomes [180]:
S = 32πm2
4∏
i=1
cosh δi, (254)
which again has U -duality symmetry under the exchange of 4 charges.
In the regular BPS limit as well as the extreme limit, the ‘right-moving’ term in (253)
becomes zero, however entropy has different form in each case. In the regular BPS limit
(J = 0) [178]:
S = 32πm2
4∏
i=1
cosh δi = 2π
√
P
(1)
1 P
(2)
1 Q
(1)
2 Q
(2)
2 , (255)
while in the extreme limit:
S = 16πm2(
4∏
i=1
cosh δi +
4∏
i=1
sinh δi) = 2π
√
J2 + P
(1)
1 P
(2)
1 Q
(1)
2 Q
(2)
2 . (256)
Entropy of a black hole with general charge configuration in the class and with arbitrary
scalar asymptotic values is independent of scalar asymptotic values when expressed in terms
of the charge lattice vectors ~α and ~β, and has the S- and T -duality invariant form [183]:
S = 2π
√
J2 + {(~αTL~α)(~βTL~β)− (~αTL~β)2}. (257)
4.4 General Rotating Five-Dimensional Solution
We construct the most general rotating black hole in heterotic string on T 5 [182]. In D = 5,
black holes carry only electric charges of U(1) gauge fields. Since the NS-NS 3-form field
strength Hµνρ is Hodge-dual to a 2-form field strength in D = 5 in the following way
Hµνρ = − e
4ϕ/3
2!
√−gε
µνρλσFλσ, (258)
where Fµν is the field strength of a new U(1) gauge field Aµ, black holes in D = 5 carry an
additional charge associated with the NS-NS 2-form field Bµν as well as 26 electric charges
of the U(1)26 gauge group. Thus, the most general black hole in heterotic string on T 5,
compatible with the conjectured “no-hair theorem” [385, 386, 125, 343, 344], is parameterized
by 27 electric charges, 2 angular momenta and the non-extremality parameter.
4.4.1 Generating Solution
We choose to parameterize the “generating solution” in terms of electric charges Q, Q
(1)
1 and
Q
(2)
1 associated with Hµνρ, A
(1) 1
µ and A
(2)
µ 1, respectively. These charges are induced through
solution generating procedure described in section 4.1.
The final form of the generating solution is [182]
g11 =
r2 + 2msinh2δe1 + l
2
1cos
2θ + l22sin
2θ
r2 + 2msinh2δe2 + l
2
1cos
2θ + l22sin
2θ
,
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e2ϕ =
(r2 + 2msinh2δe + l
2
1cos
2θ + l22sin
2θ)2∏2
i=1(r
2 + 2msinh2δei + l21cos
2θ + l22sin
2θ)
,
A
(1)
t 1 =
mcoshδe1sinhδe1
r2 + 2msinh2δe1 + l
2
1cos
2θ + l22sin
2θ
,
A
(1)
φ1 1
= msin2θ
l1sinhδe1sinhδe2coshδe − l2coshδe1coshδe2sinhδe
r2 + 2msinh2δe1 + l
2
1cos
2θ + l22sin
2θ
,
A
(1)
φ2 1
= mcos2θ
l1coshδe1sinhδe2sinhδe − l2sinhδe1coshδe2coshδe
r2 + 2msinh2δe1 + l
2
1cos
2θ + l22sin
2θ
,
A
(2)
t 1 =
mcoshδe2sinhδe2
r2 + 2msinh2δe2 + l
2
1cos
2θ + l22sin
2θ
,
A
(2)
φ1 1
= msin2θ
l1coshδe1sinhδe2coshδe − l2sinhδe1coshδe2sinhδe
r2 + 2msinh2δe2 + l21cos
2θ + l22sin
2θ
,
A
(2)
φ2 1
= mcos2θ
l1sinhδe1coshδe2sinhδe − l2coshδe1sinhδe2coshδe
r2 + 2msinh2δe2 + l21cos
2θ + l22sin
2θ
,
Bˆ
(10)
tφ1
= −2m sin2 θ l1 sinh δe1 sinh δe2 cosh δe − l2 cosh δe1 cosh δe2 sinh δe
r2 + l21 cos
2 θ + l22 sin
2 θ + 2m sinh2 δe2
,
Bˆ
(10)
tφ2
= −2m cos2 θ l2 sinh δe1 sinh δe2 cosh δe − l1 cosh δe1 cosh δe2 sinh δe
r2 + l21 cos
2 θ + l22 sin
2 θ + 2m sinh2 δe2
,
Bˆ
(10)
φ1φ2
= −2m cosh δe sinh δe cos
2 θ(r2 + l21 + 2m cosh
2 δe2)
r2 + l21 cos
2 θ + l22 sin
2 θ + 2m sinh2 δe2
,
ds2E = ∆¯
1
3
[
−(r
2 + l21cos
2θ + l22sin
2θ)(r2 + l21cos
2θ + l22sin
2θ − 2m)
∆¯
dt2
+
r2
(r2 + l21)(r
2 + l22)− 2mr2
dr2 + dθ2
+
4mcos2θsin2θ
∆¯
[l1l2{(r2 + l21cos2θ + l22sin2θ)
−2m(sinh2δe1sinh2δe2 + sinh2δesinh2δe1 + sinh2δesinh2δe2)}
+2m{(l21 + l22)coshδe1coshδe2coshδesinhδe1sinhδe2sinhδe
−2l1l2sinh2δe1sinh2δe2sinh2δe}]dφ1dφ2
−4msin
2θ
∆¯
[(r2 + l21cos
2θ + l22sin
2θ)(l1coshδe1coshδe2coshδe
−l2sinhδe1sinhδe2sinhδe) + 2ml2sinhδe1sinhδe2sinhδe]dφ1dt
−4mcos
2θ
∆¯
[(r2 + l21cos
2θ + l22sin
2θ)(l2coshδe1coshδe2coshδe
−l1sinhδe1sinhδe2sinhδe) + 2ml1sinhδe1sinhδe2sinhδe]dφ2dt
+
sin2θ
∆¯
[(r2 + 2msinh2δe + l
2
1)
×
2∏
i=1
(r2 + 2msinh2δei + l
2
1cos
2θ + l22sin
2θ)
+2msin2θ{(l21cosh2δe − l22sinh2δe)(r2 + l21cos2θ + l22sin2θ)
+4ml1l2coshδe1coshδe2coshδesinhδe1sinhδe2sinhδe
−2msinh2δe1sinh2δe2(l21cosh2δe + l22sinh2δe)
−2ml22sinh2δe(sinh2δe1 + sinh2δe2)}]dφ21
+
cos2θ
∆¯
[(r2 + 2msinh2δe + l
2
2)
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×
2∏
i=1
(r2 + 2msinh2δei + l
2
1cos
2θ + l22sin
2θ)
+2mcos2θ{(l22cosh2δe − l21sinh2δe)(r2 + l21cos2θ + l22sin2θ)
+4ml1l2coshδe1coshδe2coshδesinhδe1sinhδe2sinhδe
−2msinh2δe1sinh2δe2(l21sinh2δe + l22cosh2δe)
−2ml21sinh2δe(sinh2δe1 + sinh2δe2)}]dφ22
]
, (259)
where
∆¯ ≡ (r2 + 2msinh2δe1 + l21cos2θ + l22sin2θ)(r2 + 2msinh2δe2 + l21cos2θ + l22sin2θ)
×(r2 + 2msinh2δe + l21cos2θ + l22sin2θ), (260)
and the subscript E in the line element denotes the Einstein-frame. The U(1) charges, the
ADM mass and the angular momenta of the generating solution (259) (with GD=5N =
π
4
) are
Q
(1)
1 = msinh2δe1, Q
(2)
1 = msinh2δe2, Q = msinh2δe,
M = m(cosh2δe1 + cosh2δe2 + cosh2δe)
=
√
m2 + (Q
(1)
1 )
2 +
√
m2 + (Q
(2)
1 )
2 +
√
m2 +Q2,
J1 = 4m(l1coshδe1coshδe2coshδe − l2sinhδe1sinhδe2sinhδe),
J2 = 4m(l2coshδe1coshδe2coshδe − l1sinhδe1sinhδe2sinhδe). (261)
The solution has the outer and inner horizons at:
r2± = m−
1
2
l21 −
1
2
l22 ±
1
2
√
(l21 − l22)2 + 4m(m− l21 − l22), (262)
provided m ≥ (|l1|+ |l2|)2.
When Q = Q
(1)
1 = Q
(2)
1 , the generating solution becomes the D = 5 Kerr-Newman solu-
tion, since g11 and ϕ become constant. The generating solution with Q = Q
(2)
1 corresponds
to the case where the D = 6 dilaton ϕ6 = ϕ +
1
2
log detg11 is constant. In this case, with a
subsequent rescaling of scalar asymptotic values one obtains the static solution of [368] and
rotating solution of [95].
The BPS limit with J1,2 6= 0 and regular event horizon is defined as the limit in which
m → 0, l1,2 → 0 and δe1,e2,e → ∞ while keeping 12me2δe1 = Q(1)1 , 12me2δe2 = Q(2)1 , 12me2δe =
Q, l1/m
1/2 = L1 and l2/m
1/2 = L2 constant. In this limit, the generating solution becomes
A
(1)
t 1 =
1
2
Q
(1)
1
r2 +Q
(1)
1
, A
(1)
φ1 1
=
1
4
J sin2 θ
r2 +Q
(1)
1
, A
(1)
φ2 1
=
1
4
J cos2 θ
r2 +Q
(1)
1
,
A
(2)
t 1 =
1
2
Q
(2)
1
r2 +Q
(2)
1
, A
(2)
φ1 1
=
1
4
J sin2 θ
r2 +Q
(2)
1
, A
(2)
φ2 1
=
1
4
J cos2 θ
r2 +Q
(2)
1
,
Bˆ
(10)
tφ1
= −
1
2
J sin2 θ
r2 +Q
(2)
1
, Bˆ
(10)
tφ2
=
1
2
J cos2 θ
r2 +Q
(2)
1
, Bˆ
(10)
φ1φ2
= −Q cos2 θ,
g11 =
r2 +Q
(1)
1
r2 +Q
(2)
1
, eϕ =
(r2 +Q)
[(r2 +Q
(1)
1 )(r
2 +Q
(2)
1 )]
1
2
,
ds2E = ∆¯
1
3
[
−r
4
∆¯
dt2 +
dr2
r2
+ dθ2 +
J2cos2θsin2θ
2∆¯
dφ1dφ2
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−2Jr
2sin2θ
∆¯
dtdφ1 +
2Jr2cos2θ
∆¯
dtdφ2
+
sin2θ
∆¯
{(r2 +Q(1)1 )(r2 +Q(2)1 )(r2 +Q)−
1
4
J2sin2θ}dφ21
+
cos2θ
∆¯
{(r2 +Q(1)1 )(r2 +Q(2)1 )(r2 +Q)−
1
4
J2cos2θ}dφ22
]
, (263)
where
∆¯ ≡ (r2 +Q(1)1 )(r2 +Q(2)1 )(r2 +Q). (264)
The solution is specified by 3 charges and only 1 angular momentum J 33:
J1 = −J2 ≡ J = (2Q(1)1 Q(2)1 Q)
1
2 (L1 − L2), (265)
while its ADM mass saturates the Bogomol’nyi bound:
MBPS = Q
(1)
1 +Q
(2)
2 +Q. (266)
4.4.2 T -Duality Transformation
The remaining 27 electric charges (needed for parameterizing the most general charge con-
figuration) are introduced by the [SO(5)×SO(21)]/[SO(4)×SO(20)] transformation on the
generating solution (259). The final expression for electric charges is
~Q = 1√
2
UT
 U5(eu − ed)
U21
(
eu + ed
016
) , (267)
where
eTu ≡ (Q(1)1 ,
4︷ ︸︸ ︷
0, ..., 0), eTd ≡ (Q(2)1 ,
4︷ ︸︸ ︷
0, ..., 0), (268)
U5 ∈ SO(5), U21 ∈ SO(21), 016 is a (16 × 1)-matrix with zero entries and U ∈ O(5, 21,R)
brings to the basis where the O(5, 21) invariant metric L (127) is diagonal. And the charge
Q associated with Bµν remains unchanged. The moduli M is transformed to
M ′ = UT
(
U5 0
0 U21
)
UMUT
(
UT5 0
0 UT21
)
U , (269)
where M is the moduli of the generating solution (259). The subsequent O(5, 21)×SO(1, 1)
transformation leads to the solution with arbitrary asymptotic values M∞ and ϕ∞.
33When 1 or 3 boost parameters are negative, one has the BPS limit with J1 = J2.
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4.4.3 Entropy of General Solution
The thermal entropy of the generating solution (259) is [183]
S =
1
4GN
A = 4π
[
m{2m− (l1 − l2)2}1/2(
3∏
i=1
cosh δi +
3∏
i=1
sinh δi)
+ m{2m− (l1 + l2)2}1/2(
3∏
i=1
cosh δi −
3∏
i=1
sinh δi)
]
= 4π

√√√√2m3( 3∏
i=1
cosh δi +
3∏
i=1
sinh δi)2 − 116(J1 − J2)2
+
√√√√2m3( 3∏
i=1
cosh δi −
3∏
i=1
sinh δi)2 − 116(J1 + J2)2
 , (270)
where δ1,2,3 ≡ δe1,e2,e, GN = π4 and the outer horizon area is defined as A =∫
dθdφ1dφ2
√
gθθ(gφ1φ1gφ2φ2 − g2φ1φ2)
∣∣∣
r=r+
.
Note, each term is symmetric under the permutation of δi (i.e. 3 charges), manifesting the
conjectured U -duality symmetry [381]. Again, as in the D = 4 case, the entropy (270) is cast
in the form as sum of ‘left-moving’ and ‘right-moving’ contributions, hinting at the possibility
of statistical interpretation of each term as left- and right-moving (D-brane worldvolume)
contributions to microscopic degrees of freedom. Each term now carries left- or right-moving
angular momentum that could be interpreted as left- or right-moving U(1) charge [36, 35]
of the N = 4 superconformal field theory when the generating solution (259) is transformed
to a solution of type-IIA string on K3× S1 through the conjectured string-string duality in
D = 6 [635]. When Ji = 0, the entropy rearranges itself as a single term [362, 183]:
S = 8
√
2πm3/2
3∏
i=1
cosh δi, (271)
which again has manifest symmetry under permutation of charges.
We discuss duality invariant forms of the entropy and the ADM mass of non-extreme,
rotating black hole with general charge configuration (267). The entropy and the ADM mass
are expressed in terms of the following T -duality invariants (obtained by applying T -duality
to charges of the generating solution):
Q
(1)
1 → X =
1
2
√
~QTM+ ~Q+ 1
2
√
~QTM− ~Q
Q
(2)
1 → Y =
1
2
√
~QTM+ ~Q− 1
2
√
~QTM− ~Q, (272)
while Q remains intact under T -duality. From these 3 T -duality invariant “coordinates”
X, Y,Q, one defines the following duality invariant “non-extreme hatted” quantities Xˆi:
Xˆi ≡
√
X2i +m
2, Xi = (X, Y,Q). (273)
Duality invariant forms of the entropy and the ADM mass are
S = 2π
√√√√∏
i
Xˆi +m2
∑
i
Xˆi +
√∏
i
(Xˆ2i −m2)− (J1 − J2)2
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+√√√√∏
i
Xˆi +m2
∑
i
Xˆi −
√∏
i
(Xˆ2i −m2)− (J1 + J2)2
 ,
M = Xˆ + Yˆ + Qˆ. (274)
When Ji = 0, the duality invariant expression for entropy is
S = 4π
√
(Xˆ +m2)(Yˆ +m2)(Qˆ+m2). (275)
BPS limit In the regular BPS limit, the event horizon area (270) becomes [182]
ABPS = 4π
2[(Q
(1)
1 Q
(2)
1 Q)(1− 12(L1 − L2)2)]
1
2 = 4π2[Q
(1)
1 Q
(2)
1 Q− 14J2]
1
2 . (276)
Entropy of BPS black hole with general charge configuration (267) and with arbitrary scalar
asymptotic values depends only on (quantized) charge lattice vectors ~α and β [182], being a
statistical quantity [260, 579, 258, 259, 178, 441, 174]:
SBPS = 4π
√
β(~αTL~α)− 1
4
J2. (277)
Here, ~α and β are related to the physical charges ~Q and Q as
~Q = e2ϕ∞/3M∞~α, Q = e−4ϕ∞/3β. (278)
In the regular BPS limit, the ADM mass (261) becomes
MADM = Q
(1)
1 +Q
(2)
1 +Q. (279)
A subset of the SO(5, 21) T -duality transformation on (279) leads to the following T -duality
invariant expression for ADM mass of the general D = 5 black hole:
MADM = e
2ϕ∞/3[~αT (M∞ + L)~α]1/2 + e−4ϕ∞/3β, (280)
which has dependence on scalar asymptotic values as well as charge lattice vectors.
Near-Extreme Limit Infinitesimal deviation from the BPS limit is achieved by taking
the limit in which m and l1,2 are very close to zero, and δ’s are very large such that charges
and l1,2/m
1/2 = L1,2 remain as finite, non-zero constants, and then keeping only the leading
order terms in m [182].
To the leading order in m, the inner and the outer horizons are located at
r2± ≈ m
(
1− 1
2
(L21 + L
2
2)±
1
2
√
[2− (L1 + L2)2][2− (L1 − L2)2]
)
. (281)
The outer horizon area to the leading order in m is [182, 95]
A ≈ 4π2
(Q(1)1 Q(2)1 Q)
√
1− 1
2
(L1 − L2)2 +m(Q(1)1 Q(2)1 +Q(1)1 Q+Q(2)1 Q)
×
√
[1− 1
2
(L1 + L2)2]
 12 . (282)
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J1 and J2 are no longer equal in magnitude and opposite in sign anymore:
J ≡ 1
2
(J1 − J2) = (2Q(1)1 Q(2)1 Q)
1
2 (L1 − L2) +O(m2),
∆J ≡ 1
2
(J2 + J1) = m(2Q
(1)
1 Q
(2)
1 Q)
1
2
(
1
Q
(1)
1
+
1
Q
(2)
1
+
1
Q
)
(L1 + L2) +O(m2), (283)
while the ADM mass still has the form
M =
√
m2 + (Q
(1)
1 )
2 +
√
m2 + (Q
(2)
1 )
2 +
√
m2 +Q2. (284)
Note, when one of the charges is taken small, e.g. Q
(1)
1 → 0, as in study of the microscopic
entropy near the BPS limit [368, 95], the ADM mass is M =MBPS +O(m), while the area
is A = ABPS +O(m1/2). However, when all the charges are non-zero, the deviation from the
BPS limit is of the forms M =MBPS +O(m2) and A = ABPS +O(m).
4.5 Rotating Black Holes in Higher Dimensions
We discuss rotating black holes in heterotic string on T 10−D (4 ≤ D ≤ 9) with general
U(1)36−2D electric charge configurations [184, 449]. The generating solution is parameterized
by the ADM mass MBH (or alternatively the non-extremality parameter m), [
D−1
2
] angular
momenta Ji (i = 1, ...,
[
D−1
2
]
), and 2 electric charges of the KK and the 2-form U(1) gauge
fields associated with the same compactified direction, which we choose without loss of
generality to be Q
(1)
1 and Q
(2)
1 , i.e. those associated with the first compactified direction, as
well as asymptotic values of a toroidal modulus G11∞ and the dilaton ϕ∞.
The non-trivial fields of the generating solution are [184]
A
(1) 1
t =
N sinh δ1 cosh δ1
2N sinh2 δ1 +∆
, A
(2)
t 1 =
N sinh δ2 cosh δ2
2N sinh2 δ2 +∆
,
A
(1) 1
φi
=
Nliµ
2
i sinh δ1 cosh δ2
2N sinh2 δ1 +∆
, A
(2)
φi 1
=
Nliµ
2
i sinh δ2 cosh δ1
2N sinh2 δ2 +∆
,
e2ϕ =
∆2
W
, G11 =
2N sinh2 δ1 +∆
2N sinh2 δ2 +∆
,
Btφi = −
2Nliµ
2
i sinh δ1 sinh δ2[m(sinh
2 δ1 + sinh
2 δ2)r +∆]
W
,
Bφiφj = −4N2liljµ2iµ2j sinh δ1 sinh δ2 cosh δ1 cosh δ2
×[N(sinh2 δ1 + sinh2 δ2) + ∆][2N2 sinh2 δ1 sinh2 δ2
+N∆(sinh2 δ1 + sinh
2 δ2 − 1) + ∆2]/[(∆− 2N)W 2],
ds2 = ∆
D−4
D−2W
1
D−2
−∆− 2N
W
dt2 +
dr2∏[D−1
2
]
i=1 (r
2 + l2i )− 2N
+
r2 + l21 cos
2 θ +K1 sin
2 θ
∆
dθ2
+
cos2 θ cos2 ψ1 · · · cos2 ψi−1
∆
(r2 + l2i+1 cos
2 ψi +Ki+1 sin
2 ψi)dψ
2
i
−2∑
i<j
l2j −Kj
∆
cos2 θ cos2 ψ1 · · · cos2 ψi−1
× cosψi sinψi · · · cos2 ψj−1 cosψj sinψjdψidψj
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2
i+1 −Ki+1
∆
cos θ sin θ cos2 ψ1 · · · cos2 ψi−1 cosψi sinψidθdψi
+
µ2i
∆W
[(r2 + l2i )(2N sinh
2 δ1 +∆)(2N sinh
2 δ2 +∆)
+2l2iN(∆− 2N sinh2 δ1 sinh2 δ2)]dφ2i
−2Nliµ
2
i cosh δ1 cosh δ2
W
dtdφi
+
∑
i<j
4Nliljµ
2
iµ
2
j(∆− 2N sinh2 δ1 sinh2 δ2)
∆W
dφidφj
 , (285)
where
W ≡ (2N sinh2 δ1 +∆)(2N sinh2 δ2 +∆) (286)
and ∆, Ki, N, µi, α are defined separately for even and odd D in (188)−(191).
The ADM mass, angular momenta and electric charges of the generating solution are 34
MBH =
ΩD−2m
16πGD
[(D − 3)(cosh 2δ1 + cosh 2δ2) + 2],
Ji =
ΩD−2
4πGD
mli cosh δ1 cosh δ2,
Q
(1)
1 =
ΩD−2
16πGD
(D − 3)m sinh 2δ1,
Q
(2)
1 =
ΩD−2
16πGD
(D − 3)m sinh 2δ2. (287)
For the canonical choice of asymptotic values Gij = δij , i.e. compactification on (10 − D)
self-dual circles with radius R =
√
α′, the D-dimensional gravitational constant is GD =
G10/(2π
√
α′)10−D. Also, the KK and the 2-form field U(1) charges Q(1)1 and Q
(2)
1 are quan-
tized as p/
√
α′ and q/
√
α′, respectively, where p, q ∈ Z.
The outer horizon area of the generating solution is [366, 184]
AD = 2mr+ΩD−2 cosh δ1 cosh δ2, (288)
where the outer horizon r+ is determined by
[
[D−1
2
]∏
i=1
(r2 + l2i )− 2N ]r=r+ = 0. (289)
The surface gravity κ at the (outer) event horizon is defined as κ2 = limr→r+∇µλ∇µλ,
where ξµξµ ≡ −λ2 and ξ ≡ ∂/∂t + Ωi∂/∂φi. Here, Ωi is the angular velocity at the (outer)
horizon and is defined by the condition that ξ is null on the (outer) horizon. The surface
gravity and angular velocity at the outer-horizon of the generating solution are
κ =
1
coshδ1coshδ2
∂r(Π− 2N)
4N
|r=r+, Ωi =
1
coshδ1coshδ2
li
r2+ + l
2
i
, (290)
where Π ≡ ∏[D−12 ]i=1 (r2 + l2i ).
34We use the convention of [478], keeping in mind that matter Lagrangian in (124) has 1/(16πGD)
prefactor.
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The generating solution has a ring-like singularity at (r, θ) = (0, π
2
) and thus spacetime
is that of the Kerr solution.
The BPS limit of (285), where the ADM mass MBH saturates the Bogomol’nyi bound
MBH ≥ |Q(1)1 +Q(2)1 |, (291)
is defined as the limits m → 0 and δ1,2 → ∞ such that Q(1),(2)1 remain as finite constants.
For D ≥ 6 with only one of li non-zero, the BPS limit is also the extreme limit [366], i.e.
all the horizons collapse to r = 0 as m → 0. However, with more than one li non-zero, the
singularity at r = 0 becomes naked, i.e. horizons disappear.
5 Black Holes in N = 2 Supergravity Theories
5.1 N = 2 Supergravity Theory
5.1.1 General Matter Coupled N = 2 Supergravity
We consider the general N = 2 supergravity [211, 128, 198, 5, 6, 271] coupled to nv vector
multiplets and nH hypermultiplets. The field contents are as follows. TheN = 2 supergravity
multiplet contains the graviton, the SU(2) doublet of gravitinos ψiµ (the SU(2) index i = 1, 2
labels two supercharges of N = 2 supergravity and µ = 0, 1, 2, 3 is a spacetime vector index),
and the graviphoton. The N = 2 vector multiplets contain U(1) gauge fields, doublets of
gauginos λai and scalars z
a (a = 1, ..., nv), which span the nv-dimensional special Ka¨hler
manifold. The hypermultiplets consist of hyperinos ζα, ζ
α (α = 1, ..., 2nH) with left and right
chiralities and real scalars qu (u = 1, ..., 4nH), which span the 4nH-dimensional quaternionic
manifold. The general form of the bosonic action is [5]
LN=2 = √−g
[
−1
2
R+ gab∗(z, z¯)∇µza∇µz¯b∗ + huv(q)∇µqu∇µqv
+ i(N¯ΛΣF−Λµν F−Σµν −NΛΣF+Λµν F+Σµν)
]
, (292)
where gab∗ = ∂a∂b∗K(z, z¯) is the Ka¨hler metric
35, huv(q) is the quaternionic metric, F±Λµµ ≡
1
2
(FΛµν± i2ǫµνρσFΛρσ) are the (anti-)self-dual parts of the field strengths FΛµν = ∂µAΛµ −∂νAΛµ +
gfΛΣ∆AΣµA∆ν of the U(1) gauge fields AΛµ (Λ = 0, 1, ..., nv) in the N = 2 supergravity and
N = 2 vector multiplets, and g is the gauge coupling. Here, the gauge covariant differentials
on the scalars are defined as:
∇µ za ≡ ∂µza + gAΛµkaΛ(z)
∇µ z¯a∗ ≡ ∂µz¯a∗ + gAΛµka∗Λ (z¯)
∇µqu ≡ ∂µqu + gAΛµkuΛ(q), (293)
where kaΛ(z) [k
u
Λ(q)] are the holomorphic [triholomorphic] Killing vectors of the Ka¨hler
[quaternionic] manifold (Cf. see (65)).
We introduce a symplectic vector of the anti-self-dual field strengths:
Z− ≡
(F−Λ
G−Σ
)
, (294)
35The Ka¨hler potential K(z, z¯) and the period matrix NΛΣ are defined in terms of the holomorphic
prepotential F (X) and the scalar fields XΛ as in (92).
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where G−Λ ≡ N¯ΛΣF−Σ [212]. The symplectic vector Z+ of self-dual field strengths is the
complex conjugation of (294). It is convenient to redefine field strengths FΛ as [132, 93]:
T− ≡ 〈V |Z−〉 = (MΛF−Λ − LΣG−Σ ),
F−a ≡ gab∗〈U¯b∗ |Z−〉 = gab∗(∇b∗M¯ΛF−Λ −∇b∗L¯ΛG−Λ ). (295)
Then, T− and F−a (a = 1, ..., nv), respectively, correspond to the field strengths of the gravi-
photon of the supergravity multiplet and the gauge fields of nv super-Yang-Mills multiplets.
The supersymmetry transformation laws for the gravitinos, the gauginos and hyperinos
in the bosonic field background are
δψi µ = Dµεi + [igSijηµν + ǫijT−µν ]γνεj,
δλa i = iγµ∇µzaεi + ǫij(F− aµν γµν + kaΛL¯Λ)εj,
δζα = iU jβu ∇µquγµǫijCαβεi + gN iαεi, (296)
where ǫij [Cαβ] is the flat Sp(2) [Sp(2nH)] invariant matrix and U jβu is the quaternionic
vielbein [30]. Here, Sij and N
i
α are mass-matrices given by
Sij =
i
2
(σx)
k
i ǫjkPxΛLΛ, N iα = 2U iαukuΛL¯Λ, (297)
where PxΛ is a triplet of real 0-form prepotentials on the quaternionic manifold.
5.1.2 BPS States
The BPS states of the N = 2 theory have mass equal to the central charge, which is just the
graviphoton charge given by:
Z ≡ −1
2
∮
S2
T−. (298)
Thus, central charge Z is characterized by the vacuum expectation of the moduli in the
symplectic vector V and the symplectic charge vector given by
Q =
(
PΛ
QΣ
)
; PΛ ≡
∮
S2
ReF−Λ, QΣ ≡
∮
S2
ReG−Σ , (299)
in the following way [550, 551, 212, 136, 133]
Z = 〈V |Q〉 = (LΛQΛ −MΣPΣ) = e
K(z,z¯)
2 (XΛ(z)QΛ − FΣ(z)PΣ). (300)
Note, since two vectors V and Q transform covariantly under the symplectic transformation
Sp(2nv + 2), the central charge and, therefore, the ADM mass M = |Z| have manifest
symplectic covariance.
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5.2 Supersymmetric Attractor and Black Hole Entropy
Since entropy is a statistical quantity defined as the degeneracy of microscopic states, the
horizon area, which defines the thermal entropy, should be independent of continuous quan-
tities like scalar asymptotic values. This is an another illustration of no-hair theorem where
properties of black holes are independent of scalar hairs; all the information of scalar asymp-
totic values get lost at the event horizon. It was discovered in [260] within N = 2 theories
that this is a generic property of BPS solutions in supersymmetric theory and can be derived
from supersymmetry alone [258, 259, 8].
To illustrate this idea, we consider general magnetic, spherically symmetric solution in
N = 2 theory coupled to vector superfields [260]. Spherically symmetric Ansa¨tze are [597]:
ds2 = gµνdx
µdxν = −e2Udt2 + e−2Ud~x2, FˆΛr =
qΛ(m)
r2
eU(r), (301)
and the scalars (moduli) zΛ ≡ XΛ/X0 (Λ = 0, 1, ..., nv) depend on r, only.
With these Ansa¨tze, the Killing spinor equations δ ψi µ = 0 and δ λ
a i = 0 yield the
following coupled first order differential equations [260]:
4U ′ = −
√√√√(z¯N q(m))(zN q(m))(z¯N z)
(zN z)(z¯N z¯) e
U ,
(zΛ)′ = −e
U
4
√√√√(zN z)(z¯N q(m))(z¯N z)
(z¯N z¯)(zN q(m)) (z
Λq0(m) − qΛ(m)), (302)
where the prime denotes the differentiation with respect to ρ ≡ 1/r, and (zN q(m)) ≡
zΛNΛΣqΣ(m), etc.. From (302), one obtains the following second order ordinary differential
equations for the moduli fields zΛ:
(zΛ)′′ −
(
(zN q(m))
(zN z) + q
0
(m)
)
((zΛ)′)2
zΛq0(m) − qΛ(m)
+
1
2
(
ln
(zN z)(z¯N q(m))(z¯N z)
(z¯N z¯)(zN q(m))
)′
(zΛ)′ = 0. (303)
(303) can be viewed as a geodesic equation for moduli fields zΛ that determines how
zΛ evolves as ρ varies from 0 to ∞. The initial conditions zΛ|ρ=0 and (zΛ)′|ρ=0 for the
geodesic motion in the phase space (with coordinates zΛ and (zΛ)′) are the asymptotic
values (r = 1/ρ→∞) of zΛ and their derivatives (determined by zΛ|r→∞ and qΛ(m) through
the second equation in (302)). Given initial conditions zΛ|ρ=0 and (zΛ)′|ρ=0, zΛ evolve with
ρ, following damped geodesic motion in the phase space until they run into an attractive
fixed point, i.e. a point where the velocities dz
Λ
dρ
of zΛ vanish. For the special example under
consideration, as we see (302), the fixed point is located at
zΛfixed = q
Λ
(m)/q
0
(m). (304)
At the fixed point, moduli depend on U(1) charges only, loosing all their information on the
initial conditions at infinity. From this observation, one arrives at stronger version of no-hair
theorem for black holes in supersymmetry theories: black holes lose all their scalar hairs near
the horizon and are characterized by discrete U(1) charges (and angular momenta), only.
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Nearby the horizon, the black hole approximates to the Bertotti-Robinson geometry
[447, 92, 515] with the topology AdS2 × SD−2. This geometry is conformaly flat and the
graviphoton field strength is covariantly constant. Thus, in this region the ADM mass
reduces to the Bertotti-Robinson mass and the supersymmetry is completely restored [292,
398, 412, 453, 300, 138]. In the asymptotic region (r → ∞), the spacetime is flat and,
therefore, supersymmetry is unbroken. In between these regions, solutions break fraction of
supersymmetries, indicating the BPS nature.
Note, the supersymmetric configuration under consideration is a bosonic configuration,
i.e. a solution to supergravity theory with all the fermionic fields set equal to zero. However,
the supersymmetry parameters associated with the unbroken supersymmetries, called “anti-
Killing spinors”, generate a whole supermultiplets of solutions, i.e. the superpartners to
black hole solution. To generate such solutions, one start with a bosonic configuration
and applies supersymmetry transformations iteratively with the supersymmetry parameters
given by the anti-Killing spinors. Such a procedure induces fermionic fields, as well as
corrections to bosonic fields. It was shown in [407] that when this procedure is performed on
double-extreme black solutions, i.e. extreme solutions with constant scalars, in the N = 2
supergravity coupled to vector and hyper multiplets, there are no corrections to the fields
in the vector and hyper multiplets. This implies that although the metric, graviphoton and
gravitino receive corrections, the moduli at the fixed attractor point as functions of U(1)
charges, only, remain intact under the supersymmetry transformations which generate the
fermionic partners of the supersymmetric black holes.
5.3 Explicit Solutions
5.3.1 General Magnetically Charged Solutions
We discuss the general spherically symmetric, magnetic (q
(e)
Σ = 0) solutions in N = 2 super-
gravity coupled to nv vector multiplets with scalar fields varying with the radial coordinate
r [260]. The Ansa¨tze for the fields are given in (301) with the scalar fields depending on the
radial coordinate r, only. The scalar fields and the metric components satisfy the differential
equations (302) − (303).
For the purpose of solving the differential equations (302) − (303), we consider the simple
case with q0(m) = 0. In this case, the solutions are given by
e2U(ρ) = eK(z,z¯)−K∞
za =
 za∞ +
qa
(m)
4
ρe−K∞/2, for za∞ = z¯
a
∞
za∞ + i
qa
(m)
4
ρe−K∞/2, for za∞ = −z¯a∞
ds2 = −eK(za,z¯a=za)−K∞dt2 + e−K(za,z¯a=za)+K∞d~x2. (305)
The explicit solutions for N = 2 theories with specific prepotentials F are obtained by
substituting the corresponding Ka¨hler potential K into the general solution (305) [260].
5.3.2 Dyonic Solutions
We generalize the magnetic black holes in section 5.3.1 to include electric charges as well
[579]. Since it would be hard to solve the resulting differential equations with non-zero
electric and magnetic charges, we take all the moduli fields zI to be constant. In fact, as
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we discuss in the subsequent sections, such class of solutions corresponds to the minimum
energy configurations among extreme solutions and, therefore, is physically interesting.
Assuming that the moduli zI = XI/X0 are constant, from δ λa i = 0 one obtains the
following electric and magnetic charges of dyonic solutions:
(qI(m), q
(e)
I ) = Re(CX
I
f ,−C
i
2
FI(Xf)), (306)
where C is a constant and the subscript f denotes the fixed point. With a suitable choice
of Ka¨hler gauge, which eliminates the redundant degrees of freedom in XI by half, one can
solve the 2n + 2 equations in (306) to find the expressions for zI = XI/X0 in terms of
quantized charges qI(m) and q
(e)
I .
From δ ψi µ = 0 with U(1) field strengths
36 Fˆ I = CXIǫ+ and G+I = C2 FIǫ+ (ǫ+µν obeys∗ǫ+µν = iǫ+µν and is normalized to give 2π after being integrated over S2) substituted, one
obtains the following solution for the metric:
e−U = 1 +
√
CC¯
4r
. (307)
This solution has the surface area given by
A =
π
4
CC¯. (308)
5.4 Principle of a Minimal Central Charge
At the fixed attractor point in phase space, the central charge eigenvalue is extremized with
respect to moduli fields, so-called “principle of a minimal central charge” [258, 259, 415, 414,
254]. For N > 2 theories, the largest eigenvalue is extremized and the smaller central charges
become zero [259] at the fixed point 37. Since scalar asymptotic values are expressed only
in terms of U(1) charges at the fixed point, the extremized (largest) central charge depends
only on U(1) charges, thereby becoming a candidate for describing black hole entropy. It
turns out that entropy of extreme black holes for each dimension has the following universal
dependence on the extremal value Zfix of the (largest) central charge eigenvalue regardless
of the number N of supersymmetries [258, 259]:
S =
A
4
= π|Zfix|α, (309)
where α = 2 [3/2] for D = 4 [D = 5].
As an example, we consider the BPS dilatonic dyon [292, 409] in D = 4 with the mass:
MBPS = |Z| = 1
2
(e−ϕ∞ |p|+ eϕ∞ |q|). (310)
The minimum of the central charge |Z| is located at g2fix = e2ϕ0 =
∣∣∣p
q
∣∣∣, which leads to the
following correct expression for the entropy which is independent of dilaton asymptotic value:
S =
A
4
= π|Zfix|2 = π|pq|. (311)
36These are obtained by solving δ λa i = 0.
37Thus, for N ≥ 4 theories, one can determine moduli fields (at the fixed point) in terms of U(1) charges,
by minimizing the largest eigenvalue and setting the remaining eigenvalues equal to zero.
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One can prove the principle of a minimal central charge as follows. We consider the
ungauged N = 2 supergravity coupled to Abelian vector multiplets and hypermultiplets,
defined by the Lagrangian (292) and the supersymmetry transformations (296) with g = 0.
Since we are interested in configurations at the fixed point, the derivatives of scalars are
zero, i.e. ∂µz
a = 0 and ∂µq
u = 0, at the horizon. So, from δλa i = 0, one has F−aµν = 0. Note,
the covariant derivative of the central charge defined in (300) is
Za ≡ ∇a Z = −1
2
∮
S2
gab∗F+ b∗ = (QΛ∇aLΛ − PΣ∇aMΣ) = 〈Ua|Q〉. (312)
Since F− a = 0 is equivalent to F+ a = 0, the central charge Z is covariantly constant at the
fixed point of the moduli space:
Za = ∇aZ = 〈Ua|Q〉 = 0. (313)
It can be shown [258] that the condition (313) is equivalent to the statement that the central
charge takes extremum value at the fixed point:
∂a |Z| = 0. (314)
Thus, within ungauged general Abelian N = 2 supergravity we establish that central charge
is minimized at the fixed point of geodesic motion of moduli evolving with ρ = 1/r.
At the fixed point in the moduli space, the central charge is expressed in terms of the
symplectic U(1) charge vector Q and the moduli as [258]:
|Z|2 = −1
2
QT ·M(N ) · Q, (315)
M(N ) ≡
(
ImN + (ReN )(ImN )−1(ReN ) −(ReN )(ImN )−1
−(ImN )−1(ReN ) (ImN )−1
)
, (316)
with the moduli in the matrix M(N ) taking values at the fixed attractor point.
The central charge minimization condition (313) fixes the asymptotic values of the moduli
in terms ofQ. By using the relations 〈Ua|V 〉 = 0 = 〈Ua|V¯ 〉 satisfied by the general symplectic
section V , one can solve (313) to express Q in terms of the moduli as [258]
Q = i(Z¯V − ZV¯ ), (317)
or in component form:
PΛ = 2Im(Z¯LΛ), QΣ = 2Im(Z¯MΣ). (318)
(318) can be solved to express the moduli (at the fixed point) in terms of U(1) charges:
V = − 1
2Z¯
[(
0 I
−I 0
)
·M(F) + i
(
I 0
0 I
)]
· Q, (319)
or in terms of components:
− 2Z¯LΛ =
[
iP − (ImN )−1(ReN )P + (ImN )−1Q
]Λ
,
−2Z¯MΣ =
[
iQ−
(
(ImN ) + (ReN )(ImN )−1(ReN )
)
P
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+(ReN )(ImN )−1Q
]
Σ
. (320)
Here, M(F) is defined as in (316) with NΛΣ replaced by FΛΣ ≡ ∂ΛFΣ(X).
Alternatively, one can rederive the relations (317) obeyed by the moduli and U(1) charges
by a variational principle [54] associated with a potential
VQ(Y, Y¯ ) ≡ −i〈Π¯|Π〉 − 〈Π¯ + Π|Q〉, (321)
where
Π ≡
(
Y Λ
FΣ(Y )
)
; Y Λ ≡ Z¯XΛ. (322)
Namely, at the minimum of VQ(Y, Y¯ ), the relation (317) for the minimal central charge,
which can be expressed in terms of Π as Π− Π¯ = iQ, is satisfied. In particular, the entropy
for D = 4 black holes is rewritten as
S
π
= |Zfix|2 = i〈Π¯|Π〉 = |Y 0|2 exp[−K(z, z¯)]|fix. (323)
Many black holes are uplifted to intersecting p-branes. In this case, energy of black holes
is sum of energies of the constituent p-branes. The minimal energy of p-branes corresponds
to the ADM mass of the corresponding double-extreme black holes in lower dimensions. In
taking variation of moduli to find the minimum energy configuration, one has to keep the
gravitational constant of lower dimensions 38 as constant. The minimum energy of p-brane
is achieved when energy contributions from each constituent p-brane are equal [403].
5.4.1 Generalization to Rotating Black Holes
Generally, rotating black holes have naked singularity in the BPS limit. D = 5 rotating
black holes with 3 charges has regular BPS limit (thereby the horizon area can be defined),
if 2 angular momenta have the same absolute values 39 [182, 98]. We discuss generalization
of the principle of minimal central charge to the rotating black hole case [414].
We consider the following truncated theory of 11-dimensional supergravity compactified
on a Calabi-Yau three-fold [328, 329, 103, 491]:
L = √−g
[
−1
2
R− 1
4
e
2
3
ϕFµνF
µν − 1
4
e−
4
3
ϕGµνG
µν +
1
6
(∂µϕ)
2
]
− 1
4
√
2
ǫµνρσλFµνFρσBλ. (324)
This corresponds to the N = 2 theory with F = 1
6
CΛΣ∆X
ΛXΣX∆. The supersymmetry
transformations of the gravitino ψµ and the gaugino χ in the bosonic background are
δψµ = ∇µ ε+ 1
12
(Λ ρσµ − 4δ ρµ Γσ)(e
ϕ
3Fρσ − 1√
2
e−
2
3
ϕGρσ)ε,
38Note, lower-dimensional gravitational constant is expressed in terms of the D = 10 gravitational constant
and the volume of the internal space, i.e. a modulus.
39It is argued in [288] that singular D = 4 heterotic BPS rotating black holes can be described by regular
D = 5 BPS rotating black holes which are compactified through generalized dimensional reduction including
massive Kaluza-Klein modes.
93
δχ = − 1
2
√
3
Γµ∂µϕ ε+
1
4
√
3
Γρσ(e
ϕ
3 Fρσ +
√
2e−
2
3
ϕGρσ)ε. (325)
The model corresponds to the N = 2 supergravity with the graviphoton (e
ϕ
3Fρσ− 1√2e−
2
3
ϕGρσ)
coupled to one vector multiplet with the vector field component (e
ϕ
3 Fρσ +
√
2e−
2
3
ϕGρσ).
We consider the following D = 5 BPS rotating black hole solution [98, 609, 182] (Cf.
(263)) to the above theory:
ds2 =
(
1− r
2
0
r2
)2 [
dt− 4J sin
2 θ
π(r2 − r20)
dφ+
4J cos2 θ
π(r2 − r20)
dψ
]2
−
(
1− r
2
0
r2
)−2
dr2 − r2(dθ2 + sin2 θdφ2 + cos2 θdψ2). (326)
For this solution, the scalar ϕ is constant everywhere (double-extreme): e2ϕ = λ6. So,
from δχ = 0, one sees that the vector field in the vector multiplet vanishes, i.e. B = − λ3√
2
A,
from which one can express ϕ in terms of U(1) charges as:
e2ϕ =
8Q2F
π2Q2H
≡ λ6; QH ≡
√
2
4π2
∫
S3
e−4ϕ/3 ⋆ G, QF ≡
√
2
16π
∫
S3
e2ϕ/3 ⋆ F. (327)
Furthermore, the entropy is still expressed in terms of the central charge Zfix at the fixed
point, but modified by the non-zero angular momentum J :
S = π
√
Z3fix − J2. (328)
The argument can be extended to more general rotating solutions in the N = 2 super-
gravity coupled to nv vector multiplets with the gaugino supersymmetry transformations
δλa = − i
2
gab(ϕ)Γ
µ∂µϕ
b ε+
1
4
(
3
4
)2/3
tΛ,aΓ
µνFΛµν ε. (329)
From δλa = 0, one sees that at the fixed point (∂µϕ
a = 0) FΛµν = 0. So, the central charge is
extremized at the fixed point: ∂aZ = 0.
We discuss the enhancement of supersymmetry near the horizon [412, 138]. Since the
vector field in the vector multiplet is zero for (326), the solution is effectively described by
the pure N = 2 supergravity [265] with the graviphoton F˜ ≡
√
3
2
λF . The supersymmetry
transformation for the gravitino is
δψµ = ∇ˆµε = ∇ε+ 1
4
√
3
(ΓρσΓµ + 2Γ
ρδ σµ )F˜ρσ ε. (330)
The integrability condition for the Killing spinor equation δψµ = 0 is:
[∇ˆa, ∇ˆb] ε = Rˆab ε = 0, (331)
where the super-curvature Rˆab for the solution (326) is defined as
Rˆab = (r
2 − r20)
r6
Xab(1 + Γ
0). (332)
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Here, the explicit forms of matrices Xab, which can be found in [414], are unimportant for
our purpose. At the horizon (r = r0) and at infinity (r →∞), Rˆab = 0, thereby (331) does
not constraint the spinor ε, i.e. supersymmetry is not broken. However, for finite values of
r outside of the event horizon, for which Rˆab 6= 0, ε is constrained by the relation:
(1 + Γ0) ε = 0, (333)
indicating that 1/2 of supersymmetry is broken.
5.4.2 Generalization to N > 2 Case
The principle of minimal central charge is generalized to the N = 4, 8 cases by reducing
N = 4, 8 theories to N = 2 theories, and then by applying the formalism of N = 2 theories
[258]. For N ≥ 4 theories, there are more than 1 central charge eigenvalues Zi (i = 1, ..., [N2 ]).
The ADM mass of the BPS configuration is given by the max{|Zi|}. When the principle
of minimal central charge is applied to this eigenvalue, the smaller eigenvalues vanish and
all the scalar asymptotic values are expressed in terms of U(1) charges, only [259]. So, the
extremum of the largest central charge continues to depend on integer-valued U(1) charges,
only. The entropy of extreme black holes in each D has the universal dependence on the
extreme value of the largest central charge eigenvalue: S = A
4
= π|Zfix|α, where α = 2 [3/2]
for D = 4 [D = 5], regardless of the number N of supersymmetry.
Pure N = 4 Supergravity Pure N = 4 theory can be regarded as N = 2 supergravity
coupled to one N = 2 vector multiplet. This can also be regarded as either SU(2)× SO(4)
or SU(2) × SU(4) invariant truncation of N = 8 theory. The former corresponds to the
N = 2 theory with F (X) = −iX0X1 and the latter has no prepotential. These two theories
are related by the symplectic transformation [136]:
Xˆ0 = X0, Fˆ0 = F0, Xˆ
1 = −F1, Fˆ1 = X1, (334)
where the hat denotes the SU(4) model [165]. The SO(4) version [194, 164, 162] of the
D = 4, N = 4 supergravity action without axion is
I =
1
16π
∫
d4x
√−g
[
−R+ 2∂µϕ∂µϕ− 1
2
(e−2ϕF µνFµν + e2ϕG˜µνG˜µν)
]
, (335)
where the field strength G˜µν of the SO(4) theory is related to that Gµν of the SU(4) theory
as G˜µν = i
2
1√−ge
−2ϕǫµνρλGρλ.
The dilatino supersymmetry transformation is
1
2
δΛI = −γµ∂µφ εI + 1√
2
σµν(e−φFµναIJ − eφG˜µνβIJ)− εJ . (336)
At the fixed point (∂µφ = 0), the Killing spinor equations δΛI = 0 fix φ in terms of electric
and magnetic charges: e−2φfix = |q||p| . Then, writing δΛI = 0 at the fixed point in the form
(ZIJ)fix ε
J = 0, one learns [409] that
• pq > 0 case: ε3,4 non-vanishing, Z34 = 0 and MADM = |Z12|.
• pq < 0 case: ε1,2 non-vanishing, Z12 = 0 and MADM = |Z34|.
So, smaller eigenvalues, which correspond to broken supersymmetries, vanish and entropy is
given by the largest eigenvalue at the fixed point.
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N = 4 Supergravity Coupled to nv Vector Multiplets The target space manifold of
N = 4 supergravity coupled to nv vector multiplets is
SU(1,1)
U(1)
× O(6,nv)
O(6)×O(nv) with the first factor
parameterized by the axion-dilaton field S and the second factor by the coset representatives
LAΛ = (L
ij
Λ , L
a
Λ) (i, j = 1, 2, 3, 4, Λ = 1, ..., 6+ nv and a = 1, ..., nv) [84]. The central charge is
Zij = e
K/2[LΛijqΛ − SLij ΛpΛ], (337)
where K = −ln i(S − S¯) is the Ka¨hler potential for S.
At the fixed point, the gaugino Killing spinor equations δλai = 0 require that
SLaΛp
Λ − LaΛqΛ = 0. (338)
The dilatino Killing spinor equation δχi = 0 requires the following smaller of the central
charge eigenvalues to vanish:
|Z2|2 = 1
4
ZijZ¯ ij −
√
(ZijZ¯ ij)2 − 1
4
|ǫijklZijZkl|2
 , (339)
which fixes S at the fixed point. At the fixed point, the difference between two eigenvalues
|Z1|2 − |Z2|2 = 1
2
√
(ZijZ¯ ij)2 − 1
4
|ǫijklZijZkl|2 (340)
becomes independent of scalars and gives rise to the horizon area [178, 236]
A = 4π(MADM)fix = 4π|Z1 fix|2 = 2π
√
q2p2 − (q · p)2. (341)
N = 8 Supergravity The consistent truncation of N = 8 down to N = 2 is achieved
by choosing H ⊂ SU(8) such that 2 residual supersymmetries are H-singlet. Such theory
corresponds to N = 2 supergravity couple to 15 vector multiplets (nv = 15) and 10 hyper-
multiplets (nH = 10). (This is the upper limit on the number of matter multiplets that can
coupled to N = 2 supergravity.) Under N = 2 reduction of N = 8, SU(8) group breaks
down to SU(2) × SU(6), leading to the decomposition of 26 central charges ZAB of N = 8
into (1, 1) + (2, 6) + (1, 15) under SU(2)× SU(6). The SU(2) invariant part (1, 1) + (1, 15)
is (Z,DiZ), where Z is the N = 2 central charge. So, the horizon area is again A ∼ |Z|2.
For example, for type-IIA theory on T6/Z3 truncated so that only 2 electric and 2 magnetic
charges are nonzero, the central charge at the fixed point is product of U(1) charges, which
is black hole horizon area.
We consider the following truncation of N = 8 supergravity:
S =
1
16πG
∫
d4x
√−g
(
R− 1
2
[(∂η)2 + (∂σ)2 + (∂ρ)2]
− e
η
4
[eσ+ρ(F1)
2 + eσ−ρ(F2)2 + e−σ−ρ(F3)2 + e−σ+ρ(F4)2]
)
. (342)
This is a special case of STU model 40 [236] with the real parts of complex scalars zero
e−η = ImS ≡ s, e−σ = ImT ≡ t, e−ρ = ImU ≡ u. (343)
40This model also corresponds to T 2 part of type-IIA theory on K3 × T 2 or heterotic theory on T 4 × T 2.
See section 3.2.2 for the explicit action.
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The following black hole solution to this model is reparameterization [511] of the general
solution obtained in [178]:
d2s = −e2Udt2 + e−2Ud~x2, e4U = ψ1ψ3χ2χ4,
e−2η =
ψ1ψ3
χ2χ4
, e−2σ =
ψ1χ4
χ2ψ3
, e−2ρ =
ψ1χ2
ψ3χ4
,
F1 = ±dψ1 ∧ dt, F˜2 = ±dχ1 ∧ dt,
F3 = ±dψ3 ∧ dt, F˜4 = ±dχ4 ∧ dt, (344)
where
ψ1 =
(
e
η∞+σ∞+ρ∞
2 +
|q1|
r
)−1
, χ2 =
(
e
−η∞−σ∞+ρ∞
2 +
|p2|
r
)−1
,
ψ3 =
(
e
η∞−σ∞−ρ∞
2 +
|q3|
r
)−1
, χ4 =
(
e
−η∞+σ∞−ρ∞
2 +
|p4|
r
)−1
, (345)
and χ2,4 are magnetic potentials related to F˜2,4 = e
η±(σ−ρ) ⋆ F2,4. The ADM mass of (344) is
MADM =
1
4
(
stu|q1|+ s
tu
|q3|+ u
st
|P2|+ t
su
|p4|
)
. (346)
By minimizing (346) with respect to s, t, u, one obtains the ADM mass at the fixed point
[178]:
(MADM)fix = |q1p2q3p4|1/4, (347)
and finds that the smaller central charges are zero at the fixed point.
This result is proven in general setting as follows. We consider the N = 8 supersymmetry
transformations [160] of gravitinos ΨµA and fermions χABC at the fixed point:
δΨµA = DµεA + ZABµνγ
νεB, δχABC = Z[ABµνσ
µνεC], (348)
where A = 1, ..., 8 labels supercharges of N = 8 theory. We truncate the Killing spinors
as
εa = 0, εi = {ε1, ε2 6= 0, ε3 = ε4 = 0}, (349)
where 6 supersymmetries are projected onto null states. Here, we splitted the index A as
A = (i, a) in accordance with the breaking of SU(8) to SU(4) × SU(4). By bringing ZAB
to a block diagonal form [264] through SU(8) transformation (See section 2.2, for details.),
one finds that the supersymmetry variations of ψµ a, χabc and χaij vanish due to (349) and
the block diagonal choice of ZAB. From δχiab = 0, one finds that Zab = 0 (i.e. Z3 = Z4 = 0)
and from δχijk = 0, one finds that Z2 = 0. So, we proved within the class of configurations
characterized by truncation (349) that the condition for unbroken supersymmetry requires
the smaller central charges to vanish. And the largest central charge at the fixed point gives
the ADM mass and the horizon area.
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Five-Dimensional Theories N = 1, N = 2 and N = 4 theories in D = 5 [328, 329, 27,
213, 103, 491, 11] have 1, 2 and 3 central charges, respectively. At the fixed point, the largest
central charge is minimized and the smaller central charges vanish. The horizon area is given
in terms of the central charge at the fixed point by A = 4πZ
3/2
fix . The general expressions for
the (largest) central charge at the fixed point for each case are as follows:
• N = 1 theory: Zfix =
√
dAB(q)−1qAqB, where dAB(q)−1 is the inverse of dAB =
dABCt
C(z) evaluated at the fixed point [258].
• N = 2 theory: Zfix = (QHQ2F )1/3, where QH is a charge of the 2-form potential and
Q2F is the Lorentzian (5, nv) norm of other 5 + nv charges [580].
• N = 4 theory: Zfix =
(
qijΩ
jlqlmΩ
mnqnpΩ
pi
)1/3
, where qij is 27 quantized charges
transforming under E6(Z) and Ω
ij ∈ Sp(8) is traceless.
5.5 Double Extreme Black Holes
We discuss the most general extreme spherically symmetric black holes in N = 2 theories
in which all the scalars are frozen to be constant all the way from the horizon (r = 0) to
infinity (r → ∞) [415], called double-extreme black holes 41. For this case, the ADM mass
(or the largest central charge) takes the minimum value (related to the horizon area) and,
therefore, is equal to the Bertotti-Robinson mass. Whereas all the scalars are restricted to
take values determined by U(1) charges, all the U(1) charges can take on arbitrary values.
Double-extreme black holes are also of interests since they are the minimum-energy extreme
configurations in a moduli space for given charges.
The general double-extreme solution is obtained by starting from the spherically sym-
metric Ansatz for metric
ds2 = e2Udt2 − e−2Ud~x2, U(r)→ 0, as r →∞, (350)
and assuming that all the scalars are constant everywhere (∂µz
i = 0 and ∂µq
u = 0) and that
consistency condition F− i = 0 for unbroken supersymmetry is satisfied. Since all the scalars
are constant, the spacetime is that of extreme Reissner-Nordstrom solution:
e−U = 1 +
M
r
. (351)
By solving the equations of motion following from (292), one obtains
FΛ = e2U 2Q
Λ
r2
dt ∧ dr − 2P
Λ
r2
rdθ ∧ rsinθdφ. (352)
41After the first draft of this chapter is finished, more general class of N = 2 supergravity black hole
solutions [522, 521, 61, 60, 520], which include general rotating black holes and Eguchi-Hanson instantons,
are constructed. These solutions are entirely determined in terms of the Kahler potential and the Kahler
connection of the underlying special geometry, where also the holomorphic sections are expressed in terms of
harmonic functions. Such general class of solutions turns out to be very important in addressing questions
related to the conifold transitions in type II superstrings on Calabi-Yau spaces, when they become massless
[60].
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From equations of motion along with (350)−(352), one obtains the ADM mass M in
terms of the electric QΛ and magnetic PΣ charges of FΛ:
M2 = −2ImNΛΣ(QΛQΣ + PΛPΣ). (353)
The U(1) charges (PΣ, QΛ) are related to the symplectic charges Q = (qΛ(m), q(e)Σ ) =
(
∫ FΛ, ∫ GΣ) as:(
qΛ(m)
q
(e)
Σ
)
=
(
2PΛ
2(ReNΛΣ)PΛ − 2(ImNΛΣ)QΛ
)
. (354)
In terms of (qΛ(m), q
(e)
Σ ), M is expressed as
42
M2 = −1
2
(
qΛ(m), q
(e)
Λ
) ( (ImN +ReN ImN−1ReN )ΛΣ (−ReN ImN−1) ΣΛ
(−ImN−1ReN ) ΛΣ (ImN−1)ΛΣ
)
×
(
qΣ(m)
q
(e)
Σ
)
= |Z|2 + |∇aZ|2. (355)
From the consistency condition F−a = 0 for unbroken supersymmetry, one has ∇aZ = 0,
which is equivalent to ∂aZ = 0. So, the ADM mass of double extreme black holes is
M = |Z|∇aZ=0 with scalars constrained to take values defined by ∇aZ = 0. By solving
∇aZ = 0, one obtains the following relation between (q(e), q(m)) and the holomorphic section
(LΛ,MΣ):(
qΛ(m)
q
(e)
Σ
)
= Re
(
2iZ¯LΛ
2iZ¯MΣ
)
, (356)
which can be solved to express (L,M) in terms of (q(e), q(m)). Since the ADM mass M for
double-extreme solutions obeys the stabilization equations (356), the entropy is related to
the ADM mass as:
S = πMα, (357)
where α = 2 [3/2] for the D = 4 [D = 5] solutions.
5.5.1 Moduli Space and Critical Points
We have seen that the BPS condition requires scalars at the event horizon take their fixed
point values expressed in terms of quantized electric/magnetic charges and, thereby, the
(largest) central charge at the event horizon is related to the black hole entropy. In this
subsection, we point out that such property of extreme black holes at the fixed point can
be derived from bosonic field equations and regularity requirement of configurations near
the event horizon without using supersymmetry [254]. For non-extreme configurations, the
horizon area has non-trivial dependence on (continuous) scalar asymptotic values.
We consider the following general form of Bosonic Lagrangian
L = √−g
[
−1
2
R+ 1
2
Gab∂µφ
a∂νφ
bgµν − 1
4
µΛΣFΛµνFΣλρgµλgνρ
42The other sum rule for Z and Za is |Z|2 − |Za|2 = − 12QTM(F)Q.
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−1
4
νΛΣFΛµν ⋆FΣλρgµλgνρ
]
, (358)
where FΛµν ≡ ∂µAΛν − ∂νAΛµ are Abelian field strengths with charges (pΛ, qΛ) =
( 1
4π
∫ FΛ, 1
4π
∫
[µΛΣ ⋆ FΣ + νΛΣFΣ]) and µΛΣ, νΛΣ are moduli dependent matrices. We re-
strict our attention to static Ansatz for the metric
ds2 = e2Udt2 − e−2Uγmndxmdxn, (359)
where for spherically symmetric configurations
γmndx
mdxn =
c4dτ 2
sinh4 cτ
+
c2
sinh2 cτ
(dθ2 + sin2 θdϕ), (360)
where τ runs from−∞ (horizon) to 0 (spatial infinity). The function U satisfies the boundary
conditions U → cτ as τ → −∞ and U(0) = 1.
The equations of motion for U(τ) and φa(τ) can be derived from the following 1-
dimensional action
Lgeod =
(
dU
dτ
)2
+Gab
dφa
dτ
dφb
dτ
+ e2UV (φ, (p, q)), (361)
describing geodesic motion in a potential V = (p q)
(
µ+ νµ−1ν νµ−1
µ−1ν µ−1
)(
p
q
)
and with the
constraint(
dU
dτ
)2
+Gab
dφa
dτ
dφb
dτ
− e2UV (φ, (p, q)) = c2. (362)
where a constant c is related to the entropy S and temperature T as c2 = 2ST .
For non-extreme configurations, where scalars φa have non-zero scalar charges Σa (φa ∼
φa∞ +
Σa
r
), the first law of thermodynamics is modified [297] to
dM =
κdA
8π
+ ΩdJ + ψΛdqΛ + χΛdp
Λ −Gab(φ∞)Σbdφa, (363)
whereas the Smarr formula remains in a standard form. Σa vanish iff φa take the values
which extremize M , i.e. double extreme solutions (i.e. φa(τ) = φa∞), provided Vab = ∇a∇bV
is non-negative (convexity condition). Here, ∇a is the Levi-Civita covariant derivative with
respect to the scalar manifold metric Gab. (This can also be directly seen from
(
∂M
∂φa
)
A,J,p,q
=
−Gab(φ∞)Σb.) For this case, φa∞ have to extremize V , i.e.
(
∂V
∂φa
)
φa∞
= 0, so that φa are
regular near the horizon and have fixed values in terms of conserved charges (pΛ, qΛ). The
bound A ≤ 4πV (p, q, φhorizon), which is derived from the requirement of finite event horizon
area A together with the constraint (362), is saturated for the (double) extreme case.
Since U → Mτ as τ → 0, one obtains the following relation from (362):
M2 +GabΣ
aΣb − V (φa∞) = 4S2T 2, (364)
which states that the total self-force on black holes due to the attractive forces of gravity
and scalars is not exceeded by the repulsive self-force due to vectors. The net force on black
holes vanishes only in the extreme case (c2 = 0). In the double-extreme case, the ADM mass
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is given by V at the fixed point, i.e. M2 = V (p, q, φafix) with the fixed values φ
a
fix of scalars
determined by
(
∂V (φ,p,q)
∂φa
)
fix
= 0, since c = 0 = Σa. From this, one obtains the bound on
the ADM mass M(S, φ∞, (p, q)) ≥ M(S, φfix, (p, q)). Note, these results are derived only
from the requirement of regularity of configurations near the event horizon without using
supersymmetry.
We specialize to the case where the target space manifold is a Ka¨hler manifold spanned
by complex scalars zi with Ka¨hler potential K: Gabdφ
adφb = ∂
2K
∂zi∂z¯j
dzidz¯j . We consider the
bosonic action of N = 2 supergravity coupled to vector multiplets
LN=2 = −1
2
R+Gij¯∂µzi∂ν z¯j¯gµν + ImNΛΣFΛµνFΣλρgµλgνρ
+ReNΛΣFΛµν ⋆ FΣλρgµλgνρ. (365)
The moduli dependent matrices µΛΣ and νΛΣ in (358) are given by ν + iµ = −N . So, V in
(361) has the form V (p, q, φa) = |Z(z, p, q)|2 + |DiZ(z, p, q)|2, where Z is the central charge
and DiZ is its Ka¨hler covariant derivative. By applying properties of special geometries, one
obtains the following ADM mass and scalar charges
M = |Z|(z0, p, q), Σi = Gij¯D¯j¯Z¯. (366)
By applying the general results in the previous paragraph, one can see that at the critical
points of V (∂iV = 0), where Σ
i = 0, Z is extremized: DiZ = 0 = D¯k¯Z¯. Since the second
covariant derivative of |Z| at the critical point coincides with the partial (non-covariant)
second derivative, one has (∂¯i¯∂j |Z|)cr = 12Gi¯j |Z|cr. So, when Gi¯j is positive [negative] at
the critical point, M at the critical point reaches its minimum [maximum]. Generally, when
Gi¯j changes its sign and becomes negative, some sort of a phase transition occurs and the
effective Lagrangian breaks down unless new massless states appear.
5.5.2 Examples
In the following, we discuss the explicit expression for M in the metric component (351)
with specific prepotentials.
Axion Dilaton Black Holes The axion-dilaton black holes in the SO(4) [SU(4)] formu-
lation of pure N = 4 supergravity can be regarded as black holes in N = 2 supergravity
coupled to one vector multiplet with the prepotential F = −iX0X1 [without prepotential].
The holomorphic sections and U(1) charges of SU(4) theory [165] (with hats) are related to
those of SO(4) theory [194, 164, 162] (without hats) as [212, 136, 133]:
Xˆ0 = X0, Fˆ0 = F0, Xˆ
1 = −F1, Fˆ 1 = X1,
qˆ0(m) = q
0
(m), qˆ
(e)
0 = q
(e)
0 , qˆ
1
(m) = −q(e)1 , qˆ(e)1 = q1(m). (367)
First, we discuss the SO(4) case. We choose the gauge X0 = 1. Then, the prepotential
F = −iX0X1 yields the Ka¨hler potential eK = 1
2(z+z¯)
(z ≡ X1
X0
) 43 and (356) can be solved
to fix the moduli z in terms charges:
z =
q
(e)
0 − iq1(m)
q
(e)
1 − iq0(m)
. (368)
43From this expression for K, one sees that the real part of the moduli z has to be positive, leading to the
constraint Re z = |q(e)0 q(e)1 + q0(m)q1(m)|.
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So, one has central charge in terms of U(1) charges:
Z = LIq
(e)
I −MIqI(m) =
q(e)0 q(e)1 + q0(m)q1(m)
(q
(e)
1 )
2 + (q0(m))
2
1/2 (q(e)1 + iq0(m)), (369)
by solving (356). This leads to the ADM of the double-extreme black hole:
M2 = |Z|2 = |q(e)0 q(e)1 + q0(m)q1(m)|. (370)
The corresponding expressions in the SU(4) theory are obtained by applying the trans-
formations (367). The moduli field and the ADM mass are [410, 401]
z =
qˆ
(e)
1 + iqˆ
(e)
0
qˆ0(m) − iqˆ1(m)
, M2 = |Z|2 = |qˆ0(m)qˆ(e)1 − qˆ(e)0 qˆ1(m)|. (371)
N = 2 Heterotic Vacua The effective field theory of N = 2 heterotic string is described
by the N = 2 theory with a prepotential [5, 6]
F = −X
1
X0
[
X2X3 −
n+1∑
i=4
(X i)2
]
. (372)
This prepotential corresponds to the manifold SU(1,1)
U(1)
× SO(2,n)
SO(2)×SO(n) [266, 209] with the first
factor parameterized by the axion-dilaton field S = −iX1/X0 = −iz1 and the second factor
being the special Ka¨hler manifold parameterized by n complex moduli zi = X i/X0 (i =
2, ..., n + 1). S belongs to a vector multiplet and the remaining vector multiplets with the
scalar components zi are associated with the U(1) gauge fields in the left moving sector of
heterotic string. In particular, the n = 2 case is the STU -model [59, 119] with the complex
scalars S, T and U parameterizing each SL(2, R) factor of the moduli group. S, T and U
are related to zi as
z1 = iS, z2 = iT, z3 = iU, (373)
and, therefore, the prepotential takes the form:
F = −STU. (374)
It is convenient to apply a singular symplectic transformation [136] (defined asX1 → −F1
and F1 → −X1) on (XΛ, FΣ) to bring it to the form [135]:(
XΛ
FΣ
)
=
(
XΛ
SηΣΛX
Λ
)
. (375)
In this basis, theory has a uniform weak coupling behavior as ImS →∞ and the holomorphic
section satisfies the constraints
〈X|X〉 = 〈F |F 〉 = X · F = 0. (376)
Here, 〈A|B〉 ≡ AΛηΛΣBΣ = AΛηΛΣBΣ and A · B ≡ AΛBΛ with
ηΛΣ =
L 0 00 L 0
0 0 −I
 ; L ≡ ( 0 1
1 0
)
. (377)
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By solving (356), along with (375), one fixes S in terms of U(1) symplectic charges and
obtains the ADM mass of double extreme solution [178, 236]:
S =
q(m) · q(e)
〈q(m)|q(m)〉 + i
√
〈q(m)|q(m)〉〈q(e)|q(e)〉 − (q(m) · q(e))2
〈q(m)|q(m)〉 ,
M2 = |Z|2 =
√
〈q(m)|q(m)〉〈q(e)|q(e)〉 − (q(m) · q(e))2 = (ImS)〈q(m)|q(m)〉. (378)
Cubic Prepotential We consider the following general form of cubic prepotential [161]:
F = dabc
XaXbXc
X0
, a, b, c = 1, ..., nv. (379)
The nv = 3 case is the STU model [208, 59].
By solving (356), along with (379), one obtains the ADM mass at the fixed point in the
moduli space [571]:
M2 =
1
3q0(m)
√
4
3
(∆ax˜a)2 − 9[q0(m)(~q(m) · ~q(e))− 2D]2, (380)
where D ≡ dabcqa(m)qb(m)qc(m), Da ≡ dabcqb(m)qc(m) and ∆a ≡ 3Da − q0(m)q(e)a . Here, x˜a in (380)
are real solutions to the system of equations:
dabix˜
ax˜b = ∆i. (381)
The moduli are fixed in terms of the symplectic U(1) charges as
za =
3
2
x˜a
q0(m)(∆cx˜
c)
[q0(m)(~q(m) · ~q(e))− 2D] +
qa(m)
q0(m)
− i3
2
x˜a
(∆cx˜c)
M2. (382)
When q0(m) = 0, (356) can be solved explicitly to yield the ADM mass:
M2 =
√
D
3
(q
(e)
a Da + 12q
(e)
0 ), (383)
where Dab ≡ dabcqc(m), Dab ≡ [D−1]ab and Da ≡ Dabq(e)b . And the moduli za take the following
fixed point value in terms of the symplectic charges:
za =
Da
6
− iq
a
(m)
2
DM2. (384)
When the prepotential (379) has an extra topological term [374, 451, 54]
∑nv
a=1
c2·Ja
24
za,
one only needs to apply the symplectic transformation [136, 54] with the matrix
(
1 0
W 1
)
∈
Sp(2nv +2), where the non-zero components of WΛΣ are W0a =
c2·Ja
24
. Then, the ADM mass
is given by (380) or (383) with the symplectic charges (~q(m), ~q
(e)) replaced by
q˜
(e)
Λ = q
(e)
Λ −WΣΛqΣ(m);
{
q˜
(e)
0 = q
(e)
0 − c2Ja24 qa(m)
q˜(e)a = q
(e)
a − c2Ja24 q0(m)
. (385)
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CP (n−1, 1)Model The CP (n−1, 1) ≡ SU(1,n)
SU(n)×U(1) model has the isometry group SU(1, n).
The n = 1 case is the axion-dilaton black holes [409, 404, 83, 415]. The form of prepotential
depends on the way in which SU(1, n,Z) is embedded into Sp(2n+ 2,Z) [523].
For the Sp(2n+ 2,Z) embedding Ω =
(
A B
C D
)
of M = U + iV ∈ SU(1, n) given by:
A = U, C = ηV, B = V η, D = ηUη, (386)
where η is an SU(1, n) invariant metric, the holomorphic prepotential is
F =
i
2
X tηX. (387)
For this case, X transforms as a vector under SU(1, n), i.e. X →MX, and the moduli space
is parameterized by φ = (φ0, ..., φn+1)T as φ0 = 1√
Y
and φa = z
a√
Y
with Y = 1−∑a zaz¯a. In
general, the ADM mass of the extreme solution has the form [524]:
M2BPS =
|mc − nct−QicAi|2
2(1− tt¯−∑i AiA¯i) , (388)
where
mc ≡ q(e)0 + iq0(m), nc ≡ iq1(m) − q(e)1 , Qic ≡ iqi(m) − q(e)i ,
t ≡ X
1
X0
, Ai ≡ X
i
X0
. (389)
For the following fixed-point values of the moduli fields, which satisfy (356),
t¯ =
nc
mc
, A¯i = Qic
mc
, (390)
the ADM mass M takes the minimum value [524]
M2 =
1
2
(
|mc|2 − |nc|2 − |Qic|2
)
= π ( q(e) q(m) )
(
η 0
0 η
)(
q(e)
q(m)
)
. (391)
For other embedding Ω′ = SΩS−1 of SU(1, n) into Sp(2n+2) related via the symplectic
transformation S ∈ Sp(2n + 2), the ADM mass is given in terms of new symplectic U(1)
charges (~q(e) ′ ~q ′(m))
T = (~q(e) ~q(m))S
−1 by [524]
M2 = π ( ~q(e) ′ ~q ′(m) )S
(
η 0
0 η
)
ST
(
~q(e) ′
~q ′(m)
)
. (392)
General Quadratic Prepotential We discuss the case where the lower-component of V
is proportional to the upper component [62]:(
LI
MJ
)
=
(
LI
ΣJKL
K
)
, (393)
where ΣIJ = αIJ − iβIJ with real matrices αIJ and βIJ . Note, it is sufficient to consider the
case where ΣIJ = −iβIJ , since the most general case with αIJ 6= 0 is achieved by applying
the symplectic transformation 44
(
1 0
αIJ 1
)
∈ Sp(2n+2) on the configuration with αIJ = 0.
44The ADM mass and entropy transform under this symplectic transformation similarly as (392).
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By solving (356) with (393), one obtains the ADM mass
M2 =
i
2
( ~q(e) ~q(m) )
(
(Σ¯− Σ)−1 (Σ− Σ¯)−1Σ
Σ¯(Σ− Σ¯)−1 Σ¯(Σ¯− Σ)−1Σ
)(
~q(e)
~q(m)
)
=
1
2
( ~q(e) ~q(m) )
(
β−1 −β−1α
−αβ−1 β + αβ−1α
)(
~q(e)
~q(m)
)
. (394)
The case Σ = −iη, where η is an SU(1, n) invariant metric, is the CP (n− 1, 1) model, i.e.
(394) reduces to (391).
The most general extreme solution to this model has the form [597]:
ds2 = −e−2Udt2 + e2Ud~x · d~x,
F Iµν = ǫµνρ∂ρ H˜
I , GJ µν = ǫµνρ∂ρHJ ,
Y ≡ Z¯L = i(Σ− Σ¯)−1(Σ¯H˜ −H), (395)
where
e2U = i (HT H˜T )
(
(Σ¯− Σ)−1 (Σ− Σ¯)−1Σ
Σ¯(Σ− Σ¯)−1 Σ¯(Σ¯− Σ)−1Σ
)(
H
H˜
)
,
H˜I = (h˜I +
qI(m)
r
), HJ = (hJ +
q
(e)
J
r
). (396)
The asymptotically flatness condition leads to the following constraint on h˜I and hJ in (396):
( hT h˜T )
(
(Σ¯− Σ)−1 (Σ− Σ¯)−1Σ
Σ¯(Σ− Σ¯)−1 Σ¯(Σ¯− Σ)−1Σ
)(
h
h˜
)
= −i. (397)
5.6 Quantum Aspects of N = 2 Black Holes
Supersymmetric field theories respect remarkable perturbative non-renormalization theo-
rems. In N = 1 theories, superpotentials are not renormalized in perturbation theory
[321, 375]. N ≥ 4 theories are finite to all orders in perturbative quantum corrections
[573, 473]. So, the classical BPS solutions in N ≥ 4 theories are exact to all orders in pertur-
bative corrections. (Cf. Some classical solutions of N = 4 theories are also exact solutions
[607, 608, 369, 370, 371, 518, 47, 48, 173, 174] of conformal σ-model of string theory and,
therefore, exact to all orders in α′-corrections.) For N = 2 theories, prepotentials, which
determine the Lagrangians, receive perturbative quantum corrections up to one-loop level
[548, 321, 209, 9]. Hence, one has to study quantum effect on prepotentials for complete
understanding of solutions in N = 2 theories.
In the following, we study the quantum aspects of black holes in the effective N = 2
theories of compactified superstring theories. It is conjectured that the E8 × E8 heterotic
string on K3 × T 2 and the type-II string on a Calabi-Yau manifold are a N = 2 string
dual pair [397, 257, 418, 13, 25, 396, 14, 119]. Since the dilaton-axion field S belongs
to a vector multiplet [hyper multiplet] of the heterotic [type-II] theory, moduli space of
hyper multiplet [prepotential for a vector multiplet] is exact at the tree level, due to the
absence of neutral perturbative couplings between vector multiplets and hypermultiplets
[435, 418, 13, 167, 168, 118]. Thus, applying the duality between heterotic and type-II strings,
one can compute the exact prepotential for vector multiplets [hyper multiplet superpotential]
of the heterotic [type-II] theory.
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The prepotentials of the N = 2 effective field theories of these string theories contain the
cubic terms:
F (X) = dabc
XaXbXc
X0
, (398)
plus correction terms that include part of quantum corrections, instanton and topological
terms which cannot be included in (398). For the type-IIA string on a Calabi-Yau three-fold,
real coefficients dabc are the topological intersection numbers dabc ≡ ∫ Ja ∧ Jb ∧ Jc, where
Ja ∈ H1,1(Y,Z) are the Ka¨hler cone generators. For the heterotic string on K3 × T 2, dabc
describe the classical parts and the non-exponential parts of perturbative corrections to the
prepotential. The Ka¨hler potential associated with (398) is
K(z, z¯) = − log
(
−idabc(z − z¯)a(z − z¯)b(z − z¯)c
)
. (399)
General double-extreme black holes and a special class of extreme black holes with non-
constant scalars of the N = 2 theory with (398) are discussed in [50]. In the following, we
study the effect of the quantum correction terms of the prepotential on the classical solutions
[123, 54, 514, 50, 51].
5.6.1 E8 × E8 Heterotic String on K3× T 2
At generic points in moduli space, the E8×E8 heterotic string onK3×T 2 is characterized by
65 gauge-neural hypermultiplets 45 (20 from the K3 surface and 45 from the gauge bundle)
and 19 vectors (18 from vector multiplets and 1 from the gravity multiplet). So, the moduli
za (a = 1, ..., nv) in the vector multiplets consist of the axion-dilaton S, the T
2 moduli T
and U , and Wilson lines V i (i = 1, ..., nv − 3):
z1 = iS, z2 = iT, z3 = iU, zi+3 = iV i. (400)
We denote the moduli other than S as Tm (m = 2, ..., nv). The number of Wilson lines
V i (or the generic unbroken Abelian gauge group U(1)nv+1 with one of U(1) factors coming
from the gravity multiplet) depends on the choice of SU(2) bundles with instanton numbers
(d1, d2) = (12 − n, 12 + n) [397, 116, 4]. For example, the STU model (i.e. the complete
Higgsing of the D = 6 gauge group E7 ×E7) is possible for n = 0, 1, 2.
Since prepotentials of N = 2 theories are not renormalized beyond one-loop perturbative
levels, the prepotentials are written in the form [136, 209, 10, 9]:
F = F (0) + F (1) + F (NP ), (401)
where F (0) is the tree-level prepotential and F (1) [F (NP )] is the one-loop [non-perturbative]
correction. The classical moduli space of the E8×E8 heterotic string on K3×T 2 is SU(1,1)U(1) ⊗
SO(2,nv−1)
SO(2)×SO(nv−1) [266, 255, 263, 272, 132, 135, 136] with S residing in the separate moduli space
SU(1,1)
U(1)
. The tree-level prepotential is
F (0) = −X
1
X0
[
X2X3 −
nv∑
i=4
(X i)4
]
= −S
[
TU −∑
i
(V i)2
]
, (402)
45The scalar components of the remaining hypermultiplets in 56 of E7 are not spectrum-preserving moduli,
since their non-zero vacuum expectation values induce mass for some of the non-Abelian fields, resulting in
change in the spectrum of light particles in the effective theories.
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with the corresponding tree-level Ka¨hler potential:
K(0) = − log(S + S¯)− log
[
(T + T¯ )(U + U¯)−∑
i
(V i + V¯ i)2
]
. (403)
Since the dilaton is the loop-counting parameter of the heterotic string, F (1) is independent
of S: F (1) = h(Tm) with the infinite series terms exponentially suppressed in the decompact-
ification limit of large moduli. Non-perturbative corrections arise from the spacetime gauge
or gravitational instantons [550, 551, 436, 19], and give rise to holomorphic but exponentially
suppressed corrections. So, the heterotic prepotential has the form:
F = −S
[
TU −∑
i
(V i)2
]
+ h(Tm) + fNP (e−2πS, Tm). (404)
Since the T -duality is an exact symmetry of the heterotic string to all orders in pertur-
bation, the one-loop correction h(Tm) [209, 9, 338, 352, 427, 428, 429, 430, 118, 117] has
to have an well-defined T -duality transformation properties [209, 9]. For models with one
Wilson line 46 (STUV -model) [117],
h(T, U, V ) = pn(T, U, V )− c− 1
4π3
∑
k,l,b∈Z
(k,l,b)>0
cn(4kl − b2)Li3(e[ikT + ilU + ibV ]), (405)
where c = cn(0)ζ(3)
8π3
and e[x] = exp 2πix. Here, cn(4kl − b2) are the expansion coefficients
of particular Jacobi modular form [117] and pn(T, U, V ) is the one-loop cubic polynomial,
which depends on the particular instanton embedding n, given by [70, 451, 117]
pn(T, U, V ) = −1
3
U3 − (4
3
+ n)V 3 + (1 +
1
2
n)UV 2 +
1
2
nTV 2. (406)
Perturbative Corrections In section 5.5.2, we obtained the general expression for en-
tropy (or the ADM mass of the double extreme black hole) in the tree level effective theory
of the heterotic string on K3 × T 2. (See (378) for the tree level expression.) The entropy
depends on the symplectic charge vector Q = (q(m) q(e)) through the full triality invariant
form D = 〈q(m)|q(m)〉〈q(e)|q(e)〉 − (q(m) · q(e))2 [123] and is invariant under T -duality since the
dilaton ImS and the combination 〈q(m)|q(m)〉 remain intact under T -duality [136, 209, 123].
Once perturbative quantum corrections are considered, T -duality transformations get
modified due to the one-loop corrections to the prepotential:
F = F (0) + F (1) = −S
[
TU −∑
i
(V i)2
]
+ h(Tm), (407)
where the one-loop correction term h(Tm) is independent of the axion-dilaton field S =
−iX1/X0. For the purpose of discussing duality transformations, it is convenient to go to
the symplectic basis, applying the transformations [255, 272, 132, 136, 209]
X1 → Xˆ1 = F1, F1 → Fˆ1 = −X1, (408)
46This is possible for the instanton embedding with n = 0, 1, 2.
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with the corresponding tree-level holomorphic section taking the form (375) in the new basis.
(In this basis, the theory has a uniform weak coupling behavior as ImS → ∞.) Since one-
loop corrections are independent of X1, the relation Xˆ1 = F1 is not modified at one loop
level and, as a result, XˆΛ still satisfies the constraint 〈Xˆ|Xˆ〉 = 0 at one-loop level. However,
FˆΛ gets modified due to the perturbative correction F
(1) in the following way [12] (Cf. See
(375) for the tree-level expression):
FˆΛ = SηΛΣXˆ
Σ + F
(1)
Λ , (409)
where F
(1)
Λ ≡ ∂F (1)/∂XΛ. Note, F (1)1 keeps the classical value.
Whereas XˆΛ transforms exactly the same way as in classical theory, the T -duality trans-
formation rules of FˆΛ get modified at one-loop level due to the modification of prepotential
[209, 338, 9, 121]:
XˆΛ → UˆΛΣXˆΣ, FˆΛ → [(UˆT )−1] ΣΛ FˆΣ + [(UˆT )−1C]ΛΣXˆΣ, (410)
where U ∈ SO(2, 2 + n,Z) and the symmetric integral matrix C encodes the quantum
corrections. From the relation X1 = −Fˆ1 = −iSXˆ0, one sees that S is no longer invariant
under the perturbative T -duality transformation (410), but transforms as [209]
S → S + i[(Uˆ
T )−1] Σ1 (H
(1)
Σ + CΣ∆Xˆ∆)
Uˆ0ΛXˆ
Λ
. (411)
Note, 〈q(m)|q(m)〉 in the classical expression (378) is still invariant under the perturbative
T -duality, but the dilaton ImS transforms under the perturbative T -duality (411). Since
superstring theories are exact under T -duality order by order in perturbative corrections,
one expects entropy to be invariant under T -duality. One way of making entropy to be
manifestly invariant under T -duality is to introduce the invariant dilaton-axion field Spert
[209, 338] which do not transform under T -duality. This motivates the following conjectured
expression for entropy at one-loop level [123]:
Spert = π|Zpert|2 = π(ImSpert)〈p(m)|p(m)〉. (412)
The perturbative dilaton ImSpert is understood as follows. The perturbative prepotential
(407) leads to the following perturbative Ka¨hler potential [209]
K = − log
[
(S + S¯) + VGS(T
m, T¯m)
]
− log
[
(Tm + T¯m)ηmn(T
n + T¯ n)
]
, (413)
where
VGS(T
m, T¯m) =
2(h+ h¯)− (Tm + T¯m)(∂Tmh + ∂T¯m h¯)
(Tm + T¯m)ηmn(T n + T¯ n)
(414)
is the Green-Schwarz term [450, 203, 124] describing the mixing of the dilaton with the other
moduli Tm. From this expression for K, one infers that the true string perturbative coupling
constant gpert is of the modified form:
4π
g2pert
=
1
2
(
S + S¯ + VGS(T
m, T¯m)
)
. (415)
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One can prove this conjectured form (412) of the perturbative entropy by solving (356) with
(407) substituted.
In the following, as examples of quantum corrections to N = 2 black holes, we find
explicit expressions of entropy for the axion-free (Re za = 0) solution with special forms of
the perturbative prepotential. We assume that 2Y 0 − ip0 = Y 0 + Y¯ 0 ≡ λ 6= 0. Note, the
symplectic magnetic charge in the perturbative basis defined by(408) is expressed in terms
of the charges pλ and qΣ in the original basis as qˆ(m) = (p
0, q1, p
2, ...). By solving the stability
equation Π− Π¯ = iQ with the following perturbative prepotential
F (Y ) =
dabcY
aY bY c
Y 0
+ ic(Y 0)2, Y Λ ≡ Z¯XΛ, (416)
one obtains the following expression for the entropy (Cf. See (323).):
S
π
= −2(q0 − 2cλ)
[
λ+
(p0)2
λ
]
. (417)
Here, λ in (417) is obtained by solving the following equation derived from (356):
q0 =
dabcp
apbpc
λ2
+ 2cλ, qa = −3p
0
λ2
dabcp
bpc. (418)
For the case cp0 6= 0, one can express λ in terms of charges as
λ =
3p0q0 + p
aqa
6cp0
, (419)
from which one sees that charges satisfy the following constraint when cp0 = 0:
3p0q0 + p
aqa = 0. (420)
For the case c = 0 and q0 6= 0, λ is
λ = ±
√
dabcpapbpc
q0
, (421)
with the sign ± determined by the condition q0λ < 0 that the entropy should be positive.
As a special case, when c = p0 = 0 the entropy is
S
π
= 2
√
q0dabcpapbpc, (422)
with the solution having only nv + 1 independent charges, i.e. qa = 0. In particular, with
the cubic prepotential F (Y ) = −bY 1Y 2Y 3
Y 0
+ a (Y
3)3
Y 0
, the entropy (422) becomes
S
π
= 2
√
−q0 (bp1p2p3 − a(p3)3). (423)
The explicit solution with non-constant scalar fields is obtained by just substituting the
symplectic charges by the associated harmonic functions in the stabilization equations. For
the case where the prepotential is the general cubic prepotential, i.e. (416) with c = 0, the
solution has the form [50]:
ds2 = −e−2Udt2 + e2Ud~x · d~x, e2U =
√
H0dabcHaHbHc,
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F amn = ǫmnp∂pH
a, F0 0m = ∂m (H0)
−1, za = iH0Hae−2U , (424)
where the harmonic functions in the solution are
Ha =
√
2
(
ha +
pa
r
)
, H0 =
√
2
(
h0 +
q0
r
)
. (425)
Here, the constants h’s are constrained to satisfy the asymptotically flat spacetime condition:
4h0
1
6
Cabch
ahbhc = 1, (426)
and, therefore, the ADM mass of the solution is
M =
q0
4h0
+
1
2
pah0Cabch
bhc. (427)
When h’s take the values at the horizon expressed in terms of charges as h0 = q0/c and
ha = pa/c, the ADM mass (427) reduces to the entropy S = πM2|min in (422).
As a special case, we consider the following prepotential corresponding to the STU model
with the a cubic quantum correction:
F =
X1X2X3
X0
+ a
(X3)3
X0
. (428)
For this case, the metric component has the form
e4U = 4(h0 +
q0
r
)
(
(h1 − p
1
r
)(h2 − p
2
r
)(h3 +
p3
r
) + a(h3 +
p3
r
)3
)
. (429)
Note, the quantum correction term acts as a regulator, smoothing out singularity, for example
those of massless black holes [578, 318, 48, 49, 179, 406, 408, 488], of classical solutions.
5.6.2 Type-II String on Calabi-Yau Manifolds
Type-IIA string on a Calabi-Yau three-fold [115, 373] gives rise to N = 2 theory with h1,1+1
vector fields and h1,2+1 hypermultiplets (h1,1 and h1,2 being the Hodge numbers of the three-
fold), with the additional hyper multiplet and vector field coming from those associated
with the dilaton and the gravity multiplet, respectively. The moduli in the vector multiplets
consist of the Ka¨hler-class moduli ta (a = 1, ..., nv = h1,1), where h1,1 = dim (H
1,1(M,Z)).
The general form of type-IIA prepotential is [115, 373]:
F II = −1
6
Cabct
atbtc − χζ(3)
2(2π)3
+
1
(2π)3
∑
d1,...,dh
nrd1,...,dhLi3(e[i
∑
a
dat
a]), (430)
where nrd1,...,dh are the rational instanton numbers of genus 0 and χ is the Euler number.
Here, the prepotential is defined inside of the Ka¨hler cone σ(K) = {∑a taJa|ta > 0}, where
Ja are the (1, 1)-forms of the Calabi-Yau 3-fold M . In the large Ka¨hler class moduli limit
(ta → ∞), only the classical part in the prepotential, which is related to the intersection
numbers, survives. To the general form (430) of the prepotential, one can add an extra
topological term which is determined by the second Chern class c2 of the Calabi-Yau 3-fold:
F IItop =
h∑
a
c2 · Ja
24
ta; c2 · Ja ≡
∫
M
c2 ∧ Ja. (431)
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The effect of adding such term to the prepotential is the symplectic transformation corre-
sponding to constant shift of the θ-angle [630] (Cf. See the paragraph below (384)).
In particular, the type-IIA model dual to the Heterotic string onK3×T 2 with nv = 4 and
n = 2 (an STUV model) [117] corresponds to the compactification on the Calabi-Yau three-
fold P1,1,2,6,10(20) [397] with h1,1 = 4 and Euler number χ = −372 [71]. The transformations
between the moduli in the pair of these type-IIA and heterotic theories are
t1 = U − 2V, t2 = S − T, t3 = T − U, t4 = V, (432)
and some of the instanton numbers [71, 117] and the Euler number of the three-fold are
given in terms of the quantities of the heterotic string by:
nrl+k,0,k,2l+2k+b = −2c2(4kl − b2), χ = 2c2(0). (433)
The cubic intersection-number part of the prepotential is
− F IIcubic = t2
(
(t1)2 + t1t3 + 4t1t4 + 2t3t4 + 3(t4)2
)
+
4
3
(t1)3 + 8(t1)2t4 + t1(t3)2 + 2(t1)2t3 + 8t1t3t4
+2(t3)2t4 + 12t1(t4)2 + 6t3(t4)2 + 6(t4)3. (434)
In the limit t4 = V = 0 (i.e. the STU model of the heterotic string with n = 2), the model
reduces to the type-IIA string compactified on P1,1,2,8,12(24) with h1,1 = 3 and χ = −480.
The linear topological term, for this case, takes the form:
3∑
A
c2 · JA
24
tA =
23
6
t1 + t2 + 2t3 = S + T +
11
6
U. (435)
Entropy Formula For black holes in type-IIA string on a Calabi-Yau 3-fold, entropy
depends not only on U(1) charges, but also on the topological quantities of the 3-fold.
In the following, we consider the double-extreme black holes in the type-IIA superstring
on a Calabi-Yau 3-fold with the following special form of prepotential:
F II(Y ) = −CabcY
aY bY c
6Y 0
+
c2 · Ja
24
Y 0Y a, (436)
where Y a ≡ Z¯Xa. Note, the prepotential is determined by the classical intersection numbers
Cabc = −6dabc and the expansion coefficients c2 · Ja = 24W0a of the 2nd Chern class c2 of the
3-fold.
Note, the above form of prepotential can be obtained by imposing the symplectic trans-
formation of the following form on the prepotential without 2nd Chern class terms:(
p˜Λ
q˜Σ
)
=
(
1 0
W 1
)(
pΛ
qΣ
)
. (437)
The general expression for the entropy with p0 = qa = 0 and W0a = 0 is obtained in (422).
By imposing the symplectic transformation (437), one obtains the following entropy for the
type-IIA theory with the prepotential (436) and the charge configuration p0 = qa = 0:
S
π
= 2
√
(q˜0 −W0ap˜a)dbcdp˜bp˜cp˜d. (438)
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5.6.3 Higher-Dimensional Embedding
The above D = 4 black holes in string theories with the cubic prepotential arise from the
compactification of the following intersecting M-brane solution
ds211 =
1
(1
6
CabcHaHbHc)
1
3
[
dudv +H0du
2 +
1
6
CabcH
aHbHcd~x2 +Haωa
]
, (439)
due to the duality [635] among the heterotic string onK3×T 2, the type-II string on a Calabi-
Yau 3-fold (CY ) and M-theory on CY × S1 [103, 261, 262]. This solution corresponds to 3
M 5-branes (with the corresponding harmonic functions Ha, a = 1, 2, 3) intersecting over a
3-brane (with the spatial coordinates ~x), and the momentum (parameterized by the harmonic
function H0) flowing along the common string. Here, the intersection of 4-cycles that each
M 5-brane wraps around is determined by the parameters Cabc and each pair of such 4-cycles
intersect over the 2-dimensional line element ωa.
Compactifying the internal coordinates and the common string direction, one obtains the
following D = 4 solution with spacetime of the extreme Reissner-Nordstrom black hole:
ds24 = −
1√
−1
6
H0CabcHaHbHc
dt2 +
√
−1
6
H0CabcHaHbHcd~x
2. (440)
6 p-Branes
The purpose of this chapter is to review the recent development in p-branes and other higher-
dimensional configurations in string theories. (See also [284] for another review on this sub-
ject.) Study of p-branes plays an important part in understanding non-perturbative aspects
of string theories in string dualities. The recently conjectured string dualities require the
existence of p-branes within string spectrum along with well-understood perturbative string
states. Furthermore, microscopic interpretation of entropy, absorption and radiation rates
of black holes within string theories involves embedding of black holes in higher dimensions
as intersecting p-brane.
This chapter is organized as follows. In the first section, we summarize properties of
single-charged p-branes. In the second section, we systematically study multi-charged p-
branes, which include dyonic p-branes and intersecting p-branes. In the final section, we
review the lower-dimensional p-branes and their classification. We also discuss various p-
brane embeddings of black holes.
6.1 Single-Charged p-Branes
In this section, we discuss p-branes which carry one type of charge. Such single-charged
p-branes are basic constituents from which “bound state” multi-charged p-branes, such as
dyonic p-branes and intersecting p-branes, are constructed. p-branes in D dimensions are
defined as p-dimensional objects which are localized in D − 1 − p spatial coordinates and
independent of the other p spatial coordinates, thereby having p translational spacelike
isometries. Note, the allowed values of (D, p) for which supersymmetric p-branes exist are
limited and can be determined by the bose-fermi matching condition [2]. (The details are
discussed in section 2.2.3.)
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The effective action for a single-charged p-brane has the form:
ID(p) =
1
2κ2D
∫
dDx
√−g[R− 1
2
(∂φ)2 − 1
2(p+ 2)!
e−a(p)φF 2p+2], (441)
where κD is the D-dimensional gravitational constant, φ is the D-dimensional dilaton and
Fp+2 ≡ dAp+1 is the field strength of (p+ 1)-form potential Ap+1. Here, the parameter a(p)
given below is determined by the requirement that the effective action (441) and the σ-model
action (443) scale in the same way [242] under the rescaling of fields
a2(p) = 4− 2(p+ 1)(p˜+ 1)
p+ p˜+ 2
= 4− 2(p+ 1)(p˜+ 1)
D − 2 , (442)
where p˜ ≡ D − p− 4 corresponds to spatial dimensions of the dual brane.
6.1.1 Elementary p-Branes
Electric charge of (p + 1)-form potential Ap+1 in ID(p) is carried by the “elementary” p-
brane. The “elementary” p-brane has a δ-function singularity at the core, requiring existence
of singular electric charge source for its support so that equations of motion are satisfied
everywhere. Namely, the electric charge carried by the “elementary” p-brane is a Noether
charge with the Noether current associated with the p-brane worldvolume σ-model action:
Sp = Tp
∫
dp+1ξ[−1
2
√−γγij∂iXM∂jXNgMNea(p)φ/(p+1) + (p− 1)
2
√−γ
− 1
(p+ 1)!
εi1···ip+1∂i1X
M1 · · ·∂ip+1XMp+1AM1···Mp+1], (443)
where XM(ξi) (M = 0, 1, ..., D − 1; i = 0, 1, ..., p) is the spacetime trajectory of p-branes,
Tp is the elementary p-brane tension, γij(ξ) [gMN(X)] is the worldvolume [spacetime] metric
and Ap+1 = AM1···Mp+1dX
1 ∧ · · · dXp+1. The metric gMN in (443) is related to the canonical
metric gcanMN in the Einstein-frame effective action (441) through the Weyl-rescaling gMN =
ea(p)φ/(p+1)gcanMN . The “elementary” p-brane is a solution to the equations of motion of the
combined action ID(p) + Sp. In particular, field equation and Bianchi identity of Ap+1 are
d ⋆ (e−a(p)φFp+2) = 2κ2D(−1)(p+1)
2
⋆ Jp+1, dFp+2 = 0, (444)
where the electric charge source current Jp+1 = J
M1···Mp+1dXM1 ∧ · · · ∧ dXMp+1 is
JM1···Mp+1(x) = Tp
∫
dp+1ξ εi1···ip+1∂i1X
M1 · · ·∂ip+1XMp+1
δD(x−X)√−g . (445)
Here, ⋆ denotes the Hodge-dual operator in D dimensions, i.e. (⋆V )M1···MD−d ≡
1
d!
εM1···MDVMD−d+1···MD with the alternating symbol ε
M1···MD defined as ε01···D−1 = 1. The
Noether electric charge is
Qp =
∫
MD−p−1
(⋆J)D−p−1 =
1√
2κD
∫
Sp˜+2
e−a(p)φ ⋆ Fp+2, (446)
where S p˜+2 surrounds the elementary p-brane.
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In solving the Euler-Lagrange equations of the combined action ID(p) + Sp to obtain
the elementary p-brane solution, one assumes the Pp+1 × SO(D − p − 1) symmetry for
the configuration. Here, Pp+1 is the (p + 1)-dimensional Poincare group of the p-brane
worldvolume and SO(D−p−1) is the orthogonal group of the transverse space. Accordingly,
the spacetime coordinates are splitted into xM = (xµ, ym), where µ = 0, ..., p and m =
p+1, ..., D−1. Due to the Pp+1 invariance, fields are independent of xµ, and SO(D−p−1)
invariance further requires that this dependence is only through y =
√
δmnymyn. In solving
the equations, it is convenient to make the following static gauge choice for the spacetime
bosonic coordinates XM of the p-brane:
Xµ = ξµ, Y m = constant, (447)
where µ = 0, 1, ..., p [m = p + 1, ..., D − 1] corresponds to directions internal [transverse] to
the p-brane. The general Ansatz for metric with Pp+1 × SO(D− p− 1) symmetry is
ds2 = e2A(y)ηµνdx
µdxν + e2B(y)δmndy
mdyn. (448)
By solving the Euler-Lagrange equations with these Ansa¨tze, one obtains the following so-
lution for the elementary p-brane:
ds2 = f(y)−
p˜+1
p+p˜+2ηµνdx
µdxν + f(y)
p+1
p+p˜+2 δmndy
mdyn,
eφ = eφ0f(y)−
a(p)
2 , Aµ1···µp+1 = −
e
a(p)
2
φ0
pg
εµ1···µp+1f(y)
−1, (449)
where pg is the determinant of the metric gµν and f(y) is given by
f(y) =
 1 +
2e
a(p)
2
φ0κ2DTp
(p˜+1)Ωp˜+2
1
yp˜+1
, p˜ > −1
1− e
a(p)
2
φ0κ2DTp
π
ln y, p˜ = −1
. (450)
By solving the Killing spinor equations with the Pp+1 × SO(D − p− 1) symmetric field
Ansa¨tze, one sees that the extreme “elementary” p-brane preserves 1/2 of supersymmetry
with the Killing spinors satisfying the constraint:
(1− Γ¯)ε = 0, (451)
where
Γ¯ ≡ 1
(p+ 1)!
√−γ ε
i0i1···ip∂i0X
M0∂i1X
M1 · · ·∂ipXMpΓM0M1···Mp, (452)
which has properties Γ¯2 = 1 and Tr Γ¯ = 0 that make 1
2
(1 ± Γ¯) a projection operator.
This originates from the fermionic κ-symmetry of the super-p-brane action. The extreme
“elementary” p-brane (449) saturates the following Bogomol’nyi bound for the mass per unit
area Mp = ∫ dD−p−1y θ00:
κDMp ≥ 1√
2
|Qp|ea(p)φ0/2, (453)
where θMN is the total energy-momentum pseudo-tensor of the gravity-matter system.
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6.1.2 Solitonic p˜-Branes
The magnetic charge of Ap+1 is carried by a solitonic p˜-brane, which is topological in nature
and free of spacetime singularity. Since magnetic charges can be supported without source
at the core, solitonic p˜-branes are solutions to the Euler-Lagrange equations of the effective
action ID(p) alone. The “topological” magnetic charge Pp˜ of Ap+1 is defined as
Pp˜ =
1√
2κD
∫
Sp+2
Fp+2, (454)
where Sp+2 surrounds the solitonic p˜-brane. The magnetic charge Pp˜ is quantized relative to
the electric charge Qp via a Dirac quantization condition:
QpPp˜
4π
=
n
2
, n ∈ Z. (455)
Solitonic p˜-brane solution has the form:
ds2 = g(y)−
p+1
p+p˜+2ηµνdx
µdxν + g(y)
p˜+1
p+p˜+2 δmndy
mdyn,
eφ = eφ0g(y)
a(p)
2 , Fp+2 =
√
2κDPp˜εp+2/Ωp+2, (456)
where εp+2 is the volume form on S
p+2 and g(y) is given by
g(y) = 1 +
√
2e
− 2(p+1)
a(p)(p+p˜+2)
φ0κDPp˜
(p+ 1)Ωp+2
1
yp+1
. (457)
The “solitonic” p˜-brane (456) preserves 1/2 of supersymmetry and saturates the following
Bogomol’nyi bound for the ADM mass per unit p˜-volume:
Mp˜ ≥ 1√
2
|Pp˜|e−a(p)φ0/2. (458)
Note, the sign difference in dependence of the mass densities (453) and (458) on the
dilaton asymptotic value φ0. So, in the limit of large φ0, the mass density Mp [Mp˜] is large
[small], and vice versa.
6.1.3 Dual Theory
We consider the theory whose actions I˜D(p˜) and S˜p˜ are given by (441) and (443) with p
replaced by p˜ = D − p − 4. So, in this new theory, p˜-branes carry electric charge Q˜p˜ and
p-branes carry magnetic charge P˜p of (p˜+ 1)-form potential A˜p˜+1.
Since a p-brane from one theory and a p˜-brane from the other theory are both “elemen-
tary” (or “solitonic”), it is natural to assume that these branes are dual pair describing the
same physics. One assumes that the graviton and the dilaton in the pair actions are the
same, but the field strengths Fp+2 and F˜p˜+2 are related by F˜p˜+2 = e
−a(p)φ ⋆ Fp+2. (Thereby,
the role of field equations and Bianchi identities are interchanged.) Then, it follows that
since Qp = P˜p and Pp˜ = Q˜p˜ the Dirac quantization conditions for electric/magnetic charge
pairs (Qp,Pp˜) and (Q˜p˜,P˜p) lead to the following quantization condition for the tensions of
the dual pair “elementary” p-brane and p˜-brane:
κ2DTpTp˜ = |n|π. (459)
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By performing the Weyl-rescaling of metrics to the string-frame, one sees that the p-brane
[p˜-brane] loop counting parameter gp [gp˜] is
gp = e
(D−2)a(p)
4(p+1)
φ0 , gp˜ = e
(D−2)a(p˜)
4(p˜+1)
φ0 , (460)
with a(p˜) = −a(p). It follows that the brane loop counting parameters of the dual pair are
related by
(gp)
p+1 = 1/(gp˜)
p˜+1. (461)
Thus, the strongly [weakly] coupled p-branes are the weakly [strongly] coupled p˜-branes. In
particular, a string (p = 1) in D = 6 are dual to another string (p˜ = 6− 1− 4 = 1), thereby
strongly [weakly] coupled string theory being equivalent to weakly [strongly] coupled dual
string theory. Other interesting examples are membrane/fivebrane dual pair in D = 11,
string/fivebrane dual pair in D = 10, self-dual 3-branes in D = 10 and self-dual 0-branes in
D = 4. Note, in D = 11 supergravity strong and weak coupling limits do not have meaning
due to absence of the dilaton.
6.1.4 Blackbranes
We discuss non-extreme generalization of BPS “solitonic” p˜-brane in section 6.1.2. Such
solution is obtained [464] by solving the Euler-Lagrange equations following from ID(p) with
R× SO(p+ 3)× E(p˜) symmetric field Ansa¨tze. The non-extreme p˜-brane solution is
ds2 = −∆+∆−(p˜+1)/(p+p˜+2)− dt2 +∆−1+ ∆
a(p)2
2(p+1)
−1
− dr
2
+r2∆
a(p)2
2(p+1)
− dΩ
2
p+2 +∆
p+1
p+p˜+2
− dx
idxi,
e−2φ = ∆a(p)− , Fp+2 = (p+ 1)(r+r−)
p+1
2 εp+2, (462)
where ∆± ≡ 1 − ( r±r )p+1 and i = 1, ..., p˜. The magnetic charge Pp˜ and the ADM mass per
unit p˜-volume Mp˜ of (462) are
Pp˜ =
Ωp+2√
2κD
(p+ 1)(r+r−)
p+1
2 , Mp˜ = Ωp+2
2κ2D
[(p+ 2)rp+1+ − rp+1− ]. (463)
The solution (462) has the event horizon at r = r+ and the inner horizon at r = r−,
and therefore is alternatively called “black” p˜-brane. The requirement of the regular event
horizon, i.e. r+ ≥ r−, leads to the Bogomol’nyi bound
√
2Mp˜ ≥ |Pp˜|e−a(p)φ0/2.
In the limit r− = 0, φ and Ap+1 become trivial, i.e. Pp˜ = 0, and spacetime reduces to the
product of (D− p˜)-dimensional Schwarzschield spacetime and flat Rp˜. In the extreme limit
(r+ = r−), the symmetry is enhanced to that of the BPS p˜-brane, i.e. Pp˜+1 × SO(p + 3),
since gtt = gxixi . Such extreme solution is related to the BPS solution (456) through the
change of variable yp+1 = rp+1 − rp+1− . In the extreme limit, the event-horizon and the
singularity completely disappear, i.e. becomes soliton with geodesically complete spacetime
in the region r > r+ = r−.
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6.2 Multi-Charged p-Branes
In this section, we discuss p-branes carrying more than one types of charges. These p-branes
are “bound states” of single-charged p-branes. Multi-charged p-branes are classified into two
categories, namely “marginal” and “non-marginal” configurations. The “marginal” (BPS)
bound states have zero binding energy and, therefore, the mass density M is sum of the
charge densities Qi of the constituent p-branes, i.e. M =
∑
iQi. Such bound states with n
constituent p-branes preserve at least (1
2
)n of supersymmetry. The marginal bound states in-
clude intersecting and overlapping p-branes. The “non-marginal” (BPS) bound states have
non-zero binding energy and the mass density of the form M2 =
∑
iQ
2
i . The quantized
charges Qi of “non-marginal” bound states take relatively prime integer values. In general,
non-marginal p-brane bound states are obtained from single-charged p-branes or marginal p-
brane bound states by applying the SL(2,Z) electric/magnetic duality transformations and,
therefore, preserve the same amount of supersymmetries as the initial p-brane configura-
tions (before the SL(2,Z) transformations). In particular, intersecting p-branes are further
categorized into orthogonally intersecting p-branes and p-branes intersecting at angles.
6.2.1 Dyonic p-Branes
In D = 2p+4, i.e. dimensions for which p = p˜, p-branes can carry both electric and magnetic
charges of Ap+1. Examples are dyonic black holes (p = 0) in D = 4; dyonic strings (p = 1)
in D = 6; dyonic membranes (p = 2) in D = 8. Such dyonic p-branes can be constructed by
applying the D = 2(p+ 2) SL(2,Z)EM electric/magnetic duality transformations on single-
charged p-branes. These dyonic p-branes have Pp+1 × SO(D − p − 1) symmetry and are
characterized by one harmonic function, just like single-charged p-branes, since the SL(2,Z)
transformations leave the Einstein-frame metric intact. In particular, in D = 2 mod 4, the
(p+2)-form field strengths satisfy a real self-duality condition Fp+2 = −⋆Fp+2 and, thereby,
electric and magnetic charges are identified, i.e. Qp = −Pp.
The SL(2,Z)EM electric/magnetic duality transformations of 2k-form field strength F2k
in D = 4k can generally be understood as the T 2 moduli transformations of D = (4k + 2)
theory compactified on T 2 [311]. We consider the following D = (4k + 2) action
I(4k+2) =
∫
d4k+2x
√−gR+ α
∫
[dC ∧H + 1
2
H ∧ ⋆H ], (464)
where C is a (4k + 2)-form potential with the field strength H = dC. We compactify the
action (464) on T 2 with the following Ansa¨tze for the fields
ds2(M4k+2) = ds
2(M4k) +
1
Imτ
(|τ |2dy2 + 2Reτ dxdy + dx2),
C = Bdy + Adx, H = Gy + Fdx, (465)
where τ is the moduli parameter of T 2, (x, y) are coordinates of T 2 (i.e. x ∼ x + 1 and
y ∼ y + 1), and A, B [F , G] are (2k − 1)-forms [2k-forms] in D = 4k. By applying the
self-duality condition [625] of H , one finds that 2k-form G is an auxiliary field, which can
be eliminated by its field equation as G = Imτ ⋆ F − Reτ F , and one finds that F = dA.
The final expression for the D = 4k action is
I4k =
∫
d4kx
√−g
[
R− 1
2
dτdτ¯
(Imτ)2
]
+ α
∫
F ∧G, (466)
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where a real constant α is, in the convention of [388], given by α = 2[(2k)!]−1. The complex
scalar τ , which is expressed in terms of real scalars ρ and σ as τ = 2ρ+ ie−2σ, parameterizes
the target space manifold M = SL(2,Z)\SL(2,R)/U(1), which is the fundamental domain
of SL(2,Z) in the upper half τ complex plane. Here, U(1) is a subgroup of SL(2,R) which
preserves the vacuum expectation value 〈τ〉. The field equations are invariant under the
following SL(2,R)EM electric/magnetic duality transformation of F :
(F,G)→ (F,G)A−1, τ → aτ + b
cτ + d
; A =
(
a b
c d
)
∈ SL(2,R). (467)
Note, this SL(2,Z)EM transformation is not S-duality of string theories, since σ is not the
D = 4k dilaton. (In (464), the dilaton is set to zero.) The following electric Q and magnetic
P charge densities form an SL(2,R)EM doublet:
Q =
1
Ω2k
∮
G, P =
1
Ω2k
∮
F. (468)
This SL(2,R)EM transformation on single-charged (2k−2)-branes yields (2k−2)-branes
which carry both electric and magnetic charges of A2k−1. Such dyonic p-branes preserve 1/2
of supersymmetry. Charges (Q,P ) and (Q′, P ′) of two dyonic (2k − 2)-branes satisfy the
generalized Nepomechie-Teitelboim quantization condition [482, 591]:
QP ′ −Q′P ∈ Z. (469)
When such dyonic (2k − 2)-branes are uplifted to D = (4k + 2) through (465), the
solutions become self-dual (2k − 1)-branes [238, 230]. The electric and magnetic charges
of the dyonic (2k − 2)-branes are interpreted as winding numbers of the self-dual (2k − 1)-
branes around the x and y directions of T 2. The dyonic (2k − 2)-branes (k = 1, 2) uplifted
to D = 11 describe p-brane which interpolates between the M 2-brane and the M 5-brane,
i.e. a membrane within a 5-brane (2|2M , 5M).
In the following, we specifically discuss the k = 2 case [388, 311]. The associated action
((466) with k = 2) is type-IIB effective action (155) consistently truncated and compactified
to D = 8. The N = 2, D = 8 supergravity has an SL(3,R)× SL(2,R) on-shell symmetry,
whose SL(3,Z) × SL(2,Z) subset is the conjectured U -duality symmetry of D = 8 type-
II string. The R-R 4-form field strength and its dual field strength transform as (1, 2)
under SL(3,R) × SL(2,R). This U -duality group contains as a subset the SO(2, 2,Z) ≡
[SL(2,Z)× SL(2,Z)]/Z2 T -duality group. The SL(2,Z) factor (in SL(3,Z)× SL(2,Z)) is
the electric/magnetic duality (467), which is a subset of “perturbative” T -duality group. All
the “non-perturbative” transformations are contained in the SL(3,Z) factor.
The following dyonic membrane solution with 〈τ〉 = i is obtained by applying the U(1) ⊂
SL(2,R)EM transformation with a parameter ξ to purely magnetic membrane:
ds2(8) = H
− 1
2ds2(M3) +H
1
2ds2(E5),
F4 =
1
2
cos ξ ( ⋆dH) +
1
2
sin ξ dH−1 ∧ ǫ(M3),
τ =
sin(2ξ)(1−H) + 2iH 12
2(sin2 ξ +H cos2 ξ)
, (470)
where ds2(M3) [ds2(E5)] is the metric of D = 3 Minkowski space M3 [the 5-dimensional
Euclidean space E5], ǫ(M3) is the volume form of M3, ⋆ is the Hodge-dual operator in E5
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and H is a harmonic function given by (457) with p = 2. Here, U(1) is the subgroup of
SL(2,R)EM that preserves 〈τ〉 = i. In the quantum theory, the U(1) group breaks down
to Z2 due to Dirac quantization condition, resulting in either electric or magnetic solutions
when applied to purely magnetic solution. (But the solution in (470) with an arbitrary ξ
satisfies the Euler-Lagrange equations following from (466) and, therefore, can be taken as
an initial solution to which the “integer-valued” duality transformations are applied.)
To generate dyonic solutions with an arbitrary 〈τ〉 and are relevant to the quantum
theory, one has to apply the full SL(2,R)EM transformation to (470). The pair of electric
and magnetic charges of such dyonic solutions take co-prime integer values. The ADM mass
density of this extreme dyonic membrane saturates the Bogomol’nyi bound:
M2 ≥ 1
4
[
e2〈σ〉(Q+ 2〈ρ〉P )2 + e−2〈σ〉P 2
]
, (471)
and therefore 1/2 of supersymmetry is preserved.
When uplifted to D = 10, this dyonic membrane becomes the following self-dual 3-brane
of type-IIB theory [238]:
ds2(10) = H
− 1
2 [ds2(M3) + dv2] +H
1
2 [ds2(E5) + du2],
F5 =
1
2
( ⋆dH) ∧ du+ 1
2
dH−1 ∧ ǫ(M3) ∧ dv, (472)
where the coordinates (u, v) are related to the coordinates (x, y) in (465) through (y, x) =
(v, u)A−1 (A ∈ SL(2,Z)). The electric and magnetic charges of the above D = 8 dyonic
membrane are respectively interpreted as the winding numbers of this D = 10 self-dual
3-brane around x and y directions of T 2.
The D = 8 dyonic membrane (470) uplifted to D = 11 is a special case of orthogonally
intersecting M-brane interpreted as a membrane within a 5-brane (2|2M , 5M):
ds2(11) = H
1
3 (sin2 ξ +H cos2 ξ)
1
3
[
H−1ds2(M3)
+ (sin2 ξ +H cos2 ξ)−1ds(E3) + ds2(E5)
]
,
F
(11)
4 =
1
2
cos ξ ⋆ dH +
1
2
sin ξ dH−1 ∧ ǫ(M3)
+
3 sin 2ξ
2[sin2 ξ +H cos2 ξ]2
dH ∧ ǫ(E3). (473)
This M-brane bound state interpolates 47 between the M 5-brane and the M 2-brane as ξ is
varied from 0 to π
2
. As long as magnetic charge is non-zero (ξ 6= 0), (473) is non-singular,
thereby singularity of the D = 8 dyonic membrane (470) is resolved by its interpretation in
D = 11. By compactifying an extra spatial isometry direction of (473) on S1, one obtains
3 different types of dyonic p-branes in type-IIA theory: (i) a membrane within a 4-brane
(2|2, 4), (ii) a membrane within a 5-brane (2|2, 5) and (iii) a string within a 4-brane (1|1, 4).
One can construct dyonic p-branes in D 6= 2(p + 2) by compactifying purely electric or
purely magnetic p-branes down to D = 2(p+2) (or D = 2(p˜+2)), applying electric/magnetic
47The above procedure can be applied to intersecting p-branes to generate p-brane bound states which
interpolate between different intersecting p-branes, e.g. the interpolation between the intersecting two (p+2)-
branes and the intersecting two p-branes; the interpolation between the intersecting p-brane and (p+2)-brane
and the intersecting (p+ 2)-brane and p-brane [151].
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duality transformations of p-branes (or p˜-branes) in D = 2(p+2) (or D = 2(p˜+2)), and then
uplifting the dyonic solution to the original dimensions. In particular, the Z2 subset of the
D = 2(p+ 2) (or D = 2(p˜+ 2)) electric/magnetic duality transformations relates electric p-
brane and magnetic p-brane. Thus, the elementary p-brane in D 6= 2(p+2) is interpreted as
the electrically charged partner of magnetic p-brane, establishing electric/magnetic duality
between electric “elementary” p-brane and magnetic “solitonic” p-brane in D 6= 2(p+2). To
enlarge this Z2 electric/magnetic duality symmetry in D = 2(p+2) (or D = 2(p˜+2)) to the
SL(2,Z) symmetry so that one can generate dyonic p-branes from single-charged p-branes,
one has to turn on a pseudo-scalar field. For example, the dyonic 5-brane in D = 10 type-IIB
theory is constructed in [72] by applying the SL(2,Z)IIB × SL(2,Z)EM transformation of
the truncated type-IIB theory in D = 6. (This SO(2, 2) ≡ SL(2,Z)IIB × SL(2,Z)EM group
is a subgroup of SO(5, 5) U -duality group of type-II string on T 4.) There, it is found out
that non-zero R-R fields (which are related to the pseudo-scalar field) are needed for the
solution to have both electric and magnetic charges.
The type-IIB SL(2,Z)IIB S-duality transformation leads to dyonic p-brane whose electric
and magnetic charges coming from different sectors (NS-NS/R-R) of string theory. General
dyonic solutions where form fields carry both electric and magnetic charges are generated
by additionally applying the SL(2,Z)EM electric/magnetic transformation in D = 6 [72].
In particular, the electric/magnetic duality transformation that relates the solitonic 5-brane
and elementary 5-brane is the product of (Z2)IIB and (Z2)EM transformations. Such dyonic
5-brane solutions preserve 1/2 of supersymmetry.
We comment on generalization of dyonic p-branes discussed in this section. In [230],
general dyonic p-branes within consistently truncated heterotic string on T 6, where truncated
moduli fields are parameterized by 3 complex modulus parameters T (i) (i = 1, 2, 3) of 3 T 2
in T 6, is constructed. Thereby, the O(6, 22,Z) T -duality symmetry of heterotic string on
T 6 is broken down to SL(2,Z)3. The general class of multi-charged p-brane solution is
then characterized by harmonic functions each associated with T (i) and the dilaton-axion
scalar S. Such solutions break more than 1/2 of supersymmetry. With trivial S, (1
2
)n of
supersymmetry is preserved for n non-trivial T (i). With non-trivial S, additional 1/2 of
supersymmetries is broken unless all of T (i) are non-trivial. With all T (i) non-trivial, (1
2
)3
or none of supersymmetry is preserved, depending on the chirality choices. In particular, a
special case of general class of solution with S and only one of T (i) non-trivial corresponds to
generalization of D = 6 self-dual dyonic string, when such solution is uplifted to D = 6. This
dyonic solution is parameterized by 2 harmonic functions, which are respectively associated
with electric and magnetic charges of 2-form potential. In the self-dual limit, i.e. when
the electric and magnetic charges are equal, the solution becomes the D = 6 self-dual
dyonic string. Within the context of non self-dual theory, the solution preserve only 1/4 of
supersymmetry, whereas as a solution of self-dual theory it preserve 1/2 of supersymmetry.
6.2.2 Intersecting p-Branes
Constituent p-Branes Before we discuss intersecting p-branes, we summarize various
single-charged p-branes in D = 10, 11, which are constituents of intersecting and overlap-
ping p-branes. These p-branes are special cases of “elementary” p-branes and “solitonic”
p˜-branes discussed in section 6.1. They are characterized by a harmonic function H(y) in
the transverse space (with coordinates yp+1, ..., yD−1) and break 1/2 of supersymmetry.
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D = 11 supergravity has 3-form potential. So, the basic p-branes (called M p-branes)
are an electric “elementary” membrane and a magnetic “solitonic” fivebrane:
ds2 = H(p+1)/9p [H
−1
p (−dt2 + dx21 + · · · dx2p) + (dy2p+1 + · · ·+ dy210)],
Ftx1x2yα = −
c
2
∂yαH
−1
p , α = 3, ..., 10 (for p = 2),
Fyα1 ···yα4 =
c
2
ǫα1···α5∂yα5Hp, αi = 6, ..., 10 (for p = 5), (474)
where c = 1(−1) for (anti-) branes and harmonic function Hp = 1+ cpQp|~y−~y0|8−p is forM p-brane
located at the {0, 1, ..., p} hyperplane at yi = yi0. The Killing spinor ǫ of these M p-branes
satisfies the following constraint:
Γ01···pǫ = cǫ, (475)
where Γ01···p ≡ Γ0Γ1 · · ·Γp is the product of flat spacetime gamma matrices associated with
the worldvolume directions.
In D = 10, there are 3 types of p-branes, depending on types of charges that p-branes
carry. The electric charge of NS-NS 2-form potential is carried by NS-NS strings (or funda-
mental strings):
ds2 = H−1(−dt2 + dx2) + dy22 + · · ·+ dy29, e2φ = H−1. (476)
The magnetic charge of NS-NS 2-form potential is carried by NS-NS 5-branes (or solitons):
ds2 = −dt2 + dx21 + · · ·+ dx25 +H(dy26 + · · ·+ dy29), e2φ = H. (477)
The charges of R-R (p+ 1)-form potentials are carried by R-R p-branes:
ds2 = H−1/2(−dt2 + dx21 + · · ·+ dx2p) +H1/2(dy2p+1 + · · ·+ dy29),
e2φ = H−
p−3
2 , Ftx1···xpyi = ∂yiH−1, (478)
where p = 0, 2, 4, 6 [p = 1, 3, 5, 7] for R-R p-branes in type-IIA [type-IIB] theory. These
R-R p-branes of the effective field theory are long distance limit of Dp-branes in type-II
superstring theories [193]: the transverse [longitudinal] directions of R-R p-branes correspond
to coordinates with Dirichlet [Neumann] boundary conditions.
The Killing spinors of D = 10 p-branes satisfy one constraint. The left-moving and the
right-moving Majorana-Weyl spinors ǫL and ǫR have the same [opposite] chirality for the
type-IIB [type-IIA] theory, i.e. Γ10ǫL,R = ǫL,R [Γ10ǫL = ǫL and Γ10ǫR = −ǫR]. So, spinor
constraints are different for type-IIA/B theories:
• NS-NS strings: ǫL = Γ01ǫL, ǫR = −Γ01ǫR
• IIA NS-NS fivebranes: ǫL = Γ01···5ǫL, ǫR = Γ01···5ǫR
• IIB NS-NS fivebranes: ǫL = Γ01···5ǫL, ǫR = −Γ01···5ǫR
• R-R p-branes: ǫL = Γ01···pǫR.
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Whereas in type-II superstring theories there are D p-branes with p = −1, 0, ..., 9, R-R p-
branes in massless effective field theories cover only range p ≤ 6. So, there is no place in the
massless type-II supergravities for R-R 7- and 8-branes 48. Although the R-R 7-brane in type-
IIB theory can be related to 8-form dual of pseudo-scalar of type-IIB theory [293], it cannot
be T -dualized to R-R p-branes in type-IIA theory since it is specific to the uncompactified
type IIB theory, only. In [76], it is proposed that D p-branes of type-II superstring theories
with p > 6 can be realized as R-R p-branes of massive type-II supergravity theories. In the
following, we discuss R-R 7- and 8-branes in some detail, since their properties and T -duality
transformation rules are different from other R-R p-branes.
The R-R 8-brane is coupled to 9-form potential. The introduction of 10-form field
strength into the theory does not increase the bosonic degrees of freedom (therefore, is not
ruled out by supersymmetry consideration), but leads to non-zero cosmological constant.
In fact, the massive type-IIA supergravity constructed in [204] contains such cosmological
constant term. It is argued [498] that the existence of the massive type-IIA supergravity
with the cosmological constant is related to the existence of the 9-form potential of type-
IIA theory. In [76], new massive type-IIA supergravity is formulated by introducing 9-form
potential A9 whose 10-form field strength F10 = 10dA9 is interpreted as the cosmological
constant once Hodge-dualized. (Note, the cosmological constant m in the massive type-IIA
supergravity is independent of the dilaton in the string-frame, which is typical for terms in
R-R sector.) In this new formulation, the cosmological constant m is promoted to a field
M(x) by introducing A9 as a Lagrange multiplier for the constraint dM = 0 that M(x) = m
is a constant: the field equation forM(x) simply determines the new field strength F10, while
the field equation for A9 implies that M(x) = m. It is conjectured in [154] that the mas-
sive type-IIA supergravity is related to hypothetical H-theory [44] in D = 13 through the
Scherk-Schwarz type dimensional reduction (see below for the detailed discussion), rather
than to M-theory. The conjectured type-IIB Sl(2,Z) duality requires the pseudo-scalar χ
to be periodically identified (χ ∼ χ + 1), which together with T -duality between massive
type-IIA and type-IIB supergravities implies that the cosmological constant m is quantized
in unit of the radius of type-IIB compactification circle, i.e. m = n
RB
(n ∈ Z).
The massive type-IIA supergravity admits the following 8-brane (or domain wall) as a
natural ground state solution:
ds2 = H−
1
2ηµνdx
µdxν +H
1
2dy2, e−4φ = H5, (479)
and the Killing spinor ǫ satisfies one constraint Γ¯yǫ = ±ǫ. The form of harmonic function
H(y), which is linear in y, depends on M(x). When M(x) = m everywhere, H = m|y − y0|,
with a kink singularity at y = y0. When M(x) is locally constant, the corresponding solution
is interpreted as a domain wall separating regions with different values ofM (or cosmological
constant). An example is H = −Q−y + b [H = Q+y + b] for y < 0 [y > 0], where 8-brane
charges Q± are defined as the values of M as y → ±∞ and b is related to string coupling
constant eφ at the 8-brane core. This 8-brane solution is asymptotically left-flat [right-flat]
when Q− = 0 [Q+ = 0]. The multi 8-brane generalization can be accomplished by allowing
kink singularities of H at ordered points y = y0 < y1 < · · · < yn.
The R-R 8-brane of massive type-IIA supergravity can be interpreted as the KK 6-brane
of D = 11 supergravity [76]. Namely, after the R-R 8-brane is compactified to 6-brane in
48R-R 9-brane of type-IIB theory is interpreted as D = 10 spacetime.
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D = 8, the 6-brane can be lifted as the R-R 6-brane of massless type-IIA supergravity, which
is interpreted as the KK monopole of M-theory on S1 [601].
Under the T -duality, the R-R 8-brane is expected to transform to R-R 7-brane or 9-
brane in type-IIB theory. First, T -duality transformation of massless type-II supergravity
along a transverse direction of the R-R 8-brane leads to the product of S1 and D = 9
Minkowski spacetime, which is 9-brane. (Note, the direct dimensional reduction requires
H to be constant.) Second, T -duality transformation leading to type-IIB 7-brane is much
involved and we discuss in detail in the following.
T -duality transformation involving massive type-IIA supergravity requires construction
of D = 9 massive type-IIB supergravity. D = 9 massive type-IIB supergravity is obtained
from massless type-IIB supergravity through the Scherk-Schwarz type dimensional reduction
procedure [528], i.e. fields are allowed to depend on internal coordinates. This is motivated
by the observation that the ‘Stu¨ckelberg’ type symmetry, which fixes the m-dependence
of field strengths in type-IIA supergravity, is realized within type-IIB supergravity as a
general coordinate transformation in the internal direction, which requires some of R-R
fields to depend on the internal coordinates. Namely, an axionic field χ(x, z) (i.e. R-R
0-form field) is allowed to have an additional linear dependence on the internal coordinate
z, i.e. χ(x, z)→ mz + χ(x), where x is the lower-dimensional coordinates. Since χ appears
always through dχ in the action, the compactified action has no dependence on the internal
coordinate z. The result is the massive supergravity with cosmological term.
The massive type-IIA supergravity compactified on S1 through the standard KK pro-
cedure is related via T -duality to the massless type-IIB supergravity compactified on S1
through the Scherk-Schwarz procedure. This massive T -duality transformation generalizes
those of massless type-II supergravity in [81]. The explicit expression for m-dependent cor-
rection to the T -duality transformation can be found in [76]. Under the massive T -duality,
the type-IIA 8-brane transforms to the type-IIB 7-brane, which is the field theory realiza-
tion of D 7-brane of type-IIB superstring theory. By applying the T -duality of massless
type-II supergravities to this 7-brane, one obtains a 6-brane of type-IIA theory, whereas
transformation to 8-brane of type-IIA theory requires the application of massive T -duality.
This generalized compactification Ansatz for χ is a special case of the generalized
compactification on a d-dimensional manifold Md where an (n − 1)-form potential An−1
(n ≤ d) for which n-th cohomology class Hn(Md,R) of Md is non-trivial is allowed to
have an additional linear dependence on the (n − 1)-form ωn−1(z), i.e. An−1(x, z) =
mωn−1(z) + standard terms [154, 443]. (All the other fields are reduced by the standard
KK procedure.) Here, dωn−1 represents non-trivial n-th cohomology of Md. (In the case of
compactification of type-IIB theory on S1, the cohomology dz is the volume form on S1.)
Since An−1 appears in the action always through dAn−1, the lower-dimensional action de-
pends on An−1 only through its zero mode harmonics onMd, only. The constant m manifests
in lower dimensions as a cosmological constant and, thereby, the compactified D-dimensional
action admits domain wall, i.e. (D− 2)-brane, solutions. The general pattern for mass gen-
eration is as follows. First, the KK vector potentials always become massive. Second, a
field that appears in a bilinear term in the Chern-Simons modification of a higher rank
field strength acquires mass if it is multiplied by An−1 (with general dimensional reduction
Ansatz). Third, when axionic field A
(ijk)
0 associated with D = 11 3-form potential AMNP
is used for the Scherk-Schwarz reduction, the lower-dimensional theory contains a topolog-
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ical mass term. In these mechanisms, the fields associated with the Stu¨ckelburg symmetry
(under which the eaten fields undergo pure non-derivative shift symmetries) get absorbed
by other fields to become mass terms for the potentials that absorb them. The consistency
of the theory requires that the fields that are eaten should not appear in the Lagrangian.
Note, whereas the original Scherk-Schwarz mechanism [528] is designed to give a mass to the
gravitino, thus breaking supersymmetry, and do not generate scalar potentials, in our case
a cosmological constant is generated and the full supersymmetry is preserved 49.
In addition to single-charged p-branes, there are other supersymmetric configurations
which are basic building blocks of p-brane bound states. These are the gravitational plane
fronted wave (denoted 0w), called ‘pp-wave’, and the KK monopole (denoted 0m). Their
existence within p-brane bound states are required by duality symmetries.
First, the KK monopole in D = 11 is introduced [601] in an attempt to give D = 11
interpretation of type-IIA D 6-brane [367]. The KK monopole is the magnetic dual of the
KK modes of D = 11 theory on S1, which is identified as R-R 0-brane (electrically charged
under the KK U(1) gauge field) [635]. The D = 11 KK monopole, which preserves 1/2 of
supersymmetry, has the form: [601]:
ds211 = −dt2 + dy · dy + V dx · dx+ V −1(dx11 −A · dx)2, (480)
where y [x] is the coordinates of the Euclidean space R6 [R3], V = 1 + µ
ρ
(ρ ≡ √x · x)
and a 1-form potential A, satisfying ∇ × A = ∇V , has the field strength F = µε2, where
ε2 is the volume form on S
2. The singularity of (480) at ρ = 0 is a coordinate singularity,
which is removed once the coordinate x11 is periodically identified with the period 4πµ. By
compactifying the solution (480) along x11 on S1, one obtains R-R 6-brane in type-IIA theory
(carrying magnetic charge µ), which is completely non-singular. When (480) is reduced along
a direction in R6, one has the KK monopole in D = 10.
Second, the pp-wave, which preserves 1/2 of supersymmetry, plays as important role as
p-branes. First of all, string dualities require the existence of pp-wave within the string spec-
trum. Namely, T -duality on type-IIA [type-IIB] fundamental string along the longitudinal
direction yields a pp-wave in type-IIB [type-IIA] theory [359, 370]. Furthermore, the type-
IIA D 0-brane has pp-wave as its image in D = 11, with the momentum of pp-wave identified
as the D 0-brane charge. When pp-wave is compactified along a transverse direction, one
has pp-wave in D = 10. The pp-wave propagating in y-direction has the form:
ds2 = dudv +W (u,x)du2 + dx · dx, ∂2xW = 0, u, v ≡ y ± t. (481)
The pp-wave is constructed in the following way. One imposes a Lorentz boost (t, y) →
(t cosh β+ y sinh β, x cosh β+ t sinh β) on the Schwarzschield solution and takes the extreme
limit, i.e. infinite boost (boost with the speed of light) and zero Schwarzschield mass limit
[292]. Then, one obtains pp-wave solution with W = Q|x|n , where n ∈ Z+ depends on D and
the numbers of isometry directions of the configuration. More general solution is obtained
by replacing W = Q|x|n by W (u,x). In particular, the choice W = fi(u)x
i corresponds to
wave with the profile fi propagating along y; an asymptotic observer, however, observes
pp-wave with W = Q|x|n and Q ∼ 〈[
∫
dufi(u)]
2〉. When the Lorentz boost is imposed on a
black p-brane and extreme limit is taken, one has a bound state of a p-brane and pp-wave.
49But the Scherk-Schwarz reduced theories have smaller symmetry than those reduced via the standard
KK procedure [154].
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Orthogonally Intersecting p-Branes From single-charged p-branes, one can construct
“marginal” bound states of p-branes by applying general intersection rules. The “marginal”
bound states are called orthogonally “overlapping” [“intersecting”] p-branes if the constituent
p-branes are separated [located at the same point] in a direction transverse to all of the p-
branes. We denote the configuration where a (p + r)-brane intersects with a (p + s)-brane
over a p-brane as (p|p + r, p + s) [493]. We add subscripts (NS, R, M) in this notation to
specify types of charges that the constituent p-branes carry, e.g. 2M , 1NS and 3R respectively
denote M 2-brane, NS-NS string (or fundamental string) and R-R 3-brane.
The intersection rules are first studied in [492] in an attempt to interpret Gu¨ven solutions
[327], and general harmonic superposition rules (which prescribe how products of powers of
the harmonic functions of intersecting p-branes occur) of intersecting p-branes are formulated
in [611]. (Such harmonic superposition rules of intersecting M-branes are already manifest
in general overlapping M-branes constructed in [287].) Intersection rules can be indepen-
dently derived from the ‘no force’ condition on a p-brane probe moving in another p-brane
background [613]. Alternatively, one can derive general intersection rules for “marginal”
bound state p-branes in diverse dimensions from equations of motion, only [18]. Namely,
from the equations of motion following from general D-dimensional action with one dilaton
φ and arbitrary numbers of nA-form field strengths FnA (A = 1, ..., N) with kinetic terms∑
A
1
2nA!
eaAφF 2nA, one obtains the following intersection rule prescribing (p¯|pA, pB):
p¯+ 1 =
(pA + 1)(pB + 1)
D − 2 −
1
2
ǫAaAǫBaB, (482)
where ǫA = +(−) when the brane A is electric (magnetic). It is interesting that the relation
(482), derived from the equations of motion of the effective action alone, predicts D-branes
(0|1NS, pR) and D-branes for higher branes. In the following, we discuss intersection rules for
a pair of branes. Intersecting configurations with more than two constituents are constructed
by applying the intersection rules to all the possible pairs of branes.
There are 3 types of intersecting p-branes: self-intersections, branes ending on branes and
branes within branes. First, p-branes of the same type intersect only over (p− 2)-brane (so-
called (p−2) self-intersection rule), denoted as (p−2|p, p). This can be understood [492] from
the fact that p-brane worldvolume theory contains a scalar (interpreted as a Goldstone mode
of spontaneously broken translational invariance by the p-brane), which is Hodge-dualized
to a worldvolume (p− 1)-form potential that the (p− 2)-brane couples to. The second type,
denoted as (p − 1|p, q) with q > p, is interpreted as a q-brane ending on a p-brane with
(p−1)-branes being the ends of q-branes on the p-branes. This type of intersecting p-branes
can be constructed by applying S- and T -duality transformations on M 2-brane ending on
M 5-brane (1|2M , 5M) or fundamental string ending on R-R p-brane (0|1NS, pR). The third
type, denoted as (p|p, q) with p < q, is interpreted as p-branes inside of the worldvolume
of q-brane [224]. This type of intersecting p-branes preserves fraction of supersymmetry
when the projection operators Pp and Pq (defining spinor constraints associated with the
constituent Dp-branes) either commutes or anticommutes [493]. If Pp and Pq commute,
then (p|p, q) preserves 1/4 of supersymmetry. This happens iff p = q mode 4. When Pp and
Pq anticommute, one has configurations that preserve 1/2 of supersymmetry. An example is
0-brane within membrane (0|0R, 2R), which can be obtained from (2|2M , 5M) (473) through
dimensional reduction on S1 and T -duality transformations.
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The spacetime coordinates of intersecting branes are divided into 3 parts: (i) the overall
worldvolume coordinates ξµ (µ = 0, 1, ..., d − 1), which are common to all the constituent
branes; (ii) the relative transverse coordinates xa (a = 1, ..., n), which are transverse to part
of the constituent branes; (iii) the overall transverse coordinates yi (i = 1, ..., ℓ), which are
transverse to all of the constituent branes. Since a transverse [longitudinal] coordinate of
R-R p-branes corresponds to a coordinate with Dirichlet [Neumann] boundary condition,
these 3 types of coordinates respectively correspond to coordinates of open strings of the
NN-, ND- (or DN-) and DD-types.
Intersecting p-branes are divided into 3 types, according to the dependence of harmonic
functions on these coordinates. The first type, for which the general intersection rules are
formulated in [492, 611], has all the harmonic functions depending on the overall trans-
verse coordinates, only. For the second type, one harmonic function depends on the overall
transverse coordinates and the other on the relative transverse coordinates. The third type
has both harmonic functions depending on the relative transverse coordinates. For the first
[third] type, constituent p-branes are, therefore, localized in the overall [relative] transverse
directions but delocalized in the relative [overall] transverse directions. We will be mainly
concerned with intersection rules for the first type and later we comment on the rest of types.
One can construct supersymmetric (BPS) intersecting p-branes when spinor constraints
associated with constituent p-branes (given in the previous paragraphs) are compatible with
one another with non-zero Killing spinors. When none of spinor constraint is expressed as
a combination of other spinor constrains, intersecting N number of p-branes preserve (1
2
)N
of supersymmetry. (Note, from now on N stands for the number of constituent p-branes,
not the number of extended supersymmetries.) One can introduce an additional p-brane
without breaking any more supersymmetry, if some combination of spinor constraints of
existing constituent p-branes gives rise to spinor constraint of the added p-brane.
First, we discuss intersecting M p-branes. Intersecting rules, studies in [492, 611], are:
• Two M 2-branes [M 5-branes] intersect over a 0-brane [a 3-brane], i.e. (0|2M , 2M)
[(3|5M , 5M)].
• M 2-brane and M 5-brane intersect over a string, i.e. (1|2M , 5M), interpreted as M 2-
brane ending on M 5-brane over a string. The worldvolume theory is described by
D = 6 (0, 2) supermultiplet with bosonic fields given by 5 scalars and a 2-form that
has self-dual field strength, andM 2-brane charge is carried by a self-dual string inside
the worldvolume theory.
• One can add momentum along an isometry direction by applying an SO(1, 1) boost
transformation.
All the possible intersecting M-branes are determined by these intersection rules. One can
intersect up to 8 M p-branes by applying intersection rules to each pair of constituent M p-
branes: the complete classification up to T -duality transformations is given in [75].
IntersectingM-brane solutions can be constructed from the harmonic superposition rules.
These are first formulated in [611] for BPSM-branes and are generalized to the non-extreme
case in [243, 175] and to the rotating case in [185]. First, the harmonic superposition rules
for the BPS case are as follows:
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• The overall conformal factor of the metric is the product of the appropriate powers of
the harmonic functions associated with constituent M p-branes:
ds2 =
∏
i
H(pi+1)/9pi (y)[· · ·], (483)
where pi = 2, 5, and Hpi(y) are harmonic functions in overall transverse space (with
dimension ℓ), namely of (i) the form Hpi(y) = 1 +
cpi
|y−y0|ℓ−1 for ℓ > 2, (ii) logarithmic
form for ℓ = 2, and (iii) linear form for ℓ = 1. Here, y =
√
y21 + · · · y2ℓ is the radial
coordinate of the overall transverse space. So, the spacetime is asymptotically flat
when ℓ > 2.
• The metric is diagonal (unless there is a momentum along an isometry direction)
and each component inside of [· · ·] in (483) is the product of the inverse of harmonic
functions associated with the constituent pi-branes whose worldvolume coordinates
include the corresponding coordinate.
• When momentum is added to an isometry direction, say ξ-direction, the above rules
are modified by the harmonic function K(y) associated with the momentum as follows:
− dt2 + dξ2 → −K−1(y)dt2 +K(y)d̂ξ2, d̂ξ ≡ dξ + [K−1(y)− 1]dt. (484)
• When ℓ > 3, one can add a KK monopole in a 3-dimensional subspace of the over-
all transverse space. All the harmonic functions depend only on these 3 transverse
coordinates and the metric is modified in the overall transverse components as follows
dyidyi → dy21 + · · ·+ dy2ℓ−4
+H−1(dyℓ−3 ± αKK cos θdφ)2 +H(dr2 + r2dΩ22), (485)
where the harmonic function H = 1+ αKK
r
is associated with the KK monopole charge
PKK = ±αKKΩ2. The 2-form field strength associated with the KK monopole has the
form F2 = PKKǫ2.
• Non-zero components of 4-form field strength F are given by (474) for each constituent
M p-branes.
Now, we discuss generalization of harmonic superposition rules to the non-extreme, ro-
tating case. The solutions get modified by the harmonic functions gi(y) = 1 +
l2i
y2
associated
with angular momentum parameters li and the following combinations of gi:
Gℓ ≡
α2 +
∑ ℓ−2
2
i=1 µ
2
i g
−1
i for even ℓ∑ ℓ−1
2
i=1 µ
2
i g
−1
i for odd ℓ
, f−1ℓ ≡ Gℓ
[ ℓ−1
2
]∏
i=1
gi. (486)
Here, α and µi are defined in (189) and (191). The harmonic superposition rules are modified
in the following way:
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• Harmonic functions are modified as
H = 1 +
2m sinh δ cosh δ
yℓ−2
→ H = 1 + fℓ2m sinh
2 δ
yℓ−2
, (487)
where the boost parameter δ is associated with electric/magnetic charge or momentum
2m sinh δ cosh δ.
• The metric components get further modified as
dt2 → fdt2, δijdyidyj → f ′−1dy2 + y2d̂Ω2ℓ−1, (488)
where f ≡ 1 − fℓ 2myℓ−2 and f ′ ≡ G−1ℓ − fℓ 2myℓ−2 are non-extremality functions. Here,
d̂Ω
2
ℓ−1 denotes the angular parts of the metric. In the limit li = 0, d̂Ω
2
ℓ−1 becomes flat
metric dΩ2ℓ−1 of S
ℓ−1. Generally, d̂Ω
2
ℓ−1 is given by the angular metric components of
rotating black hole in (compactified) D = ℓ + 1 and the general rules for constructing
these components are unknown yet. (The explicit forms of d̂Ω
2
ℓ−1 up to 3 M p-brane
intersections with momentum along an isometry direction are given in [185].)
• The harmonic superposition rule (484) with a momentum along an isometry direction
ξ is modified as
− dt2 + dξ2 → K−1fdt2 +Kd̂ξ2, d̂ξ ≡ dξ + [K ′ −1 − 1]dt, (489)
where δ is a boost parameter associated with momentum 2m sinh δ cosh δ and K ′ −1 ≡
1− fℓ 2m sinh2 δrℓ−2 K−1.
• The non-zero components of the 4-form field strength are the same as the BPS case,
when li = 0. For li 6= 0, there are additional non-zero components associated with the
induced electric/magnetic fields due to rotations. The general construction rules are
unknown yet; the explicit expressions up to 3 intersections with momentum along an
isometry direction are given in [185].
Next, we discuss intersecting p-branes in D = 10. The intersection rules are as follows:
• Two fundamental strings can only be parallely oriented, i.e. 1NS ‖ 1NS.
• Two solitonic 5-branes orthogonally intersect over 3-spaces, i.e. (3|5NS, 5NS).
• A fundamental string and a solitonic 5-brane can only be parallely oriented, i.e. 1NS ‖
5NS or (1|1NS, 5NS).
• An R-R p-brane and an R-R q-brane intersect over n-spaces (n|pRR, qRR) such that
p+ q − 2n = 4.
• A fundamental string orthogonally intersects an R-R p-brane over a point, i.e.
(0|1NS, pR).
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• A solitonic 5-brane intersects an R-R p-brane over n-spaces (n|5NS, pR) such that
p− n = 1.
These intersecting p-branes preserve 1/4 of supersymmetry except the multi-centered con-
figuration 1NS ‖ 1NS. These intersection rules are derived in [613] by applying ‘no force’
condition and in [18] from the equations of motion. Alternatively, one can derive these rules
from the intersection rules of M-branes by applying KK procedure and duality transforma-
tions, which we discuss in the following in details.
Intersecting p-branes in D = 10 can be obtained from intersecting M-branes through
compactification on S1 and duality transformations. We have the following p-branes in
type-IIA theory from the compactifications R‖ and R⊥ of M-branes along a longitudinal
and a transverse directions, i.e. the double and direct dimensional reductions, respectively:
2M
R‖−→1NS, 2M R⊥−→2R, 5M
R‖−→4R, 5M R⊥−→5NS, (490)
which can be understood from the relations of type-IIA form fields to the D = 11 3-form
field under the standard KK procedure. Dimensional reduction of 0w and 0m in D = 11
yields the following type-IIA configurations:
0w
R‖−→0R, 0w R⊥−→0w, 0m
R‖−→6R, 0m R⊥−→0m, (491)
where R‖ [R⊥] on 0m denotes the reduction in the direction associated with Taub-NUT term
[the other directions] of the metric.
Duality transformations further relate different types of p-branes.
First, we consider T -duality between type-IIA and type-IIB theories on S1. T -duality
(161) on type-IIA/B R-R p-branes along a tangent [transverse] direction leads to type-IIB/A
R-R (p−1)-branes [(p+1)-branes]. Note, T -duality on a longitudinal direction introduces an
additional overall transverse coordinate that harmonic functions have to depend on, which is
not always guaranteed. So, the T -duality on a longitudinal direction is called “dangerous”,
whereas the T -duality on a transverse direction is “safe” since the resulting configurations
are guaranteed to be solutions to the equations of motion.
T -duality transformation rules of NS-NS p-branes can be inferred from T -duality transfor-
mation of fields [81] (see also (161)) as follows. Among other things, T -duality interchanges
off-diagonal metric components gµα and the same components Bµα of the NS-NS 2-form po-
tential, where α is the T -duality transformation direction. So, when p-brane has non-trivial
(µ = t, α)-component of the metric or NS-NS 2-form potential, T -duality transformation is
reminiscent of interchange of momentum mode (electric charge of KK U(1) field gµα) and
winding mode (electric charge of NS-NS 2-form U(1) field Bµα) under T -duality. So, pp-wave
(whose linear momentum is identified with KK electric charge) and NS-NS string (carrying
electric charge of the NS-NS 2-form field, identified as string winding mode) are interchanged
when T -duality is performed along the longitudinal direction of string or the direction of pp-
wave propagation. T -duality along the other directions yields the same type of solutions.
Second, the (µ = φi, α)-component of metric [NS-NS 2-form potential], where φi are angu-
lar coordinates associated with rotational symmetry, corresponds to the Taub-NUT term
[is associated with magnetic charge of a solitonic 5-brane 5NS]. So, magnetic monopole (or
Taub-NUT solution) and NS-NS 5-brane are interchanged when T -duality transformation is
applied along the direction transverse to NS-NS 5-brane or along the coordinate associated
with Taub-NUT term. T -duality along the other directions yields the same type of solutions.
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Second, the type-IIB SL(2,Z) S-duality transformation can be used to relate NS-NS
charged solutions and R-R charged solutions which are coupled to 2-form potentials. Under
the Z2 subset transformation, NS-NS string and NS-NS 5-brane transform to R-R 1-brane
and R-R 5-brane, respectively. Full SL(2,Z) transformations on NS-NS string [NS-NS 5-
brane] yields “non-marginal” BPS bound states of p NS-NS strings and q R-R strings [p
NS-NS 5-brane and q R-R 5-brane] with the pair of integers (p, q) relatively prime.
The duality transformation rules are, therefore, summarized as follows:
pR
T‖−→ (p− 1)R, pR T⊥−→(p+ 1)R, 1NS
T‖−→0w, 1NS T⊥−→1NS,
0w
T‖−→ 1NS, 0w T⊥−→0w, 5NS
T‖−→5NS, 5NS T⊥−→0m,
0m
T‖−→ 5NS, 0m T⊥−→0m, 1NS S←→1R, 5NS S←→5R. (492)
We now discuss various intersecting p-branes in D = 10.
First, we consider intersecting R-R p-branes in type-II theories. D-brane configurations
are supersymmetric if the number ν of coordinates of DN or ND type is the multiple of 4
[501]. (See section 8.3.2 for details on this point.) At the level of low-energy intersecting
R-R p-branes of the effective field theories, this means that solutions are supersymmetric
when the number of relative transverse coordinates is the multiple of 4, i.e. n = 4, 8. This
can also be derived from the condition that the Killing spinor constraints ǫL = Γ01···pǫR of
the constituent R-R p-branes are compatible with one another. When both of the harmonic
functions depend only on the relative transverse coordinates, BPS configurations are possible
for n = 8 case only, and otherwise only n = 4 configurations are BPS. Since our main concern
is the intersecting R-R p-branes with all the harmonic functions depending only on the overall
transverse coordinates, we concentrate on the n = 4 case. Since T -duality preserves the total
number n of the relative transverse coordinates, one can obtain all the intersecting 2 R-R
p-branes with n = 4 by applying “safe” T -duality transformations to intersecting R-R 0-
brane and R-R 4-brane, i.e. (0|0R, 4R). One can further add R-R p-branes in such a way
that n = 4 for each pair of constituent R-R p-branes. It is shown [75] that one can intersect
up to 8 R-R p-branes which satisfy the n = 4 rule for each pair: the complete classification
up to T -dualities is given in [75]. The explicit solutions for BPS intersecting R-R p-branes
can be constructed by the following harmonic superposition rules:
• The metric is diagonal, with each component having the multiplicative contribution
of H−1/2p [H
1/2
p ] from each constituent R-R p-brane whose worldvolume [transverse]
coordinates include the associated coordinate.
• Dilaton is given by the product of harmonic functions associated with the constituent
R-R p-branes: e−2φ =
∏
kH
pk−3
2
pk .
• Non-zero components of (p + 2)-form field strengths are given by (478) for each con-
stituent R-R p-branes.
As an example, solution for intersecting R-R (p + r)-brane and R-R (p + s)-brane over a
p-brane, i.e. (p|p+ r, p+ s), is of the form:
ds210 = (Hp+rHp+s)
−1/2ηµνdξµdξν +
(
Hp+r
Hp+s
)1/2 s∑
a=1
(dxa)2
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+(
Hp+s
Hp+r
)1/2 s+r∑
a=s+1
(dxa)2 + (Hp+rHp+s)
1/2δijdy
idyj,
e−2φ = H
p+r−3
2
p+r H
p+s−3
2
p+s ,
Ftx1···xsyi = ∂yiH−1p+s, Ftxs+1···xs+ryi = ∂yiH−1p+r. (493)
We discuss intersecting p-branes which contain NS-NS p-branes. First, (0|1NS, pR) with
0 ≤ p ≤ 8, is nothing but open strings that end on D-brane. This type of configurations
can be obtained by first compactifying (0|2M , 2M) on S1 along a longitudinal direction of
one of M 2-brane (resulting in (0|1NS, 2R)), and then by sequentially applying T -duality
transformations along the directions transverse to the NS-NS string. Second, (p−1|5NS, pR)
with 1 ≤ p ≤ 6, are interpreted as Dp-brane ending on NS-NS 5-brane. Namely, NS-NS 5-
branes act as a D-brane for D-branes. This interpretation is consistent with the observation
[46] that M 5-branes are boundaries of M 2-branes. This type of intersecting branes can
be constructed by first compactifying (1|2M , 5M) on S1 along an overall transverse direction
(resulting in (1|5NS, 2R))), and then by sequentially applying T -duality transformations along
the longitudinal directions of the NS-NS 5-brane. Third, intersecting NS-NS p-branes can be
obtained in the following ways: (i) compactification of (3|5M , 5M) along an overall transverse
direction leads to (2|5NS, 5NS), (ii) compactification of (1|2M , 5M) along a relative transverse
direction which is longitudinal to M 2-brane leads to (1|2NS, 5NS), (iii) the type-IIB S-
duality on (−1|1R, 1R) yields (−1|1NS, 1NS).
We comment on the case some or all of harmonic functions depend on the relative trans-
verse coordinates [75]. These types of intersecting p-branes can be constructed by applying
the general harmonic superposition rules, taking into account of dependence of harmonic
functions on the relative transverse coordinates. In particular, the metric components as-
sociated with the relative coordinates (that harmonic functions depend on) have to be the
same so that the equations of motion are satisfied. First, the second type of intersecting
p-branes, i.e. one harmonic function depends on the relative transverse coordinates, can
be constructed from the first type of intersecting p-branes, i.e. all the harmonic functions
depend on the overall transverse coordinates, by letting one of harmonic functions depend on
the relative transverse coordinates. Thus, the classification of the second type is the same as
that of the first type. The third type of p-branes, i.e. all the harmonic functions depend on
the relative transverse coordinates, have 8 relative transverse coordinates (n = 8) for a pair
of p-branes. It is impossible to have more than two p-branes with each pair having n = 8.
In D = 11, the only configuration of the third type is (1|5M , 5M) 50 [287]. This M-brane
preserves (1
2
)2 of supersymmetry, since the Killing spinor satisfies two constraints of the form
(475), each corresponding to a constituent M 5-brane. By compactifying an overall trans-
verse direction of (1|5M , 5M) on S1, one obtains (1|5NS, 5NS) 51, which was first constructed
in [423]. Further application of the type-IIB SL(2,Z) transformation leads to (1|5R, 5R).
50M 2-brane with its longitudinal coordinates given by the overall longitudinal and overall transverse
coordinates of (1|5M , 5M ) can be further added without breaking any more supersymmetry. The added
M 2-brane intersects the M 5-branes over strings and is interpreted as an M 2-brane stretched between two
M 5-branes.
51One can further add a fundamental string along the string intersection without breaking any more su-
persymmetry. T -duality along the fundamental string direction leads to type-IIB (1|5NS , 5NS) with pp-wave
propagating along the string intersection. Note, the former configuration preserves only 1/8 of supersym-
metry, rather than 1/4, if regarded as a solution of type-IIB theory.
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The series of application of T -duality transformations, then, yield a set of overlapping 2 R-R
p-branes with n = 8. (Complete list can be found in [287].) These overlapping p-branes
correspond, at string theory level, to D-brane bound states with 8 ND or DN directions, and
therefore should be supersymmetric. When 2 R-R p-branes intersect in a point, one can add
a fundamental string without breaking any more supersymmetry. This type of configura-
tions is interpreted as a fundamental string stretching between two D-branes. For the case
where 2 R-R p-branes intersect in a string, one can add pp-wave along the string intersection
without breaking anymore supersymmetry. Another third type of intersecting p-branes in
D = 10 can be constructed by compactifying (1|5M , 5M) along a relative transverse direction,
resulting in (1|4R, 5NS), followed by series of T -duality transformations along the longitudi-
nal directions of the NS-NS 5-brane, resulting in (p − 3|pR, 5NS) with 3 ≤ p ≤ 8. One can
further add R-R (p− 2)-branes to these configurations; these configurations are interpreted
as a D (p− 2)-brane stretching between Dp-brane and NS-NS 5-brane.
Other Variations of Intersecting p-Branes So far, we discussed intersecting p-branes
with p−p′ = 0 mod 4. Existence of such classical intersecting p-branes that preserve fraction
of supersymmetry is expected from the perturbative D-brane argument [504, 501]. One can
construct such solutions by applying the harmonic superposition rules discussed in the above.
In this subsection, we discuss another type of p-brane bound states which do not follow
the intersection rules discussed in the previous subsection. Such p-brane bound states con-
tain pair of constituent p-branes with p−p′ = 2 and still preserve fraction of supersymmetry
52. These p-brane configurations can be generated by applying dimensional reduction or
T -duality along a direction at angle with a transverse and a longitudinal directions of the
constituent p-branes [519, 96, 152]. (Hereafter, we call them as ‘tilted’ reduction and ‘tilted’
T -duality.) These p-brane configurations can also be constructed by applying ‘ordinary’ di-
mensional reduction and sequence of ‘ordinary’ duality transformations on (2|2M , 5M) (473),
which preserves 1/2 of supersymmetry.
In fact, it conflicts with diffeomorphic invariance of the underlying theory that one has
to choose specific directions (which are either transverse or longitudinal to the constituent
p-branes) for dimensional reduction or T -duality transformations [152]. So, the existence of
such new p-brane configurations is required by (M-theory/IIA string and IIA/IIB string)
duality symmetries and diffeomorphism invariance of the underlying theories.
We now discuss the basic rules of ‘tilted’ T -duality and ‘tilted’ dimensional reduction on
constituent p-branes. Before one applies ‘tilted’ T -duality and dimensional reduction to p-
branes, one rotates a pair of a longitudinal x and a transverse y coordinates of a (constituent)
p-brane by an angle α (a diffeomorphism that mixes x and y):(
x′
y′
)
=
(
cosα − sinα
sinα cosα
)(
x
y
)
. (494)
(Note, x and y have to be diffeomorphic directions so that one can compactify these directions
on S1.) Then, one compactifies or applies T -duality along the x′-direction. These procedures
52It is argued [504, 501] that D-brane bound state with p− p′ = 6 is not supersymmetric and is unstable
due to repulsive force. Although a solution that may be interpreted as (0|0RR, 6RR) is constructed in [152],
its interpretation is ambiguous due to abnormal singularity structure of harmonic functions, and it cannot
be derived from (2|2M , 5M ) though a chain of T -duality transformations.
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preserve supersymmetry. When α = 0 [α = π/2], such compactification or T -duality trans-
formation is the compactification or T -duality transformation along a longitudinal direction
x [a transverse direction y]. Thus, as the angle α is varied from 0 to π/2, the resulting bound
state interpolates between the corresponding two limiting configurations.
First, we discuss the ‘tilted’ reduction Rα of solutions in D = 11. The ‘tilted’ reduction
on M-branes leads to type-IIA p-brane bound states, interpreted as ‘brane within brane’:
2M
Rα−→(1|1NS, 2R)A, 5M Rα−→(4|4R, 5NS)A, (495)
where the subscript Ameans type-IIA configuration. From 0m and 0w in D = 11, one obtains
the following type-IIA bound states:
0m
Rα−→(0w|6R)A, 0w Rα−→(0m|0R)A, (496)
where (0w|0R)A is interpreted as a ‘boosted’ D 0-brane.
Second, we discuss ‘tilted’ T -duality transformations Tα. The off-diagonal metric com-
ponent gx′y′ induced by the coordinate rotation (494) is transformed to the same component
Bx′y′ of 2-form potential under T -duality. So, the T -transformed solution has diagonal met-
ric and non-zero Fµν = Bµν + 2πα′Fµν , where Fµν is the worldvolume gauge field strength
[445]. For R-R p-brane bound states, the corresponding perturbative D-brane now, there-
fore, satisfies the modified boundary condition ∂nX
µ− iFµν∂lXν = 0. The induced flux Fx′y′
is related to α as Fx′y′ = − tanα. The ADM mass of the transformed configuration is of
the form M2 ∼ Q21 + Q22, a characteristic of non-threshold bound states. First, the ‘tilted’
T -duality on type-IIA/B p-branes leads to the following type-IIB/A bound states:
1NS
Tα−→(0w|1NS), 5NS Tα−→(0m|5NS), (p+ 1)R Tα−→(p|pR, (p+ 2)R), (497)
where (0w|1NS) is simply a boosted fundamental string. The existence of the D-brane bound
states (p|pR, (p+2)R) preserving 1/2 of supersymmetry is also expected from the perturbative
D-brane considerations. One can apply ‘tilted’ T -duality transformation more than once
to obtain new p-brane bound state configurations. For example, by applying ‘tilted’ T -
duality transformations to D 2-brane in two different directions, one obtains D (4, 2, 2, 0)-
brane bound state [96]. Second, ‘tilted’ T -duality on 0m and 0w in type-IIA/B theory yields
the following type-IIB/A bound states:
0m
Tα−→(0m|5NS), 0w Tα−→(0w|1NS). (498)
Next, we discuss p-brane bound states obtained by first imposing a Lorentz boost along
a transverse direction and then applying T -duality transformation or reduction along the
direction of the boost: T -duality along a boost and reduction along a boost, respectively
denoted as Tv and Rv. The Lorentz boost yields non-threshold bound state of a p-brane
and pp-wave. This bound state interpolates between extreme p-brane and plane wave, as
the boost angle α (see below for its definition) varies from zero (no boost) to π/2 (infinite
boost). The ADM energy E of such non-threshold bound state of extreme p-brane (with
mass M) and pp-wave (with momentum p) has the form E2 = M2 + p2, a reminiscent of
relativistic kinematic relation of a particle of the rest mass M with the linear momentum
p, rendering the interpretation of such bound state as ‘boosted’ p-brane. The Lorentz boost
with velocity v/c = sinα along a transverse direction y has the form [519]:
t→ t′ = (cosα)−1(t+ y sinα), y → y′ = (cosα)−1(y + t sinα). (499)
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In the above, the angle 53 α is related to the boost parameter β as cosh β = 1/ cosα. After
the Lorentz boost (499), one compactifies or applies T -duality transformation along y′.
First, we discuss the reduction Rv along a boost. Since the momentum of pp-wave
manifests as the KK electric charge after reduction along the direction of momentum flow,
the resulting bound state always involves R-R 0-brane. The following type-IIA bound states
are obtained from the compactification with a boost of configurations in D = 11 54:
2M
Rv−→ (0|0R, 2R)A, 5M Rv−→(0|0R, 5NS)A,
0w
Rv−→ (0R|0w)A, 0m Rv−→(0|0R, 6R)A. (500)
Second, we discuss the T -duality Tv along a boost. Under the T -duality, the linear momen-
tum of a pp-wave is transformed to the electric charge of the NS-NS 2-form potential [359].
So, the T -dualized configurations always involve a fundamental string with non-zero winding
mode. We have the following type-IIB/A bound states from type-IIA/B configurations:
1NS
Tv−→ 1NS, 5NS Tv−→(0m|1NS), pR Tv−→(1|1NS, (p+ 1)R),
0w
Tv−→(0w|1NS), 0m Tv−→(0m|1F , 5NS). (501)
The diffeomorphic invariance and duality symmetries require new type of bound states
in M-theory that preserve 1/2 of supersymmetry. These new M-theory configurations can
be constructed by uplifting new type-IIA configuration discussed in this subsection. For
example, by uplifting (0m|5NS)A or (4|4R, 6R)A, one obtains the M 5-brane and the KK
monopole bound state in D = 11. Another example is the M 2-brane and the KK monopole
bound state uplifted from (1|1NS, 6R)A or (0m|1NS)A.
Non-threshold type-IIB (q1, q2) string, obtained from R-R or NS-NS string through
SL(2,Z) duality, can be related to D = 11 pp-wave compactified at angle [519]. This is
understood as follows. When the compactification torus T 2 (parameterized by isometric
coordinates (x, y)) is rectangular, the angle α of coordinate rotation defines the direction of
(q1, q2) cycle in T
2, around which the D = 11 pp-wave is wrapped, as cosα = q1/
√
q21 + q
2
2 .
(So, choice of different angle α corresponds to different choice of a cycle in T 2.) Starting
from pp-wave propagating along x, one performs coordinate rotation (494) in the plane
(x, y), where y is an isometric transverse direction of the pp-wave, and then compactifies
along y′-direction, which is the direction of (q1, q2)-cycle of T 2 with coordinates (x, y). The
resulting type-IIA configuration is a non-threshold bound state of pp-wave and D 0-brane.
Subsequent T -duality transformation along y1 leads to type-IIB (q1, q2) string solution. This
is related to the fact that the type-IIB SL(2,Z) symmetry is the modular symmetry of the
D = 11 supergravity on T 2 [81, 538, 539] (see section 3.7 for detailed discussion).
Had we started from the bound state of M 2-brane and pp-wave along a longitudinal di-
rection of theM 2-brane, we would end up with boosted type-IIB (q1, q2) string that preserves
53This boost angle α can be identified with the angle α of coordinate rotation in (494). Namely, the non-
threshold type-IIA (q1, q2) string bound state obtained from D = 11 pp-wave through tilted dimensional
reduction at an angle α, followed by T -duality, can also be obtained by reduction along a boost ofM 2-brane
with the same boost angle α, followed by T -duality transformation.
54One can straightforwardly apply this procedure to intersecting M -branes, followed by sequence of T -
duality transformations, to construct p-brane bound states that interpolate between those that preserve 1/4
of supersymmetry and those that preserve 1/2 of supersymmetry as α is varied from 0 to π/2 [151].
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1/4 of supersymmetry. (The M 2-brane charge is, therefore, interpreted as a momentum of
the type-IIB (q1, q2) string.)
On the other hand, the non-threshold type-IIB (q1, q2) 5-brane can be related to M 5-
brane. Namely, one first compactifies M 5-brane at an angle to obtain (4|4R, 5NS)A and then
applies T -duality transformation along the relative transverse direction to obtain type-IIB
(q1, q2) 5-brane bound state. Following the similar procedures, one can obtain the non-
threshold type-IIB (q1, q2) string from M 2-brane.
Branes Intersecting at Angles In [89], it is shown that one can construct BPS D-brane
bound states where the constituent D-branes intersect at angles other than the right angle.
We first summarize formalism of [89]. Then, we discuss the corresponding classical solutions
[97, 285, 55, 151, 33] in the effective field theory.
In the presence of a Dp-brane, two spinors ε and ε˜ (corresponding to N = 2 spacetime
supersymmetry) of type-II string theory satisfy the constraint:
ε˜ = Γ(p)ε :=
p∏
i=0
eµi Γµε, (502)
where ei is an orthonormal frame spanning D p-brane worldvolume. For N numbers of
constituent D-branes, it is convenient to define the following raising and lowering operators
from gamma matrices:
a†k =
1
2
(Γ2k−1 − iΓ2k), ak = 1
2
(Γ2k−1 + iΓ2k), k = 1, ..., N, (503)
which satisfy the anticommutation relations:
{aj, a†k} = δjk, {aj , ak} = 0 = {a†j , a†k}. (504)
The lowering operators ak define the ‘vacuum’ |0〉, satisfying ak|0〉 = 0. Under an SU(N)
rotation zi → Rijzj of the complex coordinates zk ≡ xak + ixbk spanned by D p-branes, the
raising and the lowering operators transform as
ak → Rkjaj , a†k → R† jk a†j . (505)
One can construct intersecting D p-branes at angles in the following way. One starts
from two Dp-branes oriented, say, along the directions Re zi and applies SU(p) rotation
zi → Rijzj to one of D p-branes. For this type of intersecting D p-branes at angles, the
spinor ε satisfies the constraint:
p∏
k=1
(a†k + a
k)ε =
p∏
k=1
(R† jk a
†
j +R
k
ja
j)ε. (506)
So, the resulting configuration has unbroken supersymmetries |0〉 and ∏pk=1 a†k|0〉. These
two spinors have the same [opposite] chirality for p even [odd]. One can further compactify
this intersecting Dp-branes at angles on a torus and then apply T -duality transformations
to obtain other types of intersecting Dp-branes at angles. Alternatively, one can start
from (q|(p + q)R, (p + q)R) and rotate one D (p + q)-brane relative to the other by apply-
ing the SO(2p) transformation. The resulting configuration is supersymmetric when the
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SU(p) ⊂ SO(2p) transformation is applied. When these intersecting D-branes are further
compactified on tori, the consistency of toroidal compactification imposes the quantization
condition for the intersecting angles θ’s in relation to the moduli of tori [89, 32].
When intersecting D-branes at angles are compactified on a manifold M, the unbroken
supersymmetry should commute with the ‘generalized’ holonomy group (defined by a modi-
fied connection − with torsion − due to non-zero antisymmetric tensor backgrounds) ofM.
Here, the spinor constraint η =
∏
i e
µ
i Γµη defines an action of discrete generalized holonomy.
Generally, starting from an intersecting Dp-brane at angles with Fˆ = F +B = 0, where F
[B] is the worldvolume 2-form field strength [the NS-NS 2-form], one obtains a configuration
with Fˆ 6= 0 when T -duality is applied. For intersecting D 2-branes at angles, the necessary
and sufficient condition for preserving supersymmetry is that Fˆ is anti-self-dual [89].
Classical solution realization of intersecting D-branes at angles is first constructed in
[97]. Starting from n parallel D 2-branes (with each constituent D 2-brane located at ~x =
~xa, a = 1, ..., n, and its charge related to ℓa > 0) lying in the (y
2, y4) plane, one rotates
each constituent D 2-brane by an SU(2) angle αa in the (y
1, y2) and (y3, y4) planes, i.e.
(z1, z2)→ (eiαaz1, e−iαaz2) where z1 = y1+ iy2 and z2 = y3+ iy4. The solution in the string
frame has the form:
ds2 =
√
1 +X
 1
1 +X
−dt2 + 4∑
j=1
(dyj)2
+
n∑
a=1
Xa
{
[(Ra)
1
idy
i]2 + [(Ra)
3
jdy
j]2
})
+
9∑
i=5
(dxi)2
]
,
A(3) =
dt
1 +X
∧
{
n∑
a=1
Xa (Ra)
2
idy
i ∧ (Ra)4jdyj
−
n∑
a<b
XaXb sin
2(αa − αb)(dy1 ∧ dy3 − dy2 ∧ dy4)
 ,
e2φA =
√
1 +X; X ≡
n∑
a=1
Xa +
n∑
a<b
XaXb sin
2(αa − αb), (507)
where Ra (a = 1, .., n) are (block-diagonal) SO(4) matrices that correspond to the above
mentioned rotation of constituent D 2-branes and harmonic functionsXa(~x) =
1
3
(
ℓa
|~x−~xa|
)3
are
associated with constituent D 2-branes located at ~x = ~xa. This configuration preserves 1/4 of
supersymmetry and interpolates between previously known configurations: (i) αa = 0, π/2
case is orthogonally oriented D 2-branes, (ii) αa = α0, ∀a, case is parallel n D 2-branes
oriented in different direction through SU(2) rotations, etc..
The ADM mass density of (507) is the sum of those of constituent D 2-branes, i.e. m =
A4
2κ2
∑n
a=1 ℓ
3
a, and is independent of the SU(2) rotation angles αa. The physical charge density
is also simply the sum of those of constituent D 2-branes, although the charge densities in
different planes (yi, yj) of the intersecting D 2-branes depend on αa.
T -duality on (507) yields other types ofD-brane bound states. The T -duality along trans-
verse directions leads to angled Dp-branes with p > 2. The T -duality along worldvolume
directions leads to more exotic bound states of D-branes. Namely, since the constituent D 2-
branes intersect with one another at angles, the worldvolume direction that one chooses for
T -duality transformation is necessarily at angle with some of constituent D 2-branes. Con-
sequently, the resulting configuration is exotic bound state of D p-brane (p 6= 2) and bound
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states of the type studied in [96] (e.g. bound state ofD (p+1)-brane and D (p−1)-brane, and
D (4, 2, 2, 0)-brane bound state) obtained by applying the ‘tilted’ T -duality transformation(s)
on a Dp-brane.
The above intersecting D-branes at angles and related configurations are alternatively
derived by (i) applying the ‘tilted’ boost transformation on the orthogonally intersecting
two D-branes, followed by the sequence of T -S-T transformations of type-II strings [55], or
(ii) applying ‘reduction along a boost’ followed by T -duality transformations [151]. For the
former case [151], the resulting configurations are mixed bound states of R-R branes that
necessarily involves fundamental string. It is essential that one has to turn on both D-brane
charges of original orthogonally intersecting D-branes and apply the S-duality between two
T -duality transformations to have configurations where the D-branes intersect at angles.
Intersecting p-branes at angles in more general setting, starting from M-branes with the
flat Euclidean transverse space E4n replaced by the toric hyper-Ka¨hler manifold Mn, are
studied in [285]. We first discuss the general formalism and then specialize to the case of
intersecting p-branes in D = 10, 11.
4n-dimensional toric hyper-Ka¨hler manifold Mn with a tri-holomorphic 55 T n isometry
has the following general form of metric:
ds2HK = Uijdx
i · dxj + U ij(dϕi + Ai)(dϕj + Aj) (i, j = 1, ..., n), (508)
where ϕi (which are periodically identified − to remove a coordinate singularity − ϕi ∼
ϕi + 2π, thereby parameterizing T
n) correspond to the U(1) isometry directions ofMn and
xi = {xir|r = 1, 2, 3} parameterize n copies of Euclidean spaces E3. The n = 1 case is
Taub-NUT space. The hyper-Ka¨hler condition relates n 1-forms Ai = dx
j · ωij with field
strengths Fi = dAi to Uij through ε
rsl∂ljUki = F
rs
jki = ∂
r
jω
s
ki − ∂skωrji. (So, a toric hyper-
Ka¨hler metric is specified by Uij alone.) This implies that Uij are harmonic functions on
Mn, i.e. U ij∂i · ∂jU = 0. Generally, a positive definite symmetric n × n matrix U(xi) is
linear combination
Uij = U
(∞)
ij +
∑
{p}
N({p})∑
m=1
Uij[{p}, am({p})] (509)
of the following harmonic functions specified by a set of n real numbers {pi|i = 1, ..., n},
called a ‘p-vector’, and an arbitrary 3-vector a:
Uij [{p}, a] = pipj
2|∑k pkxk − a| . (510)
The vacuum hyper-Ka¨hler manifold E3n × T n with mod-
uli space Sl(n,Z)\Gl(n,R)/SO(n) has the metric (508) with Uij = U (∞)ij (so, Ai = 0).
Regular non-vacuum hyper-Ka¨hler manifold is represented by harmonic functions Uij [{p}, a]
associated with a 3(n − 1)-plane in E3n defined by 3-vector equations ∑nk=1 pkxk = a. The
hyper-Ka¨hler metric (508) is non-singular, provided {p} are coprime integers. The Sl(n,Z)
transformation U → STUS (S ∈ Sl(n,Z)) on the hyper-Ka¨hler metric (508) leads to another
hyper-Ka¨hler metric with the Sl(n,Z) transformed p-vector S{p}. The angle θ between two
55The manifold Mn is tri-holomorphic iff the triplet Ka¨hler 2-forms Ω = (dϕi + Ai)dxi − 12Uijdxi × dxj
are independent of ϕi, i.e. L ∂
∂ϕi
Ω = 0.
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3(n−1)-planes defined by two p-vectors {p} and {p′} is given by cos θ = p ·p′/√p2p′ 2. Here,
the inner product is defined as p · q = (U (∞))ijpiqj, which is invariant under Sl(n,Z). The
solution (508) is, therefore, specified by angles and distances between mutually intersecting
3(n− 1)-planes associated with harmonic functions Uij [{p}, am({p})].
The special case where ∆U ≡ U − U (∞) is diagonal (i.e. the p-vectors have the form
(0, ..., 1, ..., 0) and ∆Uij = δij
1
2|xi| : there are only n intersecting 3(n− 1)-planes) describes n
fundamental BPS monopoles in maximally-broken rank (n+1) gauge theories found in [444],
thereby called LWY metric. When additionally U (∞) is diagonal (so that U is diagonal), n
3(n− 1)-planes intersect orthogonally (cos θ = 0) and Mn =M1 × · · · ×M1. In this case,
one can always choose ωij such that Fi = dAi and Uii are related as Fi = ⋆dUii, where ⋆ is
the Hodge-dual on E3.
The hyper-Ka¨hler manifold Mn preserves fraction of supersymmetry. It admits (n + 1)
covariantly constant SO(4n) spinors (in the decomposition of D-dimensional Lorentz spinor
representation under the subgroup Sl(n,R) × SO(4n)) if the holonomy of Mn is strictly
Sp(n), which corresponds to the case where 3(n − 1)-planes intersect non-orthogonally, i.e.
U (∞) is non-diagonal. These covariantly constant SO(4n) spinors arise as singlets in the de-
composition of the spinor representation of SO(4n) into representations of holonomy group
ofMn, i.e. Sp(n) for this case. The only toric hyper-Ka¨hler manifolds whose holonomy is a
proper subgroup of Sp(n) are those corresponding to the ‘orthogonally’ intersecting or ‘par-
allel’ 3(n−1)-planes. For this case,Mn =M1×· · ·M1 (i.e. product of n Taub-NUT space)
with Sp(1)n holonomy and diagonal Uij (thereby, 3(n−1)-planes intersecting orthogonally),
and more supersymmetry is preserved since the non-singlet spinor representations of Sp(n)
are further decomposed under the proper subgroup Sp(1)n. A trivial case corresponds to
the case Uij = U
(∞)
ij , i.e. the vacuum hyper-Ka¨hler manifold: since the holonomy group is
trivial, all the supersymmetries are preserved.
The starting point of general class of intersecting p-branes is the following D = 11
solution, which is the product of the D = 3 Minkowski space and M2:
ds211 = ds
2(E2,1) + Uijdx
i · dxj + U ij(dϕi + Ai)(dϕj + Aj), (511)
where i = 1, 2. For a general solution with non-diagonal Uij , thereby with the Sp(2) holon-
omy forM2, (511) admits (n+ 1) = 3 covariantly constant spinors. Namely, 32-component
real spinor in D = 11 is decomposed under Sl(2,R) × SO(8) as 32 → (2, 8s) ⊕ (2, 8c).
Two SO(8) spinor representations 56 8s and 8c are further, respectively, decomposed under
Sp(2) ⊂ SO(8) as 8s → 5 ⊕ 1 ⊕ 1 ⊕ 1 and 8c → 4 ⊕ 4. So, 3/16 of supersymmetry is
preserved. When Uij is diagonal (so, M2 =M1 ×M1 and 3-planes orthogonally intersect),
the holonomy group is Sp(1)×Sp(1). Under the Sp(1)×Sp(1) subgroup, non-singlet Sp(2)
spinor representations 5 and 4 are, respectively, decomposed as 5 → (2, 2) ⊕ (1, 1) and
4→ (2, 1)⊕ (1, 2). So, 8/32 = 1/4 of supersymmetry is preserved.
One can generalize the solution (511) to include M-branes without breaking any more
supersymmetry, resulting in ‘generalized M-branes’, where the transverse Euclidean space
is replaced by Mn. The harmonic functions (associated with M-branes) are independent of
the U(1) isometry coordinates ϕi, thereby M p-branes are delocalized in the ϕi-directions.
First, one can naturally include an M 2-brane to the solution (511), since the transverse
56The subscripts s and c denote two possible SO(8) chiralities.
138
space of M 2-brane has dimensions 8:
ds211 = H
− 2
3ds2(E2,1) +H
1
3 [Uijdx
i · dxj + U ij(dϕi + Ai)(dϕj + Aj)],
F = ±ω(E2,1) ∧ dH−1, (512)
where ω(E2,1) is the volume form on E2,1, the signs ± are those of M 2-brane charge and
H = H(xi) is a harmonic function (associated with M 2-brane) onM2, i.e. U ij∂i · ∂jH = 0.
The SO(1, 10) Killing spinor of this solution is decomposed into the SO(8) spinors of definite
chiralities 8c and 8s, which are related to the signs ±. So, depending on the sign ofM 2-brane
charge, either all supersymmetries are broken or 3/16 of supersymmetry is preserved.
Second, one can add M 5-branes to the solution (511) if M2 = M1 ×M1, i.e. U =
diag(U1(x
1), U2(x
2)). For this purpose, it is convenient to introduce 2 1-form potentials A˜i
(i = 1, 2) with field strengths F˜i which can be related to the harmonic functions H1(x
1) and
H2(x
2) (associated with 2 M 5-branes) as dHi = ⋆F˜i. (This is analogous to the relations
dUi = ⋆Fi satisfied by the diagonal components of U and the field strengths Fi = dAi of the
solution (511) when both ∆U and U (∞) are diagonal.) Here, ⋆ is the Hodge-dual on E3. The
explicit solution has the form:
ds211 = (H1H2)
2
3
[
(H1H2)
−1ds2(E1,1) +H−11 [U2dx
2 · dx2 + U−12 (dϕ2 + A2)2]
+H−12 [U1dx
1 · dx1 + U−11 (dϕ1 + A1)2] + dz2
]
,
F = [F˜1 ∧ (dϕ1 + A1) + F˜2 ∧ (dϕ2 + A2)] ∧ dz. (513)
Generally with non-constant Ui and Hi, (513) preserves 1/8 of supersymmetry, provided the
proper relative sign of M 5-brane charges is chosen.
In the following, we discuss the intersecting (overlapping) p-brane interpretation of so-
lutions obtained via dimensional reduction and duality transformations of the D = 11 solu-
tions (511)–(513). Due to the triholomorphicity of the Killing vector fields ∂/∂ϕi, the Killing
spinors survive in these procedures. As for the p-branes associated with the harmonic func-
tions Uij, there is a one-to-one correspondence between 3(n − 1)-planes and p-branes, and
the intersection angle of p-branes is given by the angle between the corresponding p-vectors,
which define 3(n− 1)-planes.
First, we discuss intersecting (overlapping) p-branes related to (511) and (512). Since
(511) is a special case of (512) with H = 1, we consider p-branes related to (512), and then
comment on the H = 1 case. First, one compactifies one of the U(1) isometry directions
of M2, say ϕ2 without lose of generality, on S1, resulting in a type-IIA solution, and then
applies the T -duality transformation along the other U(1) isometry direction, i.e. the ϕ1-
direction, to obtain the following type-IIB solution:
ds2E = (detU)
3
4H
1
2 [H−1(detU)−1ds2(E2,1) + (detU)−1Uijdx
i · dxj +H−1dz2],
B(i) = Ai ∧ dz, τ = −U12
U11
+ i
√
detU
U11
, ikD = ω(E
2,1) ∧ dH−1, (514)
where φB is the dilaton, τ ≡ ℓ + ie−φB (ℓ = R-R 0-form field), B(i) (i = 1, 2) are 2-form
potentials in the NS-NS and R-R sectors, D is the 4-form potential, and z ≡ ϕ1. This
solution is interpreted as D 3-brane (with harmonic function H) stretching between 5-branes
along the z-direction. The 5-branes in this type-IIB configuration are specified by a set of
intersecting 3-planes
∑n
k=1 pkx
k = a in E6. From the expression for τ in (514), one sees
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that the Sl(2,R) transformation U → (S−1)TUS−1 (S ∈ Sl(2,R)) in M2 is realized in this
type-IIB configuration as the type-IIB Sl(2,R) symmetry τ → aτ+b
cτ+d
of equations of motion,
where S =
(
a b
c d
)
. The condition that Sl(2,R) is broken down to Sl(2,Z) so thatM2 with
the coprime integers {p1, p2} remains non-singular after the transformation is translated into
the type-IIB language that the Sl(2,R) symmetry of the equations of motion is broken down
to the Sl(2,Z) S-duality symmetry of type-IIB string theory. In the following we discuss
particular cases of (514).
We first consider the solution (514) with U = diag(H1(x
1), H2(x
2)) and H = 1. In this
case, M2 =M1 ×M1 with holonomy Sp(1)× Sp(1), thereby preserving 1/4 of supersym-
metry. The corresponding solution is ‘orthogonally’ intersecting (2|5NS, 5R):
ds2E = (H1H2)
3
4 [(H1H2)
−1ds2(E2,1) +H−12 dx
1 · dx1 +H−11 dx2 · dx2 + dz2], (515)
where harmonic functions Hi = 1 + (2|xi|)−1 (i = 1, 2) are respectively associated with
NS-NS 5-brane and R-R 5-brane [285].
A particular case of (514) with U (∞) = 1 = H and a single 3-plane in E6 (defined by
{p1, p2}) is the bound state of NS-NS 5-brane and R-R 5-brane with charge vector (p1, p2).
So, the restriction thatM2 is non-singular, i.e. {p1, p2} are coprime integer, manifests in the
type-IIB theory that the corresponding p-brane configuration is a non-marginal bound state
of NS-NS 5-brane and R-R 5-brane. There is a correlation between the D = 11 Sl(2,Z)
transformation, which rotates a 3-plane in E6, and the type-IIB Sl(2,Z) transformation,
which rotates the charge vectors of the 2-form field doublet B(i).
The general type-IIB solution (514) with non-diagonal U (∞) is interpreted as an arbi-
trary number of 5-branes intersecting or overlapping at angles. p-vectors and U (∞) specify
orientations and charges of 5-branes, and a determines distance of 5-branes from the origin.
Since the corresponding M2 has the Sp(2) holonomy, 3/16 of supersymmetry is preserved.
Next, we discuss the intersecting p-branes in type-IIA string and M-theory related to
(512). The intersecting p-branes in type-IIA theory are constructed in the following way.
First, one T -dualizes the type-IIB solution (514) along a direction in E2,1 to obtain the
following type-IIA ‘generalized fundamental string’ solution, which can also be obtained
from (511) by compactifying on a spatial direction in E2,1:
ds2 = H−1ds2(E1,1) + Uijdxi · dxj + U ij(dϕi + Ai)(dϕj + Aj),
B = ω(E1,1)H−1, φA = −1
2
ln H. (516)
Subsequent T -dualities along ϕ1 and ϕ2 lead to the type-IIA solution:
ds2 = H−1ds2(E1,1) + Uij(dxi · dxj + dϕidϕj),
B = Ai ∧ dϕi + ω(E1,1)H−1, φA = 1
2
ln detU − 1
2
ln H, (517)
where B is the NS-NS 2-form potential and φA is the dilaton. This solution is interpreted
as an arbitrary number of NS-NS 5-branes intersecting on a fundamental string (with a har-
monic function H), generalizing the solutions in [423]. The case with diagonal U represents
orthogonally intersecting NS-NS 5-branes. More general case with non-diagonal U represents
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intersecting NS-NS 5-branes at angles and preserves 3/16 of supersymmetry. The following
solution in D = 11 is obtained by uplifting the type-IIA solution (517):
ds211 = H
1
3 (detU)
2
3 [H−1(detU)−1ds2(E1,1)
+(detU)−1Uij(dxi · dxj + dϕidϕj) +H−1dy2],
F = [Fi ∧ dϕi + ω(E1,1) ∧ dH−1] ∧ dy. (518)
When U is of LWY type, this solution represents parallel M 2-branes which intersect inter-
secting 2 M 5-branes (orthogonally when U (∞) is diagonal as well) over a string. For more
general form of U , the solution represents the M 2-branes intersecting arbitrary numbers of
M 5-branes at angles and preserves 3/16 of supersymmetry.
T -duality on the type-IIA solution (517) along the fundamental string direction leads to
intersecting type-IIB NS-NS 5-branes with a pp-wave along the common intersection direc-
tion. Further application of Z2 ⊂ SL(2,Z) S-duality transformation leads to the following
solution involving R-R 5-branes, which preserves 3/16 of supersymmetry when 5-branes
intersect at angles:
ds2E = (detU)
1
4 [dtdσ +Hdσ2 + Uij(dx
i · dxj + dϕidϕj)],
B′ = Ai ∧ dϕi, τ = i
√
detU, (519)
where B′ is the R-R 2-form potential. The H = 1 case is classical solution realization of
intersecting D-branes at angles of [89]. In [89], the condition for unbroken supersymmetry
is given by the holonomy condition arising in the KK compactifications. This corresponds
to the holonomy condition on the hyper-Ka¨hler manifold of [285]. Namely, intersecting R-R
p-branes preserve fraction of supersymmetry if orientations of the constituent R-R p-branes
are related by rotations in the Sp(2) subgroup of SO(8). This is seen by considering spinor
constraints of intersecting two D 5-branes, where one D 5-brane is oriented in the (12345)
5-plane and the other D 5-brane rotated into the (16289) 5-plane by an angle θ. For this
configuration, type-IIB chiral spinors ǫA (A = 1, 2) satisfy the constraints Γ012345ǫ
1 = ǫ2 and
R−1(θ)Γ016289R(θ)ǫ1 = ǫ2, where R(θ) = exp{−12θ(Γ26 + Γ37 + Γ48 + Γ59)} is the SO(1, 9)
spinor representation of the above mentioned SO(8) rotation. (The rotational matrix R(θ)
is associated with an element of U(2,H) ∼= Sp(2) that commutes with quaternionic conju-
gation, which is the rotation mentioned above.) It can be shown [285] that (i) for θ = 0, π,
1/2 of supersymmetry is preserved since the second spinor constraint is trivially satisfied,
(ii) for θ = ±π/2, 1/4 is preserved, and (iii) for all other values of θ, 3/16 is preserved.
Finally, we discuss intersecting (overlapping) p-branes related to (513). The compactifi-
cation on one of the U(1) isometry directions followed by the T -duality along the other U(1)
isometry direction yields the following type-IIB solution:
ds2E = (H1H2U1U2)
3
4
[
(U1U2H1H2)
−1ds2(E1,1) + (U2H2)−1dx1 · dx1
+(U1H1)
−1dx2 · dx2 + (H1H2)−1dz2 + (U1U2)−1dy2
]
,
B = A1 ∧ dz + A˜2 ∧ dy, B′ = A2 ∧ dz + A˜1 ∧ dy, τ = i
√
H1U2
H2U1
. (520)
This solution represents 2 NS-NS 5-branes in the planes (1, 2, 3, 4, 5) and (1, 6, 7, 8, 9) and 2
R-R 5-branes in the planes (1, 5, 6, 7, 8) and (1, 2, 3, 4, 9) intersecting orthogonally. Since the
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spinor constraint associated with one of the constituent p-branes is expressed as a combina-
tion of the rest three independent spinor constraints, the solution preserves (1
2
)3 of super-
symmetry. Related intersecting p-brane is constructed by applying T -duality, oxidation and
dimensional reduction. One can further include additional p-branes without breaking any
more supersymmetry, provided the spinor constraints of the added p-branes can be expressed
as a combination of spinor constraints of the existing p-branes.
6.3 Dimensional Reduction and Higher Dimensional Embeddings
The lower-dimensional (D < 10) p-branes can be obtained from those in D = 10, 11 through
dimensional reduction. Reversely, most of lower-dimensional p-branes are related to D =
10, 11 p-branes via dimensional reduction and dualities. In particular, many black holes in
D < 10 originate from D = 10, 11 p-brane bound states, which makes it possible to find
microscopic origin of black hole entropy. It is purpose of this section to discuss various
p-branes in D < 10. We also discuss various p-brane embeddings of black holes.
There are two ways of compactifying p-branes to lower dimensions. First, one can com-
pactify along a longitudinal direction. It is called the ‘double dimensional reduction’ (since
both worldvolume and spacetime dimensions are reduced, bringing a p-brane in D dimen-
sions to (p − 1)-brane in D − 1 dimensions diagonally in the D versus p brane-scan) or
‘wrapping’ of branes (around cycles of compactification manifold). Since target space fields
are independent of longitudinal coordinates, one only needs to require periodicity of fields
in the compactification directions. Second, one can compactify a transverse direction of a
p-brane. It is called the ‘direct dimensional reduction’ (since this takes us vertically on the
bran-scan, taking a p-brane in D dimensions to a p-brane in D − 1 dimensions) or ‘con-
structing periodic arrays’ of p-branes (along the compactified direction). Since fields depend
on transverse coordinates, direct dimensional reduction is more involved [422, 286, 461].
For this purpose, one takes periodic array of parallel p-branes (with the period of the size
of compact manifold) along the transverse direction 57. Then, one takes average over the
transverse coordinate, integrating over continuum of charges distributed over the transverse
direction. The resulting configuration is independent of the transverse coordinate, making
it possible to apply standard Kaluza-Klein dimensional reduction 58. In the double [direct]
dimensional reduction, the values of p˜ [p] and ∆ are preserved; in the direct dimensional
reduction, the asymptotic behavior of the fields (which goes as ∼ 1/|~y|p˜) changes.
Conventionally, the direct dimensional reduction uses the zero-force property of BPS
p-branes, which allows the construction of multicentered p-branes. Note, however that it
is also possible to apply the vertical dimensional reduction even for non-BPS extreme p-
branes [461] and non-extreme p-branes [463], contrary to the conventional lore. Namely,
since the equations of motion (of a non-extreme, axially symmetric black (D−4)-brane in D
dimensions, for the non-extreme case) can be reduced to Laplace equations in the transverse
space with suitable choice of field Ansa¨tze, one can still construct multi-center p-branes
for non-BPS and non-extreme cases as well. For the non-extreme case, when an infinite
57Such staking-up procedure breaks down for (D − 3)-branes in D dimensions, due to conical asymptotic
spacetime [461]. This is also related to the fact that (D − 2)-branes reside in massive supergravity, rather
than ordinary massless type-II theory.
58Or one can promote such isometry directions as the spatial worldvolume of a p-brane, leading to an
intersecting p-brane solution [287, 611, 461, 424]
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number of non-extreme p-branes are periodically arrayed along a line, the net force on each
p-brane is zero and the conical singularities along the axis of periodic array act like “struts”
that hold the constituents in place. Furthermore, since the direction of periodic array is
compactified on S1 with each p-brane precisely separated by the circumference of S1, the
instability problem of such a configuration can be overcome.
One can also lift p-branes as another p-branes in higher-dimensions, so-called ‘dimensional
oxidation’. First, the oxidation of a p-brane in D dimensions to a p-brane inD+1 dimensions
(i.e. the reverse of the direct dimensional reduction) is never possible in the standard KK
dimensional reduction, since the oxidized p-brane in D+1 dimensions has to depend on the
extra transverse coordinate introduced by oxidation 59. (This is analogous to the ‘dangerous’
T -duality transformation.) Second, the oxidation of a p-brane in D dimensions to a (p+1)-
brane in D+1 dimensions (i.e. the reverse of the double dimensional reduction) is classified
into two groups. A p-brane in D dimensions is called ‘rusty’ if it can be oxidized to a (p+1)-
brane in D + 1 dimensions. Otherwise, it is called ‘stainless’. Thus, p-branes in bran scan
are KK descendants of stainless p-branes in some higher dimensions 60. A p-brane in D
dimensions is ‘stainless’ when (i) there is not the antisymmetric tensor in D+ 1 dimensions
that the corresponding (p+ 1)-brane couples to, or (ii) the exponential prefactors aD+1 and
aD for (p+2)-form field strength kinetic terms in D+1 and D dimensions do not satisfy the
relation a2D+1 = a
2
D − 2(p˜+1)
2
(D−2)(D−1) . (This relation is satisfied by the expression for a in (531),
provided ∆ remains unchanged in the dimensional reduction procedure.)
In this section, we focus on p-branes in D < 10 with only field strengths of the same rank
turned on, comprehensively studied in [459, 461, 456, 457, 463, 243, 455, 462, 458, 460]. A
special case is black holes, which are 0-brane bound states. We also discuss their supersym-
metry properties and interpretations as bound states of higher-dimensional p-branes.
6.3.1 General Solutions
We concentrate on p-branes in D = 11 supergravity on tori. Bosonic Lagrangian of D = 11
supergravity is
L11 =
√
−Gˆ
[
RGˆ −
1
48
Fˆ 24
]
+
1
6
Fˆ4 ∧ Fˆ4 ∧ Aˆ3, (521)
where Fˆ4 = dAˆ3 is the field strength of the 3-form potential Aˆ3. So, such p-branes have
interpretation in terms of M-theory or type-II string theory configurations. Although one
can directly reduce the D = 11 action down to D < 11 by compactifying on T 11−D in one
step, it turns out to be more convenient to reduce the action (521) one dimension at a time
iteratively until one reaches D dimensions. Namely, one compactifies 11 − D times on S1,
making use of the following KK Ansatz:
ds2D+1 = e
2αϕds2D + e
−2(D−2)αϕ(dz +A1)2,
An(x, z) = An(x) + An−1(x) ∧ dz, (522)
59Such a p-brane in D dimensions should rather be viewed as a p-brane in D+1 dimensions whose charge
is uniformly distributed along the extra coordinate. This is interpreted as the limit where one of charges of
intersecting two p-branes in D + 1 dimensions is zero [461].
60Contrary to the conventional lore that all the p-branes in D < 10 are obtained from those in D = 10, 11
through dimensional reductions, there are stainless p-branes inD < 10 which cannot be viewed as dimensional
reductions of p-branes in D = 10, 11. So, the conventional brane scan is modified [459].
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where ϕ is a dilatonic scalar, A1 = Aµdxµ is a KK 1-form field, An is an n-form field arising
from Aˆ3 and α ≡ 1/
√
2(D − 1)(D − 2). The explicit form of resulting D < 11 action can
be found elsewhere [456]. The advantage of such compactification procedure is that spin-
0 fields are manifestly divided into two classes in the Lagrangian. Namely, only dilatonic
scalars ~φ = (φ1, ..., φ11−D) appear in the exponential prefactors of the n-form field kinetic
terms. The dilatonic scalars originate from the diagonal components of the internal metric
and are true scalars. The couplings of ~φ to n-form potentials Aαn are characterized by the
“dilaton vectors” ~aα in the following way:
e−1Ln−form = − 1
2n!
∑
α
e~aα·
~φ(F αn+1)
2. (523)
The complete expressions for “dilaton vectors”, which are expressed as linear combinations
of basic constant vectors, are found in [456]. On the other hand, the remaining spin-0 fields
coming from the off-diagonal components of GˆMN and the internal components of Aˆ3 are
axionic, being associated with constant shift symmetries, and should rather be called 0-form
potentials, which couple to solitonic (D−3)-branes. (Note, there are no elementary p-branes
for 1-form field strengths.)
Up to present time, study of p-branes within the above described theory has been mostly
concentrated on the case where only n-form potentials of the same rank are turned on, with
the restrictions that terms related to the last term in (521) (denoted as LFFA from now on)
and the “Chern-Simons” terms in (n + 1)-form field strengths are zero. These restrictions
place constraints on possible charge configurations for p-branes. These constraints become
non-trivial when a p-brane involves both undualized and dualized field strengths, i.e. when
the p-brane has both electric and magnetic charges coming from different field strengths.
The former 61 [later] type of constraint is satisfied as long as the dualized and undualized
field strengths have [do not have] common internal indices i, j, k.
Supersymmetry Properties The supersymmetry preserved by p-branes is determined
from the Bogomol’nyi matrixM, which is defined by the commutator of supercharges Qǫ =∫
∂Σ ǫ¯Γ
ABCψCdΣAB per unit p-volume:
[Qǫ1 , Qǫ2] =
∫
∂Σ
NABdΣAB ∼ ǫ†1Mǫ2, (524)
where NAB = ǫ¯1Γ
ABCδǫ2ψC is the Nester’s form defined from the supersymmetry transfor-
mation rule of D = 11 gravitino ψA:
NAB = ǫ¯1Γ
ABCDCǫ2 +
1
8
ǫ¯1Γ
C1C2ǫ2F
AB
C1C2 +
1
96
ǫ¯1Γ
ABC1···C4ǫ2FC1···C4 . (525)
The first term in NAB gives rise to the ADMmass density and the last two terms respectively
contribute to the electric and magnetic charge density terms inM. The Bogomol’nyi matrix
for the 11-dimensional supergravity on (S1)11−D is in the form of the ADM mass density
m term plus the electric and magnetic Page charge density [490] (defined respectively as
1
4ωD−n
∫
SD−n ⋆Fn and
1
4ωn
∫
Sn Fn) terms.
61In particular, to set the 0-forms Aijk0 to zero consistently with their equations of motion, the bilinear
products of field strengths that occur multiplied by Aijk0 in LFFA should vanish.
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Since the Bogomol’nyi matrix is obtained from the Hermitian supercharges, its eigenval-
ues are non-negative. The matrix M has zero eigenvalues for each component of unbroken
supersymmetry associated with the Killing spinor ǫ satisfying δǫψA = 0. Since D = 11 spinor
has 32 components, the fraction of preserved supersymmetry is k
32
, where k is the number
of 0 eigenvalues of M (i.e. the nullity of the matrix M) or equivalently the number of lin-
early independent Killing spinors. The amount of preserved supersymmetry is determined
as follows. First, one calculates the ADM mass density m from the p-brane solutions. Then,
one plugs m, together with the Page electric and magnetic charge densities of the p-branes,
into the Bogomol’nyi matrix. The multiplicity k of 0 eigenvalues of the resulting matrix M
determines the fraction of supersymmetry preserved by the corresponding p-branes.
Multi-Scalar p-Branes General p-branes with more than one non-zero p-brane charges
are called “multi-scalar p-branes”, since such p-branes have more than one non-trivial dila-
tonic scalars. The Lagrangian density has the following truncated form:
L = √−g
[
R− 1
2
(∂~φ)2 − 1
2(p+ 2)!
∑
α
e~aα·
~φ(F αp+2)
2
]
, (526)
where field strengths F αp+2 = dA
α
p+1 are defined without “Chern-Simons” modifications. In
this action, the rank p+2 of field strengths is assumed to not exceed D/2, namely those with
p+ 2 > D/2 are Hodge-dualized. This is justified by the fact that the dual of field strength
of an elementary [solitonic] p-brane is identical to the field strength of solitonic [elementary]
(D − p− 2)-brane, with the corresponding dilaton vector differing only by sign.
We consider extreme p-branes with N non-zero (p + 2)-form field strengths, each of
which is either elementary or solitonic, but not both. For the simplicity of calculations,
the SO(1, p − 2) × SO(D − p + 1) symmetric metric Ansatz (448) is assumed to satisfy
(p + 1)A + (p˜ + 1)B = 0 [457], so that the field equations are linear. The p-brane solutions
are then determined completely by the dot products Mαβ ≡ ~aα · ~aβ of the dilaton vectors
~aα associated with non-zero (p + 1)-form field strengths F
α
p+2 (α = 1, ..., N). In solving the
equations, it is assumed thatMαβ is invertible
62, which requires the number N of non-trivial
F αp+2 to be not greater than the number of the components in
~φ, i.e. N ≤ 11−D. For such
p-branes, only N components ϕα ≡ ~aα · ~φ of ~φ are non-trivial. If one further takes the Ansatz
−ǫϕα + 2(p+ 1)A ∝ ∑β(M−1)αβϕβ, then Mαβ takes the form:
Mαβ = 4δαβ − 2(p+ 1)(p˜+ 1)
D − 2 . (527)
The conditions on fields that linearize the field equations and lead to Mαβ of the form (527)
are also dictated by supersymmetry transformation rules for the BPS configurations. Thus,
a necessary condition for “multi-scalar p-branes” to be BPS is for the dilaton vectors aα
associated with participating field strengths to satisfy (527). The following extreme multi-
scalar p-brane solution is obtained by taking further simplifying Ansatz discussed in [457]:
e
1
2
ǫϕα−(p+1)A = Hα, ds2 =
N∏
α=1
H
− p˜+1
D−2
α dxµdxνηµν +
N∏
α=1
H
p+1
D−2
α dymdym, (528)
62When Mαβ is singular, analysis depends on the number of rescaling parameters [456]. The only new
solution is the case
∑
α ~aα = 0, which yields solutions with a = 0 and (F
α)2 = F 2/N , ∀α.
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where harmonic functions Hα = 1 +
λα
p˜+1
1
yp˜+1
(y ≡ √ymym) are associated with p-branes
carrying the Page charges Pα = λα/4, and the field strengths are given, respectively, for the
electric and magnetic cases by
F αp+2 = dH
−1
α ∧ dp+1x, F αp+2 = ⋆(dH−1α ∧ dp+1x). (529)
The elementary and solitonic p-branes are related by ~φ → −~φ. The ADM mass density is
the sum of the mass densities of the constituent p-branes, i.e. m =
∑N
α=1 Pα. Multi-center
generalization is achieved by replacing harmonic functions by Hα = 1 +
∑
i
λα, i
|~y−~yα, i|p˜+1 [424].
Single-Scalar p-Branes We discuss the case where the bosonic Lagrangian for 11-
dimensional supergravity on (S1)11−D is consistently truncated to the following form with
one dilatonic scalar and one (p+ 2)-form field strength [459, 456]:
L = √−g
[
R− 1
2
(∂φ)2 − 1
(p+ 2)!
eaφ(Fp+2)
2
]
, (530)
where we parameterize the exponential prefactor a in the form:
a2 = ∆− 2(p+ 1)(p˜+ 1)
D − 2 . (531)
This expression for a is motivated from (442), now with an arbitrary parameter ∆ replacing
4. By consistently truncating (526), one has (530) with (Fp+2)
2 ≡ ∑α(F αp+2)2 and a, φ given
by (for the case Mαβ is invertible)
a2 =
∑
α,β
(M−1)αβ
−1 , φ = a∑
α,β
(M−1)αβ~aα · ~φ. (532)
By taking Ansa¨tze which reduce equations of motion for (530) to the first order, one
obtains [459] the “single-scalar p-brane” solution with the Page charge density P = λ/4:
eφ = H
2a
ǫ∆ , ds2 = H
− 4(p˜+1)
∆(D−2)dxµdxνηµν +H
4(p+1)
∆(D−2)dymdym, (533)
where H = 1 −
√
∆λ
2(p+1)
1
rp˜+1
. The mass density is m = λ
2
√
∆
. Although inequivalent charge
configurations give rise to the same ∆, i.e. the same solution, supersymmetry properties
depend on charge configurations.
Note, although one can obtain p-brane solutions (533) for any values of p and a, hence
for any values of ∆, only specific values of p and a can occur in supergravity theories. The
value of ∆ is preserved in the compactification process, provided no fields are truncated.
For p-branes with 1 constituent, ∆ is always 4, as can be seen from the form of a in (442),
determined by the requirement of scaling symmetry 63, and always 1/2 of supersymmetry is
preserved. The value ∆ = 4 can also be understood from the facts that ∆ = 4 in D = 11,
since there is no dilaton in D = 11, and the value of ∆ is preserved in dimensional reduction
not involving field truncations.
63For p-branes with ∆ 6= 4, the scaling symmetry of combined worldvolume and effective supergravity
actions is broken.
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When the field strength is a linear combination of more than one original field strengths,
∆ < 4. With all the Page charges Pα = λα/4 of “multi-scalar p-brane” (528) equal, one
has “single-scalar p-brane” with the Page charge P = λ/4 (λ =
√
Nλα). By substituting
Mαβ in (527) into (532), one has ∆ = 4/N . So, “single-scalar p-branes” with ∆ = 4/N
(N ≥ 2) are bound states of N single-charged p-branes (with ∆ = 4) with zero binding
energy, and preserve the same fraction of supersymmetry as their multi-scalar generalizations.
Only “single-scalar p-branes” with ∆ = 4/N (N ∈ Z+) and “multi-scalar p-branes” can be
supersymmetric. (Non-supersymmetric p-branes in this class is related to supersymmetric
ones by reversing the signs of certain charges.) And only single-scalar p-branes with ∆ = 4/N
(N ≥ 2) have multi-scalar generalizations.
Dyonic p-Branes In D = 2(p+2), p-branes can carry both electric and magnetic charges
of (p + 2)-form field strengths. There are two types of dyonic p-branes [456]: (i) the first
type has electric and magnetic charges coming from different field strengths, (ii) the second
type has dyonic field strengths. As in the multi-scalar p-brane case, the requirements that
LFFA = 0 and the Chern-Simons terms are zero place constraints on possible dyonic solutions
in D = 2(p + 2) = 4, 6, 8. Such restrictions rule out dyonic p-branes of the first type in
D = 6, 8. For the second type, dyonic p-brane in D = 8 is special since it has non-zero 0-form
potential A
(123)
0 [388], thereby requiring non-zero source term FˆMNPQFˆRSTUǫ
MNPQRSTU , and
can be obtained from purely electric/magnetic membrane by duality rotation, unlike dyonic
D = 6 string and D = 4 0-brane of the second type. Dyonic p-branes of the second type
include self-dual 3-branes in D = 10 [367, 238], self-dual string [242] and dyonic string [230]
in D = 6, and dyonic black hole in D = 4 [456].
There are two possible dyonic p-branes (associate with (530)) of the second type 64 with
the Page charge densities λi/4 [456]: (1) a
2 = p+ 1 case (i.e. ∆ = 2p+ 2) with the solution
e−
1
2
aφ−(p+1)A = 1 +
λ1
a
√
2
1
rp+1
, e+
1
2
aφ−(p+1)A = 1 +
λ2
a
√
2
1
rp+1
, (534)
and (2) a = 0 case (i.e. ∆ = p + 1) with the solution
φ = 0, e−(p+1)A = 1 +
1
2
√√√√λ21 + λ22
p+ 1
1
rp+1
. (535)
The ADM mass density for (534) is m = 1
2
√
∆
(λ1+λ2), whereas for (535) m =
1
2
√
∆
√
λ21 + λ
2
2.
The solution (535) is invariant under electric/magnetic duality and, therefore, is equivalent
to the purely elementary (λ2 = 0) or solitonic (λ1 = 0) case. For (534) with λ1 = λ2, the
field strength is self-dual and φ = 0, thereby (534) and (535) are equivalent, but for (535)
λ1 and λ2 are independent. When λ1 = −λ2, (534) corresponds to anti-self-dual massless
string with enhanced supersymmetry.
Note, the solutions (534) and (535) are not restricted to those obtained from the D = 11
supergravity on tori. For D = 8, 6 and 4, which are relevant for the D = 11 supergravity on
tori, ∆’s for (534) and (535) are respectively {6, 3}, {4, 2} and {2, 1}. So, (534) and (534)
with p = 2 (i.e. D = 8) are excluded.
64The solutions for dyonic p-branes of the first type have the form (528) with Lagrangian (526) containing
both Hodge-dualized and undualized field strengths.
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Black p-Branes We discuss non-extreme p-branes. Non-extreme p-branes are additionally
parameterized by the non-extremality parameter k > 0. There are two ways of constructing
non-extreme p-branes.
The first method involves a universal prescription for “blackening” extreme p-branes,
which deforms extreme solutions with e2f = 1− k
rp˜+1
(r ≡ |~y|) [243]:
dt2 → e2fdt2, dr2 → e−2fdr2, (536)
while modifying harmonic functions associated with p-branes as H = 1 + k sinh 2δα/r
p˜+1 →
1 + k sinh2 δα/r
p˜+1. The resulting non-extreme p-branes, called “type-2 non-extreme p-
branes”, have an event horizon at r = r+ = k
1/(p˜+1), which covers the singularity at the
core r = 0. The ADM mass density has the generic form m ∼ ∑α√(Qα)2 + k2, which
is always larger than the extreme counterpart, and all the supersymmetry is broken since
the Bogomol’nyi bound is not saturated. For type-2 non-extreme p-branes (with p ≥ 1),
the Poincare´ invariance is broken down to R × Ep because of the extra factor e2f in the
(t, t)-component of the metric. For 0-branes, the metric remains isotropic but the quantity
(p+ 1)A+ (p˜+ 1)B no longer vanishes.
In the second method, the metric Ansatz (448) remains intact but instead general solution
to the field equations is obtained [462, 455] without simplifying Ansa¨tze, e.g. (p+1)A+(p˜+
1)B = 0, that linearize field equations. (In solving the field equations without simplifying
Ansa¨tze, one encounters an additional integration constant interpreted as non-extremality
parameter.) So, the resulting non-extreme p-branes, called “type-1 non-extreme p-branes”,
preserve the full Poincare´ invariance (in the worldvolume) of extreme p-branes. So, type-1
non-extreme p > 0 solutions do not overlap with the type-2 non-extreme counterparts. But
type-1 non-extreme 0-branes contain type-2 non-extreme 0-branes as a subset.
The equations of motion for single-scalar p-branes and dyonic p-branes of the second type
are, respectively, casted into the forms of the Liouville equation and the Toda-like equations
for two variables, which are subject to the first integral constraint. The equations of motion
for dyonic p-branes are solvable when a2 = p + 1 (i.e. ∆ = 2(p + 1)) or a2 = 3(p + 1) (i.e.
∆ = 4(p + 1)). When a2 = p + 1, the equations of motion are reduced to two independent
Liouville equations. Since ∆ ≤ 4 in supergravity theories, only dyonic strings in D = 6 and
dyonic black holes in D = 4 are relevant, with only dyonic strings having BPS limit. When
a2 = 3(p + 1), the equations of motion are reduced to SU(3) Toda equations. Only dyonic
black holes are possible in supergravity theory for this case. In the extreme limit, such black
holes preserve supersymmetry when either electric or magnetic charge is zero.
For multi-scalar p-branes with N field strengths, the equations of motion are Toda-like in
general, but when the extreme limit is BPS (i.e. dilaton vectors satisfy (527)) the equations
of motion become N independent Liouville equations. The requirements that non-extreme p-
branes are asymptotically Minkowskian and dilatons are finite at the event horizon (thereby
the event horizon is regular) place restrictions on parameters of the solutions.
Massless p-Branes For multi-scalar p-branes and a dyonic p-brane (535) of the second
type, the ADM mass density has the form m ∼ ∑α λα. So, they can be massless when
some of the Page charges are negative. In this case, there are additional 0 eigenvalues of
the Bogomol’nyi matrix, enhancing supersymmetry. Generally massless p-branes are ruled
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out if one requires the Bogomol’nyi matrix to have only non-negative eigenvalues 65, since
the Bogomol’nyi matrix is obtained from the commutator of the Hermitian supercharges.
Since some of the Page charges are negative, the massless p-branes have naked singularity.
On the other hand, if one allows negative eigenvalues, one can have p-branes preserving
more than 1/2 of supersymmetry and some of non-BPS multi-scalar p-branes can become
supersymmetric due to the appearance of 0 eigenvalues with suitable sign choice of Page
charges (but their single-scalar counterparts are non-BPS, since Page charges have to be
equal in the single-scalar limit) [457].
6.3.2 Classification of Solutions
In this subsection, we classify p-branes discussed in the previous subsection according to their
supersymmetry properties. Since single-scalar p-branes and their multi-scalar generalizations
preserve the same amount of supersymmetry (except for the special case of massless p-
branes), the classification of multi-scalar p-branes is along the same line as that of single-
scalar p-branes. Single-scalar p-branes are supersymmetric only when ∆ = 4/N (N ∈ Z+)
and the dilaton vectors ~aα (associated with the participating field strengths) of their multi-
scalar p-brane counterparts satisfy the relations (527).
Spin-0 fields, i.e. dilatonic scalars and 0-form fields, form target space manifold of σ-
model. The target space manifold has a coset structure G/H , where G ≃ En(+n)(R) (n =
11−D) is the (real-valued) U -duality group 66 and H is a linearly-realized maximal subgroup
of G. Under the G-transformations, the equations of motion are invariant. When the DSZ
quantization is taken into account, G and H break down to integer-valued subgroups. The
subgroup G(Z) is the conjectured U -duality group 67 of type-II string on tori.
The asymptotic values of spin-0 fields, called “moduli”, define the “scalar vacuum”. The
asymptotic values of dilatonic scalars and 0-form fields are, respectively, interpreted as the
“coupling constants” and “θ-angles” of the theory. One can parameterize spin-0 fields by a
G-valued matrix V (x) which transforms under rigid G-transformation by right multiplication
and under local H-transformation by left transformation: V (x) → h(x)V (x)Λ−1, h(x) ∈ H
and Λ ∈ G. It is convenient to define a new scalar matrixM ≡ V TV , which is inert under H
but transforms under G as M → ΛMΛT . So, the U -duality group G generally changes the
“vacuum” of the theory. By applying aG-transformation, one can bring the asymptotic value
of M to the canonical form M∞ = 1. The subgroup H leaves M∞ = 1 intact (i.e. H is the
U -duality little group of the scalar vacuum), thereby acting as solution classifying isotropy
group (of the vacuum) that organizes the distinct solutions of the theory into families of the
same energy. The integer-valued subgroup G(Z) ∩ H is identified with the Weyl group of
G that transforms the set of dilaton vectors ~aα associated with field strengths of the same
rank as weight vectors of the irreducible representations of G(Z).
The U Weyl group in D ≤ 9 contains a subgroup S11−D consisting of the permutations
of the internal coordinates (i↔ j), corresponding to the permutations of field strengths 68,
65In the exceptional case of 4-scalar solution with 2-form field strengths in D = 4, it is possible to have
massless p-branes where the Bogomol’nyi matrices have no negative eigenvalues [457].
66For D ≤ 6, this is the case only when all the field strengths are Hodge-dualized to those with rank
≤ D/2 [458].
67In the following, we also call the real-valued group G as the U -duality group, but the distinction between
G(R) and G(Z) will be clear from the context.
68This permutation is a discrete subset of G(R) which acts on a field strength multiplet linearly.
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and (for D ≤ 8) the additional discrete symmetries that interchange field strengths and the
Hodge dualized field strengths (namely, the interchange of field strength equations of motion
and Bianchi identity). At the same time, the associated dilaton vectors transform in such
a way that theory is invariant, respectively, by permutation or change of signs, forming an
irreducible multiplet under the Weyl group.
In particular, Mαβ are invariant under the U Weyl transformations and therefore ∆ is
also preserved. Furthermore, since the Bogomol’nyi matrixM is invariant under the U Weyl
group, p-branes with the same eigenvalues of M and, therefore, the same supersymmetry
property are related by the U Weyl group. Starting with a p-brane with a set of ~aα, one
generates a U Weyl group multiplet of p-branes with the sameMαβ (or same ∆) and the same
eigenvalues ofM. In the case of multi-scalar or dyonic p-branes, where the N Page charges
are independent parameters, the size of the U Weyl multiplet is larger than that of single-
scalar p-brane counterparts, since the participating field strengths are now distinguishable.
We classify p-branes according to the rank of field strengths that p-branes couple to [456,
457]. Particularly, BPS p-branes are possible withN = 1 4-form/3-form field strength, N ≤ 4
2-form field strengths and N ≤ 7 1-form field strengths. BPS p-branes with N participating
field strengths appear in lower dimensions once they occur in some higher dimensions; the
p-branes in those maximal dimensions are “stainless super p-branes”. Generally, BPS p-
branes with ∆ = 4, 2, 4
3
respectively preserve 1
2
, 1
4
, 1
8
of supersymmetry, and 0-branes with
∆ = 4
5
, 2
3
, 4
7
, which occur only in D = 4, all preserve 1
16
. As for the super p-branes with 4 field
strengths, there are two inequivalent solutions: (i) those that preserve 1
8
of supersymmetry
(denoted ∆ = 1′) and are coupled to 2-form and 1-form field strengths (ii) those that preserve
1
16
(denoted ∆ = 1) and are coupled to 1-form field strengths, only. Lastly, we show that
H-transformations on black holes discussed in chapter 4 generate the most general black
holes in D = 11 supergravity on tori [171].
4-Form Field Strength There is only one 4-form field strength in each dimension, but
within the supergravity models under consideration in this section, the 4-form field strength
exists only in D ≥ 8, since those in D < 8 are Hodge-dualized to lower ranks. So, no
multi-scalar generalization is possible. There is a unique single-scalar p-brane, which is
either elementary membrane or solitonic (D− 6)-brane. In D = 8, one can construct dyonic
membrane of the second type (534), but it is ruled out by the constraint LFFA = 0.
3-Form Field Strengths There are 11−D 3-forms in D ≥ 6, except in D = 7 where there
is an extra 3-form coming from the Hodge-dualization of the 4-form. The associated dilaton
vectors satisfy Mαβ = 2δαβ − 2(D−6)D−2 , which are not of the form (527), and, therefore, the
multi-scalar generalization is not possible. In fact, this expression for Mαβ yields ∆ = 2+
2
N
in the limit F 2α = F
2/N, ∀α: supersymmetry is completely broken unless N = 1 (i.e. ∆ = 4),
in which case 1/2 of supersymmetry is preserved. In D = 6, one can construct dyonic strings.
Due to the constraint LFFA = 0, only dyonic strings of the second type, which are (534) and
(535) with ∆ = 4 and 2, respectively, are possible.
2-Form Field Strengths Two-form field strengths couple to elementary 0-branes and
solitonic (D − 4)-branes. Analysis of 2-form field strengths and 1-form field strengths is
complicated due to their proliferation in lower dimensions. We therefore discuss only super-
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symmetric cases; complete classification of p-branes including non-supersymmetric ones can
be found in [456, 457]. The dilaton vectors ~aα associated with N participating 2-form field
strengths satisfy (527) only for N ≤ 4. The dimensions D in which these BPS p-branes with
N = 1, 2, 3, 4 2-form field strengths appear are, respectively, D ≤ 10, 9, 5, 4. For N = 1, 2, 3,
the p-branes preserve 2−N of supersymmetry, and for the N = 4 case, the solutions preserve
1/8. Whereas p-branes with N ≤ 3 can be either purely electric/magnetic or dyonic (of the
first type), p-branes with N = 4 are intrinsically dyonic (of the first type).
In D = 4, there are 4 inequivalent BPS black holes with ∆ = 4
N
(N = 1, 2, 3, 4),
corresponding to dilaton couplings a =
√
3, 1, 1√
3
, 0, respectively 69. These black holes are
interpreted as bound states of N D = 5 KK black holes with a =
√
3 [511, 249].
In D = 4, dyonic 0-branes of both first and second types satisfy the constraint LFFA = 0.
Discussion on the first type is along the same line as the multi-scalar 0-branes. As for the
second type, we have solutions (534) and (535) with a = 1/
√
3 (i.e. N = 2) and a = 0
(i.e. N = 4), respectively. First, a = 0 case is intrinsically dyonic of the first type even
when λ1 = 0 or λ2 = 0. Although the explicit forms of solutions are insensitive to signs
of Page charges, their supersymmetry properties depend on their relative signs. Second,
the supersymmetry property of a = 1/
√
3 case is insensitive to the signs of Page charges.
Supersymmetry is preserved when (i) λ1 = 0 or λ2 = 0, corresponding to purely solitonic or
elementary solution preserving 1/4 of supersymmetry, or (ii) λ1 = −λ2, corresponding to a
massless black hole preserving 1/2.
1-Form Field Strengths 1-form field strengths couple to solitonic (D − 3)-branes, only.
The dilaton vectors satisfy (527) for N ≤ 7 participating field strengths. N = 1, 2, 3 cases
occur, respectively, in D ≤ 9, 8, 6, whereas N = 5, 6, 7 cases occur in D = 4, only. As for the
N = 4 case, there are 2 inequivalent BPS solutions: (i) those occurring in D ≤ 6, denoted
N = 4′ or ∆ = 1′ and (ii) those occurring only in D = 4, denoted N = 4 or ∆ = 1. For
generic values of Page charges, p-branes preserve 2−N [ 1
16
] of supersymmetry for N = 1, 2, 3, 4
[N = 5, 6, 7]. The N = 4′ case preserves 1
8
. In the case ∆ = 1′, 4
5
, 2
3
, 4
7
, p-branes are BPS
or non-BPS, depending on the signs of the Page charges. However, for ∆ = 4, 2, 4
3
, 1, their
supersymmetry properties are independent of the Page charge signs.
Black Holes in 4 ≤ D ≤ 9 The 0-branes in D = 11 supergravity on tori with the most
general charge configurations can be obtained by applying subsets of U -duality transforma-
tions on the generating solutions. As in the case of black holes in heterotic string theory
on tori, the set of transformations that generate the general black holes with the canonical
asymptotic value of scalar matrix M∞ = 1 from the generating solutions is of the form
H/H0, where H0 is the largest subgroup of H that leaves the generating solutions intact.
The H/H0 transformation introduces dim(H) − dim(H0) parameters, which together with
the parameters of the generating solutions form the complete parameters of the most general
solution. The number of U(1) charges of the generating solutions are 5, 3, 2 for D = 4, 5,≥ 6,
respectively. The charge configurations for these generating solutions are the same as the
heterotic case in chapter 4, with all the charges coming from the NS-NS sector. To gener-
ate solutions with an arbitrary asymptotic value of the scalar matrix M , one additionally
imposes a general (real-valued) U -duality transformation.
69Note, only for these values of a, the 0-branes have a regular event horizon.
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The “dressed” 0-brane charge Z¯ = V∞Z can be rearranged in an N ×N anti-symmetric
complex matrix 70 ZDAB (A,B = 1, ..., N), where N is the number of the maximal supersym-
metry in D dimensions. Z¯ and ZDAB are invariant under the global G-transformation but
transform under the local H-transformation. ZDAB appears in the supersymmetry algebra in
the form [QAα, QBβ ] = CαβZDAB. In general, ZDAB is splitted into blocks of
N
2
× N
2
subma-
trices. Two diagonal blocks ZR,L correspond to NS-NS charges and two off-diagonal blocks
represent R-R charges. By applying the H-transformation ZD → Z0D = hZDhT (h ∈ H),
one can bring the matrix ZD into the skew-diagonal form with complex skew eigenvalues λi
(i = 1, ..., N/2). These eigenvalues λi are related to charges of the generating solutions in a
simple way, which we show in the following.
We now discuss the subsets of H that generate 0-branes with the most general charge
configurations from the generating solutions.
• D = 4: The most general 0-brane carries 28 + 28 electric and magnetic charges of
the U(1)28 gauge group. The U -duality group is G = E7 with the maximal compact
subgroup H = SU(8). The skew eigenvalues λi (i = 1, ..., 4) are related to the charges
Q1R,L ≡ Q1 ±Q2, P2R,L ≡ P1 ± P2 and q of the generating solution as
λ1 = Q1R + P2R, λ2 = Q1R − P2R,
λ3 = Q1L + P2L + 2iq, λ4 = Q1L − P2L − 2iq. (537)
The subset of H = SU(8) that leaves the generating solution unchanged is SO(4)L ×
SO(4)R. The 63− (6 + 6) = 51 parameters of H/H0 = SU(8)/[SO(4)L × SO(4)R] are
introduced to the generating solution.
• D = 5: The “dressed” 27 electric charges of the most general 0-brane transform as
a 27 of the USp(8) maximal compact subgroup of U -duality group E6. The skew
eigenvalues λi (i = 1, ..., 4) with a constraint
∑4
i=1 λi = 0 are related to the charges
Q1R,L ≡ Q1 ±Q2 and Q of the generating solution as
λ1 = Q+Q1R, λ2 = Q−Q1R, λ3 = −Q+Q1L, λ4 = −Q−Q1L. (538)
The subset SO(4)L × SO(4)R ⊂ USp(8) leaves this charge configuration intact. The
USp(8)/[SO(4)L× SO(4)R] transformation introduces remaining 36− 12 = 24 charge
degrees of freedom into the generating solution.
• D = 6: The most general 0-brane carries 16 electric charges, which transform as a 16
(spinor) of the SO(5, 5) U -duality group, whereas the “dressed” charges transform as
(4, 4) under the maximal compact subgroup SO(5)× SO(5). The skew eigenvalues λi
(i = 1, 2) are related to the charges Q1R,L ≡ Q1 ±Q2 as
λ1 = Q1R, λ2 = Q1L. (539)
70For 0-branes in D = 4, the matrix Z4AB is defined as follows [159, 381]. The electric qI and magnetic
pI charges of the U(1)
28 gauge group of the N = 8, D = 4 supergravity are combined into a 56-vector
ZT = (pI , qI), which transforms under G as Z → ΛZ. The dressed 0-brane charge Z¯ = V∞Z = (p¯I , q¯I)T is
invariant under G but transforms under local SU(8). The central charge matrix Z4AB, which is the complex
antisymmetric representation of SU(8), that appears in the N = 8, D = 4 supersymmetry algebra is related
to the “dressed” charges q¯I and p¯
I as Z4AB = (q¯I+ ip¯
I)tIAB, where t
I
AB = −tIBA are the generators of SO(8).
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The subgroup SO(3)L × SO(3)R of the maximal compact subgroup SO(5) × SO(5)
leaves the generating solution intact. The transformation [SO(5)×SO(5)]/[SO(3)L×
SO(3)R] introduces remaining 2(10− 3) = 14 charge degrees of freedom.
• D = 7: The most general 0-brane carries 10 electric charges, which transform as a
10 under the SL(5,R) U -duality group, whereas the “dressed” charges also transform
as 10 under SO(5). The skew eigenvalues λi (i = 1, 2) are related to the charges
Q1R,L ≡ Q1±Q2 in the same way as the D = 6 case. The subgroup SO(2)L×SO(2)R
of the maximal compact subgroup SO(5) preserves the generating solution. 10−2 = 8
parameters of SO(5)/[SO(2)L× SO(2)R] are introduced into the generating solution.
• D = 8: 6 electric charges of the general 0-brane transform as (3, 2) under the U -duality
group SL(3,R)× SL(2,R). There is no subgroup of the maximal compact subgroup
SO(3) × U(1) that leaves the generating solution intact. The SO(3) × U(1) trans-
formation induces 3 + 1 = 4 remaining charge degrees of freedom into the generating
solution.
• D = 9: 4 electric charges of the general 0-brane transform as (3, 1) under the U -duality
group SL(2,R)×R+. The maximal compact subgroup U(1) introduces an additional
electric charge into the generating solution.
Since the equations of motion and, especially, the Einstein frame metric are invariant
under the U -duality, it is natural to expect that quantities derived from the metric, e.g. the
ADM mass and the Bekenstein-Hawking entropy, are U -duality invariant. In fact, one can
express the Bekenstein-Hawking entropy in a manifestly U -duality invariant form in terms
of unique G invariants of D = 11 supergravity on tori. Such manifestly U -duality invariant
entropy depends only on “integer-valued” quantized bare charges [260].
In the following, we give the manifestly U -duality invariant form for the Bekenstein-
Hawking entropy of black holes with general charge configuration.
• D = 4: The quartic E7(7) invariant is given in terms of Z4AB as [160]
J4 = Z4ABZ¯
BC
4 Z4CDZ¯
DA
4 − 14(Z4ABZ¯AB4 )2
+ 1
96
(ǫABCDEFGHZ¯
AB
4 Z¯
CD
4 Z¯
EF
4 Z¯
GH
4 + ǫ
ABCDEFGHZ4ABZ4CDZ4EFZ4GH).(540)
In terms of the skew-eigenvalues λi, J4 takes the form
J4 =
4∑
i=1
|λi|4 − 2
4∑
j>i
|λi|2|λj|2 + 4(λ¯1λ¯2λ¯3λ¯4 + λ1λ2λ3λ4). (541)
By substituting λi in (537) into the following E7 invariant entropy [405, 413], one
reproduces the Bekenstein-Hawking entropy (203) of the generating solution:
SBH =
π
8
√
J4. (542)
153
• D = 5: The cubic E6(6) invariant has the form [156, 157]:
J3 = −
8∑
A,...,F=1
ΩABZ5BCΩ
CDZ5DEΩ
EFZ5FA, (543)
which is expressed in terms of the real skew eigenvalues λi as
J3 = 2
4∑
i=1
λ3i . (544)
Here, Ω is the USp(8) symplectic invariant. The manifestly E6(6) invariant expression
for the entropy of general solution is of the form [171]:
SBH = π
√
1
12
J3, (545)
which reproduces the entropy (276) of the generating solution if the expressions for λi
in (538) are substituted.
• 6 ≤ D ≤ 9: There is no non-trivial U -duality invariant in D ≥ 6. This is consistent
with the fact that the Bekenstein-Hawking entropy of the general BPS black holes in
D ≥ 6 is zero, which is the only U -duality invariant in D ≥ 6. For near-extreme black
holes, which has non-zero Bekenstein-Hawking entropy, the entropy can be expressed
in a duality invariant form in terms of “dressed” electric charges and, therefore, has
dependence on scalar asymptotic values [171].
The ADM mass M of the BPS solution is given by the largest eigenvalue max{|λi|}
of ZDAB. The U -duality invariant form of the ADM mass can be expressed in terms of
the U -duality invariant quantities Tr(Y mD ) (m = 1, ..., [N/2] − p + 1; YD ≡ ZTDZD) and
corresponds to the largest root of a polynomial of degree [N/2]−p+1 in M with coefficients
involving Tr(Y mD ). The BPS solution preserves p/N of supersymmetry if p of the central
charge eigenvalues have the same magnitude, i.e. |λ1| = · · · = |λp|. This depends on
charge configurations of black holes. As for the generating solutions, the number of identical
eigenvalues |λi| can be determined from (537), (538) and (539). In the following, we discuss
D = 4 black holes as an example 71 [171].
• p = 4 case: The generating solution preserves 1/2 of supersymmetry when only one
charge is non-zero. The U -duality invariant ADM mass is M = −1
8
Tr(Y4).
• p = 3 case: An example is the case where (Q1, Q2, P1 = P2) 6= 0 with q =
1
2
√
(Q1R + P2R)2 −Q21L. The U -duality invariant mass has the formM2 = −18Tr(Y4)+√
1
24
Tr(Y 24 )− 1192(Tr Y4)2.
• p = 2 case: An example is the case where only Q1 and Q2 are non-zero. The U -duality
invariant massM is the largest root of a cubic equation inM with coefficients involving
U -duality invariants Tr(Y m4 ) (m = 1, 2, 3).
71The fraction of supersymmetry preserved by N = 8, D = 4 BPS black holes can also be determined
from the Killing spinor equations [140].
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• p = 1 case: Examples are the case where only Q1, Q2 and P1 are non-zero, or the case
where all the five charges are non-zero and independent. The largest root of a quartic
equation involving invariants Tr(Y m4 ) (m = 1, ..., 4) corresponds to the ADM mass of
the BPS solution.
6.3.3 p-Brane Embedding of Black Holes
We discuss the D = 10, 11 p-brane embeddings of black holes in D < 10. Starting from
p-branes in D = 10, 11, one obtains 0-branes in D < 10 by wrapping all the constituent
p-branes around the cycles of the internal manifold. The resulting black hole solution has
the following generic form:
ds2D = h
1
D−2 (r)[−h−1(r)f(r)dt2 + f−1(r)dr2 + r2dΩ2D−2], (546)
where f = 1− 2m
rD−3
[Hα = 1+
2m sinh2 δα
rD−3
] is harmonic function associated with non-extremality
parameter m [charge Qα = (D− 3)m sinh 2δα] and h(r) = ∏Nα=1Hα(r). The ADM mass and
the Bekenstein-Hawking entropy are 72
MADM = 2m[(D − 3)
N∑
α=1
sinh2 δα +D − 2]
=
N∑
α=1
√
Q2α + µ
2 + 2
(
D − 2
D − 3 −
N
2
)
µ,
SBH =
1
4
(2m)
D−2
D−3ωD−2
N∏
α=1
cosh δα
∼ µD−2D−3−N2
N∏
i=1
(√
Q2α + µ
2 + µ
)1/2
, (547)
where µ ≡ (D − 3)m is the rescaled non-extremality parameter and we neglected overall
factor related to the gravitational constant, since we are interested only in the dependence
on m, δα and Qα.
As can be seen from (546), dimensional reduction of single-charged p-branes leads to
black holes with singular horizon and zero horizon area in the BPS limit. To construct black
holes with regular event horizon and non-zero horizon area in the BPS limit, one has to
start from multi-charged p-branes in higher dimensions. This is achieved in D = 4, 5 with
N = 4, 3, respectively, which can be seen from the BPS limit of entropy in (547). In fact, it
is shown in [75] that the number N of distinct BPS black hole solutions to the equations of
motion for the action (530) that have intersecting p-brane origins in D = 11, 10 is N = 4, 3
and 2 for D = 4, 5 and D ≥ 6, respectively.
In the following, we discuss intersecting p-branes which give rise to regular BPS black
holes in D = 4, 5, as well as black holes with singular BPS limit. We concentrate on in-
tersecting M-branes; intersecting p-branes in D = 10 are related to intersecting M-branes
72Generally, for a multi-charged black p-brane with the Page charges λα = (p˜ + 1)m sinh 2δα (α =
1, ..., N), MADM = 2m
[
(p˜+ 1)
∑N
α=1 sinh
2 δα + p˜+ 2
]
=
∑N
α=1
√
λ2α + µ
2 + 2
(
p˜+2
p˜+1 − N2
)
µ and SBH =
1
4 (2m)
p˜+2
p˜+1ωp˜+2
∏N
α=1 cosh δα ∼ µ
p˜+2
p˜+1−
N
2 ωp˜+2
∏N
α=1
(√
λ2α + µ
2 + µ
)1/2
, where µ ≡ (p˜+ 1)m is the rescaled
non-extremality parameter.
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through dimensional reduction and dualities. All the possible D = 10, 11 BPS, intersect-
ing p-branes that satisfy intersection rules are classified in [75]. Also, there is a M-brane
configuration (473) interpreted as a M 2-brane within a M 5-brane (2 ⊂ 5), which preserves
1/2 of supersymmetry [388]. By including 2 ⊂ 5 configurations, one constructs new type
of black holes [149, 150] which are mixture of marginal and non-marginal bound states.
Namely, the ADM mass and horizon area of p-branes that contain 2 ⊂ 5 have the forms
M ∼ ∑i√α2i + µ2 + cµ and AH ∼ µc′ ∏i(µ + √α2i + µ2)1/2 with αi = √Q2i + P 2i for each
2 ⊂ 5 constituent, where Qi [Pi] is charge of M 2-brane [M 5-brane] in the 2 ⊂ 5 constituent
and c, c′ are appropriate constants. One can also add KK monopole to intersectingM-branes
with overall transverse space dimensions higher than 3. We will not show the explicit inter-
secting p-brane solutions, since one can straightforwardly construct them applying harmonic
superposition rules discussed in the previous section; explicit solutions can be found, for
example, in [432, 287, 611, 175, 149, 150].
Four-Dimensional Black Holes Intersecting M-branes which reduce to D = 4 black
holes with 4 charges, i.e. (546) with N = 4, should have 4 or 3 (with momentum along a
isometry direction) M p-brane constituents and at least 3 overall transverse directions. Such
configurations are (i) 2 ⊥ 2 ⊥ 5 ⊥ 5 for N = 4, and (ii) 5 ⊥ 5 ⊥ 5, 2 ⊥ 5 ⊥ 5 and
2 ⊥ 2 ⊥ 5 for N = 3. Additionally, one has the following D = 11 configurations that reduce
to D = 4 black holes preserving 1/8 of supersymmetry: (i) 2 ⊥ 2 ⊥ 2 ⊥ +KK monopole,
(ii) 2 ⊥ 5 + boost + KK monople, (iii) (2 ⊂ 5) ⊥ (2 ⊂ 5) ⊥ (2 ⊂ 5), (iv) (2 ⊂ 5) ⊥
5 + boost, (v) (2 ⊂ 5) ⊥ 2 +KK monopole, (vi) (2 ⊂ 5) + boost+KK monopole. Also, the
boost +KK monoplole configuration reduces to D = 4 black hole that carries KK electric
and magnetic charges and preserves 1/4 of supersymmetry.
Five-Dimensional Black Holes Intersecting M-branes with 3 or 2 (with a boost along
a isometry direction) M p-brane constituents and at least 4 overall transverse directions can
be reduced to D = 5 black holes with 3 charges. These are 2 ⊥ 2 ⊥ 2 and 2 ⊥ 5 with a
momentum along a isometry direction. An additional M-brane configuration that reduces
to D = 5 black hole with 3 charges is (2 ⊂ 5) ⊥ 2, which preserves 1/4 of supersymmetry.
Black Holes in D ≥ 6 0-branes in D ≥ 6 can be supersymmetric with up to 2 constituent
p-branes. Supersymmetric 2 intersecting M-branes are 5 ⊥ 5, 2 ⊥ 5 and 2 ⊥ 2, which are
compactified to 2-charged black holes in D = 4, 5 and 7, respectively, after wrapping each
constituent M p-brane around cycles of a compact manifold. One can compactify overall
transverse directions of these D = 5, 7 black holes to obtain black holes with 2 charges in
D = 4 and D ≤ 6, respectively. One can also construct black holes in D ≤ 9 and D ≤ 5
by compactifying M 2-brane and M 5-brane with momentum along a longitudinal direction,
respectively. Additionally, theM-brane configuration (2 ⊥ 5)+boost reduces to D = 6 black
hole that preserves 1/4 of supersymmetry.
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7 Entropy of Black Holes and Perturbative String
States
One of challenging problems in quantum gravity for past decades is the issues related to black
hole thermodynamics. It was early 1970’s [63, 64, 65, 126, 38] when it was first noticed that
the event horizon area A behaves much like entropy S of classical thermodynamics. Namely,
it is observed [496, 343] that the event horizon area tends to grow (δA ≥ 0), resembling
the second law of thermodynamics (δS ≥ 0). Furthermore, Bardeen, Carter and Hawking
[38] proved that the surface gravity κ of a stationary black hole is constant over the event
horizon, resembling the zeroth law of thermodynamics, which states that the temperature
is uniform over a body in thermal equilibrium. They also realized the following relation 73
between the ADM mass M of black holes and the event horizon area A:
dM =
1
8πGN
κdA, (548)
which resembles the thermodynamic relation between energy E and entropy S (the first law
of thermodynamics):
dE = TdS, (549)
if one identifies the energy E with the ADMmassM and the entropy S with the event horizon
area A with some unknown constant of proportionally. Such analogy between horizon area
and entropy met initially with skepticism, until Hawking discovered [345, 346] that black
hole is indeed thermal system which radiates (quasi-Planckian black body) thermal spectrum
with temperature TH = h¯κ/2π, due to quantum effect. Since then, it is widely accepted that
a black hole, as a thermal system, is endowed with “thermodynamic” entropy given by a
quarter of the event horizon area in Planck units, the so-called Bekenstein-Hawking entropy
[63, 64, 65, 343, 347, 38, 477, 627, 411]:
SBH =
A
4h¯GN
. (550)
Puzzles on black hole entropy stem from the fact that entropy is a thermodynamic quan-
tity, which arises from the fundamental microscopic dynamics of a large complicated system
as a universal macroscopic quantity which does not depend on the details of the underly-
ing microscopic dynamics. So, if the correspondence between laws of black hole mechanics
and thermodynamic laws is to be valid, the thermodynamic black hole entropy (550) should
have a statistical interpretation in terms of the degeneracy of the corresponding microscopic
degrees of freedom. Based upon our knowledge of statistical mechanics, one could guess sev-
eral possible interpretations of the statistical origin of black hole entropy: (i) internal black
hole states associated with a single black hole exterior [64, 66, 67, 347], (ii) the number of
different ways the black holes can be formed [64, 347], (iii) the number of horizon quantum
states [594, 587], (iv) missing information during the black hole evolution [348, 302]. Another
difficulty comes from the fact that contrary to ordinary thermodynamics, understanding of
73For the Kerr-Newmann black hole, this relation is generalized to dM = 18piGN κdA+ΦdQ+ΩdJ , where
Φ [Ω] is the potential [angular velocity] at the event horizon and Q [J ] is a U(1) charge [angular momentum].
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black hole thermodynamics requires the treatment of quantum effects, as we noted the cru-
cial role that the Hawking effect plays in establishing black hole thermodynamics. Thus, the
statistical interpretation of black hole entropy should necessarily entail quantum theory of
gravity, of which we have only rudimentary understanding.
The early attempts during the 1970’s and 1980’s were not successful in the sense that the
most of approaches either (i) did not touch upon the statistical meaning of entropy, since
the calculations were mostly based on thermodynamic relations (e.g. calculating entropy
using Clausius’s rule S =
∫
dM/T given that the black hole temperature T is determined by
the surface gravity method [38, 626]), or (ii) is purely classical (e.g. in Gibbons-Hawking
Euclidean (on-shell functional integral) method [294] involving grand partition function, the
black hole entropy A/(4h¯GN) is reproduced at tree-level of quantum gravity calculation).
Another major was the ultraviolet quadratic divergence 74 (related to the divergence of the
number of energy levels a particle can occupy in the vicinity of black hole horizon) in black
hole entropy when the Euclidean functional formulation of the partition function is evaluated
for quantum fields in the black hole background. To avoid such divergences, ’t Hooft [593]
introduced “cutoff” at a small distance ε just above the event horizon in the path integral of
real free scalar field 75 φ, assuming that there are no states at the interval between the event
horizon and the cutoff (the so-called brick-wall method). The black hole entropy in field
theory based on brick-wall method in general depends on the cut-off distance ε in the form
Sφ ∼ A4ε2 , reflecting the quadratic divergence. It was conjectured [594] by ’t Hooft that such
ultraviolet divergence of the statistical entropy might be related to Hawking’s information
paradox [348], i.e. a black hole is an infinite sink of information.
In [588], it is shown that the divergence associated with the Euclidean functional for-
mulation of the partition function for canonical quantum gravity (of point-like particles) is
related to the renormalization of the gravitational coupling GN . When the contributions to
entropy (obtained from the partition function) from the pure gravity and matter fields are
added, the entropy takes a suggestive form S = A
4
( 1
GN
+ c
ε2
) similar to (550) but the bare
gravitational constant GN is renormalized. The explicit calculation of quantum corrections
of quantum gravity shows [202, 394, 395] that the renormalized gravitational constant GN
takes the same form. Since superstring theory is a promising candidate for a finite theory of
quantum gravity, the contradiction encountered in the point-like particle field theory has to
be resolved [583, 585, 588, 589]. It is indeed shown in [588, 186] that theory of superstring
propagating in a black hole background gives rise to a finite expression for black hole en-
tropy in the calculation of partition function through Euclidean path integral, with the finite
renormalized gravitational coupling GN : the genus zero contribution gives rise to the clas-
sical result (550) with a bare Newton’s constant GN and the higher genus terms contribute
to finite corrections to GN .
This can be seen intuitively by considering microscopic states near the event horizon
[584]. For point-like particles, due to the arbitrarily small longitudinal Lorentz contraction
near the event horizon, an arbitrarily large number of particles can be packed close to the
event horizon, giving rise to a divergent entropy. However, the Lorentz contraction of strings
along the longitudinal direction is eventually halted to a finite extent and, therefore, only
74This is closely related to the fact that quantum gravity in point-like particle field theory is non-
renormalizable, as we will discuss below.
75’t Hooft proposed that the entropy of black hole is nothing but the entropy of particles which are in
thermal equilibrium with black hole background [592, 593, 595].
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finite number of strings can be packed near the horizon, leading to finite entropy.
Just as only contribution to the first-quantized path integral of the point-like particle
field theory is from the set of paths that encircle or touch the black hole event horizon,
only string graphs which contribute to the entropy through the partition functions are those
that are somehow entangled with the event horizon. From the point of view of an external
observer, this kind of closed strings, which are partially hidden behind the event horizon,
look like open strings frozen to the horizon. Thus, the black hole entropy can somehow be
interpreted as being associated with oscillation degrees of freedom of fluctuating open strings
whose ends are attached to the black hole horizon [588].
This chapter is organized as follows. In section 7.1, we discuss connection between black
holes and perturbative string states. Identification of black holes with string states makes
it possible to do explicit calculations of statistical entropy of black holes, based on the
conjecture that microscopic origin of entropy is from degenerate string states with mass
given by the corresponding ADM mass of the black hole. In section 7.2, we discuss Sen’s
original calculation of statistical entropy of the BPS static black hole, which was compared to
Bekenstein-Hawking entropy evaluated at the stretched horizon. In section 7.3, we generalize
Sen’s result to near-extreme rotating black holes. In section 7.4, we discuss the level matching
of black holes to macroscopic string states at the core. This justifies our working hypothesis
that black holes are perturbative string states. In section 7.5, we summarize Tseytlin’s
method of chiral null model for calculating statistical entropy of the BPS black holes that
carries magnetic charges as well as perturbative NS-NS electric charges.
7.1 Black Holes as String States
It is not a new idea that elementary particles might behave like black holes [342, 526, 594].
A particle whose mass exceeds the Plank mass and therefore whose wavelength is less than
its Schwarzschield radius exhibits an event horizon, a characteristic property of black holes.
Since typical massive excitations of strings have mass of the order of the Planck mass, one
would expect that massive string states become black holes when gravitational coupling (or
string coupling) is large enough. It has been shown that black holes with given charges and
angular momenta behave like string states with the corresponding quantum numbers.
Before we discuss identification of black holes with string states, we summarize [308]
some aspects of perturbative spectrum, moduli space and T -duality of heterotic string on a
torus. Heterotic string [322] is a theory of closed string whose left- and right-moving modes
are respectively described by bosonic and super string theories. So, the critical dimensions,
in which the conformal anomali is absent, for each mode are different: D = 26 for the left-
movers and D = 10 for the right-movers. In compactifying the extra 16 coordinates of the
left-movers on T 16, one obtains a rank 16 non-Abelian gauge group which is associated with
the even-self-dual lattice of the type E8 × E8 or Spin(32)/Z2. Thus, the massless bosonic
modes of heterotic string in D = 10 at a generic point of moduli space are U(1)16 gauge
fields, as well as graviton, 2-form field and dilaton in the NS-NS sector ground state.
We compactify the extra d spatial coordinates Xµ (µ = 1, ..., d) on T d to obtain a theory
in D = 10 − d. The toroidal compactification is defined by the periodic identification of
each internal coordinate, i.e. Xµ ∼ Xµ + 2πmµ, where mµ is the integer-valued string
“winding mode”. Since the holonomy of a torus is trivial, all of supersymmetry is preserved
in compactification, i.e. N = 4 for the compactification on T 6. The T d part of the heterotic
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string worldsheet action in flat background, including the coupling to gauge fields Aαµ and a
2-form potential Bµν , is
S =
1
2π
∫
d2z[(Gµν +Bµν)∂X
µ∂¯Xν + Aµα∂X
µ∂¯Xα
+(Gαβ +Bαβ)∂X
α∂¯Xβ] + (ferminionic terms), (551)
where µ, ν = 1, ..., d [α = 1, ..., 16] correspond to the coordinates of T d [T 16 of left-movers],
and the complex worldsheet coordinate and derivative are defined as
z =
1√
2
(τ + iσ), ∂ =
1√
2
(∂τ − i∂σ). (552)
The internal coordinates Xα live on the weight lattice of E8×E8 or Spin(32)/Z2. The back-
ground fields Gµν , Bµν and Aµα, which parameterize the moduli space O(d+16, d,Z)/[O(d+
16,Z)×O(d,Z)] of T d × T 16, can be organized into the “background matrix” of the form:
E ≡ B +G =
(
(G+B + 1
4
AKAK)ij AiJ
0 (G+B)IJ
)
, (553)
where B [G] is the antisymmetric [symmetric] part of E. (For the relations between the back-
ground fields in (551) and E, see the next footnote.) Here, the indices i, j [I, J ], associated
with T d [T 16], run from 1 to d [from 1 to 16]. In particular, the components EIJ = (B+G)IJ
of E are related to the Cartan matrix CIJ of E8 × E8 or Spin(32)/Z2 as
EIJ = CIJ (I > J), EII =
1
2
CII , EIJ = 0 (I < J). (554)
The Narain lattice [480, 481] Λ(d+16), which defines T d × T 16 is spanned by basis vectors
α ≡ (αi, αI) of the form:
αi = (ei,
1
2
AKi EK), αI = (0, EI), (555)
where the vectors {EαI |I = 1, ..., 16} and {eµi |i = 1, ..., d} are defined through
EI · EJ = 2GIJ , ei · ej = 2Gij, ei · EI = 0. (556)
The zero modes (pR, pL) of the right- and left-moving momenta form an even self-dual
lattice Γ(d,d+16) = Γ(d,d) ⊕ Γ(0,16). Quantized momentum zero modes (pR, pL) are embedded
into Γ(d+16,d+16) as(
pR
pL
)
=
(
piR 0
pjL p
J
L
)
, (557)
where
pR = [n
t +mt(B −G)]α∗, pL = [nt +mt(B +G)]α∗, m, n ∈ Rd+16. (558)
Here, α∗ is the basis vector of the lattice dual to Λ(d+16):
αi ∗ = (ei ∗, 0), αI ∗ = (−1
2
AIi e
i ∗, EI ∗), (559)
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where EI ∗ [ei ∗] are dual 76 to EI [ei], i.e.
∑d
µ=1 e
µ
i e
j ∗
µ = δ
j
i [
∑16
α=1E
α
I E
J ∗
α = δ
J
I ].
The heterotic string with the action (551) has an O(d + 16, d,Z) T -duality symmetry.
This group is a subgroup of the following O(d+ 16, d+16,Z) transformation that preserves
the triangular form of E in (553):
E → E ′ = (aE + b)(cE + d)−1,
(
a b
c d
)
∈ O(d+ 16, d+ 16,Z), (560)
and (pR, pL) in Γ
(d,d+16) transforms as a vector. T -duality is proven [307] to be exact to all
orders in string coupling.
The mass of perturbative states for heterotic string on a torus is [322]
M2 =
1
8λ
(0)
2
{(pR)2 + 2NR − 1} = 1
8λ
(0)
2
{(pL)2 + 2NL − 2}, (561)
where NL,R are left- and right-moving oscillator numbers, λ
(0)
2 is the vacuum expectation
value of the dilaton (or string coupling).
We now identify string states with black holes. The mass of the BPS purely electric
black holes in heterotic string on T 6, which preserves 1
2
of the N = 4 supersymmetry, is
[337, 558, 544, 560, 564]:
m2 =
1
16λ
(0)
2
αa(M (0) + L)abα
b, (562)
where ~α is the charge lattice vector on an even, self-dual, Lorentzian lattice Λ with the
O(6, 22) metric L and the subscript (0) denotes asymptotic values. Here, M is the moduli
matrix of T 6 defined in (121). Under the T -duality, the moduli matrix and the charge lattice
transform as [560]
M (0) → ΩM (0)ΩT , Λ→ LΩLΛ, Ω ∈ O(6, 22) (563)
and the BPS mass (562) is invariant. With a choice of the asymptotic values λ
(0)
2 = 1 and
M (0) = I6,22, the mass takes a simple form:
m2 =
1
16
αa(I6,22 + L)abα
b =
1
8
(~αR)
2, αaR,L ≡
1
2
(I6,22 ± L)abαb. (564)
The string momentum [winding] zero modes are identified with the quantized electric
charges of KK [2-form] U(1) gauge fields, i.e. ~αR,L = ~pR,L. Then, m =M , provided NR =
1
2
[248]: the BPS black holes are identified with the ground states of the right movers. With a
further inspection of (561), one finds NL in terms of ~α [248]:
NL − 1 = 1
2
(
(~αR)
2 − (~αL)2
)
=
1
2
~αTL~α, (565)
leading to ~αTL~α ≥ −2. So, the various BPS black holes in the heterotic string on a torus
are identified [248] as string states with the corresponding value of NL [or ~α
TL~α].
Non-extreme black holes are identified with string states with the right movers excited
as well. Identification of black holes in other dimensions and in type-II theories with string
76By contracting with ei ∗µ and E
I ∗
α , one obtains the background fields in (551) from E. For example,
Gαβ = 2GIJ(E
I ∗)α(EJ ∗)β and Bµν = 2Bij(e
i ∗)µ(ej ∗)ν , etc.
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states is proceeded similarly as above. For type-II string theories, the mass of perturbative
string state is
M2 =
1
8λ
(0)
2
{(pR)2 + 2NR − 1} = 1
8λ
(0)
2
{(pL)2 + 2NL − 1}. (566)
Since the type-II strings have supersymmetry in both the right- and left-moving sectors,
perturbative string states can (i) preserve supersymmetry in both sectors (NR = NL = 1/2),
leading to short supermultiplet; (ii) preserve supersymmetry in one sector, only (NR,L >
NL,R = 1/2), leading to intermediate supermultiplet; (iii) break supersymmetry in both
sectors (NR, NL > 1/2), leading to long supermultiplet. Further study of equivalence of
string states and extreme black holes, including spins of string states and dipole moments
of rotating black holes, is carried out in [249, 237].
7.2 BPS, Purely Electric Black Holes and Perturbative String
States
In the previous section, we showed that BPS electric black holes in the string low energy
effective actions are identified with perturbative string states. Thus, it is natural to infer
that the microscopic degeneracy of black holes originates from the degenerate string states
in a corresponding level.
In general, non-extreme black holes are also identified with perturbative string states.
However, non-extreme solutions are plagued with (unknown gravitational) quantum cor-
rections and, therefore, the ADM mass cannot be trusted. In fact, the number of states
in non-extreme black hole grows with the ADM mass Mbh like ∼ eM2bh [594], whereas the
string state level density grows with the string state mass Mstring as ∼ eMstring . Thus, if
one is to identify string states with black hole states, one is force to identify M2bh with
Mstring [583, 517]. In [583], Susskind attributes the discrepancy to the mass renormalization
due to unknown quantum corrections. (See also section 8.2, where it is discussed that the
Bekenstein-Hawking entropy of non-extreme black holes has to be evaluated at the specific
string coupling at the black hole and microscopic configuration (D-branes and fundamental
string) transition point.)
As first pointed out by Vafa [583], the BPS solutions do not receive quantum corrections
[485] due to renormalization theorem of supersymmetry. Such class of solutions 77 are,
therefore, suitable for testing the hypothesis that the statistical origin of black hole entropy
is from the degenerate string states with mass given by the ADM mass of black hole.
So, one can calculate the “statistical” entropy by taking logarithm of the string level
density. This yields the finite non-zero entropy ∼ √NL. However, the “thermal” entropy of
the BPS purely electric black holes in heterotic string is zero. In [564], Sen circumvented with
problem by postulating that the “thermal” entropy of the BPS black hole is not the event
horizon area, but the area of a surface close to the event horizon, a so-called “stretched”
horizon [596, 587, 586]. Although the BPS electric black hole solutions are free of quantum
77It is argued in [350] that the Bekenstein-Hawking formula for entropy, i.e. (entropy) ∝ (horizon area),
ceases to hold for extreme case and entropy of an extreme black hole is always zero, displaying discontinuity
in going from non-extreme to extreme case. This is attributed [350] as being due to difference in Euclidean
topologies for the two cases. The cure for this discontinuity is proposed in [291], where it is suggested that
one has to extremize after quantization, rather than quantizing after extremization.
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corrections, they receive (classical) stringy α′ corrections due to the singularity at the event
horizon. This leads to the shift of the event horizon by the amount of an order of α′.
Originally, the stretched horizon is defined [587] as the surface where the local Unruh
temperature for an observer, who is stationary in the Schwarzschield coordinate, is of the
order of the Hagedorn temperature [331]. Namely, it is a surface where the string interactions
become significant. In [419, 582, 475], it is observed that the transverse size of strings
diverges logarithmically and fill up a region at the stretched horizon, melting to form a single
string. Thereby, information in the string states is stored and thermalized with black hole
environment in the region near the stretched horizon [582, 584, 454, 452, 475], and black
hole states are in one-to-one correspondence with single string states. So, the statistical
entropy is due to degenerate strings states in equilibrium with the black hole background at
the stretched horizon [588].
In this section, we summarize [564, 495] to illustrate this idea. The electric black hole
considered in [564] is a special case of the general solution [178] discussed in section 4.2.1. But
for the purpose of illustrating the idea of perturbative string state and black hole correspon-
dence, we follow Sen’s parameterization of solution in terms of left-moving and right-moving
electric charges, rather than in terms of KK and 2-form electric charges.
7.2.1 Black Hole Solution
In Sen’s notation, the most general non-rotating, electric black hole solution in the heterotic
string on T 6, in the Einstein-frame, is [564]
gµνdx
µdxν = −r(r − 2m)
∆
1
2
dt2 +
∆
1
2
r(r − 2m)dr
2 +∆
1
2 (dθ2 + sin2θdϕ2), (567)
where ∆ ≡ r2[r2 + 2mr(coshαcoshβ − 1) +m2(coshα− coshβ)2].
The ADM mass and the electric charges are
MBH =
1
2GN
m(1 + coshαcoshβ),
Qi =
{ m√
2
gsn
isinhαcoshβ for 1 ≤ i ≤ 22
m√
2
gsp
i−22sinhβcoshα for 23 ≤ i ≤ 28 , (568)
where ~n [~p] is an arbitrary 22 [6] component unit vector. The left and right handed charges
are defined as
QiL ≡
1
2
(I6,22 − L)ijQj = n
i
L√
2
gsmsinhαcoshβ,
QiR ≡
1
2
(I6,22 + L)ijQ
j =
niR√
2
gsmsinhβcoshα, (569)
and the 28-component left and right handed unit vectors ~nL and ~nR are similarly defined.
The solution (567) is in the frame where the O(6, 22) invariant metric L (127) is diagonal.
This parameterization of black hole solution has a convenient form in which only left [right]
handed charges are non-zero when β = 0 [α = 0] with all the parameters finite.
The solution has 2 horizons at r = r+,− = 2m, 0. The event horizon area is
A =
∫
dθdϕ
√
gθθgϕϕ|r=r+ = 8πm(coshα + coshβ). (570)
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The surface gravity at the event horizon is
κ = limr→r+
√
grr∂r
√−gtt|θ=0 = 1
2m(coshα+ coshβ)
. (571)
7.2.2 Extreme Limit and String States
The extreme limit is defined as a limit where the inner and outer horizons coincide, i.e.
m→ 0. In taking the “non-extremality parameter” m to zero, one has to let one (or both)
of the boost parameters α and β go to infinity so that the electric charges (569) do not
vanish. Since we are interested in the BPS solutions, we let the ADM mass depend only on
the right-handed electric charge. This is achieved by taking the limit β → ∞ and m → 0
such that mˆ = 1
2
meβ remains as a finite non-zero constant, while α remaining finite. In this
limit, the ADM mass and the electric charges are
MBPS =
1
2GN
mˆcoshα,
QiL =
1√
2
gsn
i
Lmˆsinhα, Q
i
R =
1√
2
gsn
i
Rmˆcoshα, (572)
thereby the ADM mass depends on the right-handed electric charge, only:
M2BPS =
1
8g2s
~Q2R, (573)
where GN = 2. In this limit, the solution has the form (567) with m = 0 and
∆ = r2(r2 + 2mˆrcoshα + mˆ2). (574)
The event horizon area (570) is zero in the BPS limit. However, the string states are
degenerate. One can circumvent such problem by calculating entropy at the “stretched
horizon” right above the event horizon. To find a location of the stretched horizon, one
considers a region close to the event horizon in the “string frame” metric:
dS2 ≡ gstringµν dxµdxν ≃ −
r2
mˆ2
g2sdt
2 + g2sdr
2 + g2sr
2(dθ2 + sin2θdϕ2)
= −r¯2dt¯2 + dr¯2 + r¯2(dθ2 + sin2θdϕ2), (575)
where r¯ ≡ gsr and t¯ ≡ t/mˆ. Note, in the frame (t¯, r¯, θ, φ), all the dependence on the other
parameters has disappeared. One can show that the other background fields also become
independent of the parameters near the event horizon, if one performs a suitable O(6, 22)
transformation. Thus, the location of stretched horizon, i.e. the location where higher order
stringy corrections become important, is unambiguously estimated to be located at r¯ = C,
a distance of order 1 (in unit of string scale) from the event horizon. In terms of the original
coordinate, the stretched horizon is located at r = C/gs ≡ η.
The stretched horizon area, calculated from (567) with m = 0 and (574), is
A ≃ 4πηmˆ = 4πmˆC/gs, (576)
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where only the term leading order in η is kept, and therefore the thermal entropy is SBH ≡
A
4GN
= π
2
mˆC
gs
. To compare this expression with the statistical entropy, one expresses SBH in
terms of electric charges by using the relation mˆ = 4
√
M2BH −
~Q2L
8g2s
derived from (572):
SBH =
2πC
g
√√√√M2BH − ~Q2L8g2s . (577)
Now we compare the thermal entropy (577) with the degeneracy of string states. Since
string states identified with BPS black holes have the right movers in ground state (NR =
1
2
),
the string state degeneracy is from the left movers with NL given in terms of electric charges
as (details are along the same line as in section 7.1):
NL ≃ 4
g2s
(M2BPS −
~Q2L
8g2s
), (578)
for large ~Q2L. So, the statistical entropy associated with the degeneracy of string states is
SSTAT ≡ ln d(NL) ≃ 4π
√
NL ≃ 8π
gs
√√√√M2BH − ~Q2L8g2s . (579)
This entropy expression has the same dependence on MBPS and QL as the thermal entropy
(577) calculated at the stretched horizon, and the two expressions agree if one chooses C = 4
in (577). Note, it is crucial that the constant C does not depend on parameters of black
holes; otherwise, the dependence of SSTAT (579) on ~Q
2
L and M
2
BH cannot trusted because of
the unknown dependence of C on these parameters.
7.3 Near-Extreme Black Holes as String States
In the previous section, we saw that thermal entropy of the BPS, non-rotating, electric
black holes agrees (up to numerical factor of order one) with statistical entropy associated
with the degeneracy of string states, if it is evaluated at the “stretched horizon”. However,
the rotating black hole case is problematic for the following reasons. Since the electric,
rotating black hole (285) in the BPS limit with all the angular momenta non-zero has naked
singularity, thermal quantities cannot be defined. The BPS limit with a horizon is possible
in D ≥ 6 with at most 1 non-zero angular momentum [366]. Even for this case, not only the
event horizon is singular (i.e. the event horizon and the singularity coincide) and has zero
surface area, but also the area of the stretched horizon (which is assumed to be independent
of parameters of the black hole) is independent of angular momenta. We surmise that
this is due to the unknown dependence of the location of the stretched horizon on physical
parameters, unlike the non-rotating black hole case. The determination of the stretched
horizon location may require understanding of α′ corrections with rotating black hole as the
target space configuration, which is difficult to estimate at this point.
We propose [184] an alternative way to circumvent the problems of the BPS electric
black holes. Instead of defining the thermal entropy of the BPS black holes at the stretched
horizon, we propose to calculate the thermal entropy of near extreme black holes at the event
horizon. Then, the thermal entropy of near-extreme black holes takes suggestive form which
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can be interpreted in terms of string state degeneracy. We attempt statistical interpretation
of such thermal entropy expression by using the conformal field theory of σ-model with the
near-extreme solution as a target space configuration and with angular momenta identified
with [D−1
2
] U(1) left-moving world-sheet currents.
7.3.1 Thermal Entropy of Near-BPS Black Holes
The proper way of taking the near-BPS limit of rotating black holes is to take the limit in
such a way that the angular momentum contribution to the thermal entropy is not negligible
compared with the contribution of the other terms, while ensuring the regular horizon so
that thermal quantities can be evaluated at the event horizon. This is achieved as follows.
First of all, the near-BPS limit is defined as the limit in which the non-extremal parameter
m > 0 is very small and the boost parameters δi are very large such that the combinations
me2δi (i = 1, 2) remain as finite, non-zero constants. Then, as long as li are non-zero, Ji
(287) do not vanish. Second, the requirement of the regular event horizon restricts the range
of the parameters of the solution [478], e.g. m ≥ |l1| for D = 4 and m ≥ (|l1| + |l2|)2 for
D = 5. For an arbitrary D, we write such a constraint generally as Q
(1)
1 Q
(2)
1 ≫ J21,···,[D−1
2
]
.
Third, for the thermal entropy to be macroscopically non-negligible, the electric charges
have to be very large, i.e. Q
(1),(2)
1 ≫ m = O(1). This is required also for the statistical
entropy, since the system has to be very large so that statistical quantities approach the
exact values. Fourth, while keeping the angular momenta small so that the regular horizon
is always ensured as m ≈ 0, one has to make sure that angular momenta contribution to
entropy is not macroscopically negligible compared with the other terms. This is achieved
by taking the limit J2
1,···,[D−1
2
]
≫
√
Q
(1)
1 Q
(2)
1 .
In such a near-BPS limit, the thermal entropy (288) takes the form [184]:
Sthermo = 2π
 4
(D − 3)2Q
(1)
1 Q
(2)
1 (2m)
2
D−3 − 2
(D − 3)
[D−1
2
]∑
i=1
J2i

1
2
. (580)
7.3.2 Microscopic Interpretation
In this section, we calculate the statistical entropy of near-extreme, rotating black holes by
counting the degenerate string states with the specific angular momenta.
In principle, to calculate the statistical entropy of rotating black holes, one has to extract
the degenerate string states (in a given level) with the specific values of angular momenta.
This was first attempted in [517]. Note, string states in a given level consist of states with
different angular momenta (with the maximum angular momentum determined by the level).
Alternatively, one can use the level density formula that has contribution from all the
possible angular momenta in a given level and employ the technique of conformal field theory
to extract the specific contribution of states with given angular momenta. The main point is
that the U(1) charges of the left-moving worldsheet currents are interpreted as target space
spins of string states. States with non-zero spins are obtained by applying the affine U(1)
current operators to spin zero states. The procedures described in the following paragraphs
are also applicable to D-brane interpretation of entropy of rotating black holes [98, 95, 471].
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As in the BPS case, one identifies the KK electric charges Q
(1)
i [the 2-form electric charges
Q
(2)
i ] with the (internal) momentum zero modes [string winding modes]. Then, mass of the
perturbative string states takes the form:
M2string = (Q
(1)
1 +Q
(2)
1 )
2 +
4
α′
(NR − 1
2
) = (Q
(1)
1 −Q(2)1 )2 +
4
α′
(NL − 1), (581)
where each circle in the torus has self-dual radius R =
√
α′. From the second equality in
(581), i.e the Virasoro constraint, one has the following relation between NL and NR:
NL = α
′Q1Q2 +NR +
1
2
. (582)
Note, for the statistical interpretation to be valid, the electric charge (quantized in unit
1/
√
α′) has to be very large, i.e. Q(1),(2)1 ≫ 1√α′ .
In the near extreme limit (m ≈ 0), the BPS mass (287) takes the form
M2BH ≈ (Q(1)1 +Q(2)2 )2 +O(m). (583)
By identifying the ADM mass (583) with the mass of string state (581), one finds that the
right movers are barely excited: NR ≈ 12 +O(m). So, NR is negligible compared to NL and
NL ≈ α′Q(1)1 Q(2)2 to a good approximation: NL ≈ α′Q(1)1 Q(2)2 +1+O(m) ≈ α′Q(1)1 Q(2)2 ≫ NR.
Thus, to leading order, the logarithm of degeneracy d(NL, NR) of the near-BPS states at the
level (NL, NR) takes the form
ln d(NL, NR) ≈ 2π
√
1
6
ceffNL = 4π
√
NL, (584)
with the right-mover contributions neglected, just like BPS black holes. Here, ceff = 26−2 =
24 since we are considering left moving bosonic string modes, only. Note, this level density
contains contribution from all the spin states in the level (NL, NR).
To extract the contribution by the states with particular spins, we employ conformal field
theory technique. Recall that the σ-model with the target space configuration [104, 105]
given by a rotating black hole is described by the WZNW model [484, 632, 437, 289] with
the U(1)[
D−1
2
] affine Lie algebra (i.e. Cartan sub-algebra of the O(D − 1) rotational group),
or the conformal field theory with the U(1)[
D−1
2
] group manifold.
The eigenvalues of the left-moving U(1) worldsheet currents ji = i∂z¯H
i (i = 1, · · · , [D−1
2
])
are interpreted as the [D−1
2
] spins of string states. A general state in this WZNW model
is labeled by charges of the affine Lie algebra as well as by the oscillator numbers. The
conformal field ΦJ
1,···,[D−1
2
]
with U(1) charges J1,···,[D−1
2
] can be expressed as
ΦJ
1,···,[D−1
2
]
=
[D−1
2
]∏
i=1
eiJiH
i
Φ0, (585)
where Φ0 is a conformal field without U(1) charges, or without target space spins. Thus,
the left-moving conformal dimensions h¯’s, i.e. the eigenvalues of the left-moving Virasoro
generator L0, of ΦJ
1,···,[
D−1
2 ]
and Φ0 are related as:
h¯ΦJ
1,···,[D−1
2
]
=
1
2
[D−1
2
]∑
i=1
J2i + h¯Φ0. (586)
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This implies that the total number NL 0 of left moving oscillations of spinless states is reduced
by the amount 1
2
∑[D−1
2
]
i=1 J
2
i relative to the total number NL of left moving oscillations of states
with the specific spins J1,···,[D−1
2
]:
NL → NL 0 = NL − 1
2
[D−1
2
]∑
i=1
J2i . (587)
Note, the level density for spinless states in a given level (NL, NR) differs from the level
density d(NL, NR) of all the states in the level (NL, NR) by a numerical factor, which can be
neglected in the large (NL, NR) limit if one takes logarithm of the level densities. So, one
can use the formula (584) as the logarithm of the level density of spinless states to a good
approximation. Then, the statistical entropy associated with degenerate string states with
particular spins J1,···,[D−1
2
] at the level (NL, NR) is
Sstat ≡ log d(NL 0, NR 0) ≈ 4π
√
NL 0 = 4π
NL − 1
2
[D−1
2
]∑
i=1
J2i

1
2
, (588)
in the limit NL ≫ 12
∑[D−1
2
]
i=1 J
2
i . For the angular momenta contribution to be statistically
non-negligible,
√
NL
∑[D−1
2
]
i=1 J
2
i ≫ 1 has to be satisfied.
In the near-extreme limit, NL ≈ α′Q(1)1 Q(2)1 . So, in terms of electric charges and angular
momenta, the statistical entropy takes the form:
Sstat = 2π
4α′Q1Q2 − 2 [
D−1
2
]∑
i=1
J2i

1
2
. (589)
This qualitatively agrees with the thermal entropy (580).
7.4 Black Holes and Fundamental Strings
In the previous sections, we calculated statistical entropy of black holes by assuming that
perturbative string states are black holes. Based on this assumption, we equated the mass
of string states with the ADM mass of black holes, and identified the left and right moving
momentum zero modes of the string states with the left and right handed electric charges
of black holes. This fixes NL,R (which determines the microscopic degeneracy of states)
in terms of the macroscopic parameters of black holes, making it possible to calculate the
statistical entropy of black holes.
In this section, we justify [189, 110] such identification of perturbative string states with
microscopic black hole states. The starting point is the fundamental string in 5 ≤ D ≤
10. Here, the fundamental string is defined as a 1-brane solution of the combined action
S + Sσ with macroscopic string (described by Sσ) as its electric charge source. When the
fundamental string is compactified on S1 along its longitudinal direction, it asymptotically
approaches black hole, as r →∞, with its core having milder singularity (than black hole in
(D− 1) dimensions) of a D-dimensional string source. With this identification, microscopic
degrees of freedom of the asymptotic black hole in (D−1) dimensions is interpreted as being
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due to oscillating macroscopic string at its core. And electric charges and angular momenta
of the black hole are determined by momentum and winding modes of the core string along
its longitudinal direction and the frequency of string oscillation in the rotational planes.
7.4.1 Fundamental String in D Dimensions
We consider the following worldsheet action of macroscopic string moving in a background
of the string massless modes:
Sσ =
1
4πα′
∫
d2σ[
√
γγαβ∂αX
M∂βX
NGˆMN + ǫ
αβ∂αX
M∂βX
N BˆMN − 1
2
√
γΦˆR(2)]. (590)
The conformal invariance of Sσ leads to the equations of motion for the massless background
fields [606, 607]. These equations of motion can be reproduced [111] by the Euler-Lagrange
equations of the effective action:
S =
1
2κ2D
∫
dDx
√
−Gˆe−2Φˆ[RGˆ + 4∂M Φˆ∂M Φˆ−
1
12
HˆMNP Hˆ
MNP ], (591)
where the D-dimensional gravitational constant κD is related to the Newton’s constant GD
78 as GD =
κ2D
8π
.
When the target space is flat, i.e. GˆMN = ηMN and BˆMN = 0, one can exactly solve the
σ-model (590) to construct perturbative string states. We concentrate on compactification
of the σ-model on S1 of radius R in flat background. The string states in this model are
characterized by string winding number n and quantized momentum zero mode m/R along
the S1-direction. The right- and left-moving momenta along the S1-direction are
pR =
m
2R
− nR
2α′
, pL =
m
2R
+
nR
2α′
. (592)
For BPS states in heterotic string, whose supersymmetry is generated by right-moving world-
sheet current, all the right movers are in the ground state (NR =
1
2
) and the total number
of left-moving oscillations is determined by the Virasoro constraint to be:
NL = 1 + α
′(p2R − p2L) = 1−mn. (593)
The mass of BPS states depend pR, only:
M2string = 4p
2
R. (594)
From now on, we concentrate on BPS fundamental string solution [191, 190, 189, 187, 380]
to this theory. The background fields of such “straight” fundamental string solution have
the form [190]:
GˆMNdx
MdxN = −e2Φˆdudv + d~x · d~x, Bˆuv = 1
2
(e2Φˆ − 1),
e−2Φˆ = 1 +
Q
rD−4
, (Q =
κ2D
πα′(D − 4)ΩD−3 ), (595)
78GD is related to the quantities in (590) as GD =
1
8α
′e2Φˆ∞ .
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where u ≡ x0 − xD−1 and v = x0 + xD−1 are the lightcone coordinates along the string
worldsheet, and xm (m = 1, ..., (D − 2)) are the transverse coordinates. In deriving this
solution, we chose the static gauge for XM :
Xµ = ξµ, Xm = constant, (596)
where ξµ = (τ, σ) is the worldsheet coordinate. This fundamental string solution preserves
1/2 of the spacetime supersymmetry [190]. When the fundamental string is compactified
along its longitudinal direction on S1 of radius R, i.e. xD−1 = xD−1 + 2πR, one obtains
point-like solution in D − 1 dimensions with its charge proportional to the winding number
n along the S1-direction.
We now obtain solution that also has an arbitrary left-moving oscillation, which is a
source for microscopic degeneracy. The zero-modes of the left-moving oscillation induce
momentumm/R in the S1-direction. Applying the general prescription of solution generating
transformation discussed in [617, 618, 279, 282, 280] to the straight fundamental string
solution (595), one obtains the following left-moving oscillating fundamental string solution
GˆMNdx
MdxN = −e2Φˆ(dudv − T (v, ~x)dv2) + d~x · d~x,
Bˆuv =
1
2
(e2Φˆ − 1), e−2Φˆ = 1 + Q
rD−4
, (597)
where T (v, ~x) is a solution to ∂2~xT (v, ~x) = 0. The general form of T (v, ~x) that can be matched
onto the string source at the core is
T (v, ~x) = ~f(v) · ~x+ p(v)r−D+4, (598)
where the first term corresponds to oscillating string source and the second term corresponds
to a momentum without oscillations.
One can bring (597) to a manifestly asymptotically flat form by applying the coordinate
transformations
v = v′, u = u′ − 2 ~˙F · ~x′ + 2 ~˙F · ~F −
∫ v′
F˙ 2dv, ~x = ~x′ − ~F , (599)
where ˙≡ ∂/∂v, ~f(v) = −2 ~¨F and F˙ 2 = ~˙F · ~˙F . In this new coordinates, (597) takes the form
(with primes suppressed)
GˆMNdx
MdxN = −e2Φˆdudv + [e2Φˆp(v)r−D+4 − (e2Φˆ − 1)F˙ 2]dv2
+2(e2Φˆ − 1) ~˙F · d~xdv + d~x · d~x,
Bˆuv =
1
2
(e2Φˆ − 1), Bˆvi = F˙i(e2Φˆ − 1),
e−2Φˆ = 1 +
Q
|~x− ~F |D−4 . (600)
This solution has the ADM mass π0,0ADM and the ADM momentum per unit length π
0,i
ADM ,
and the D-momentum flow along the string πD−1,MADM given by(
π0,MADM
πD−1,MADM
)
=
(D − 4)ΩD−3
2κ2D
(
Q+QF˙ 2 + p QF˙ i −QF˙ 2 − p
−QF˙ 2 − p −QF˙ i −Q+QF˙ 2 + p
)
. (601)
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7.4.2 Level Matching Condition
In section 7.4.1, we constructed oscillating fundamental string solution by solving the equa-
tions of motion (following from S + Sσ) of the target space background fields and imposing
solution generating transformations. Note, all of such solutions do not correspond to the
underlying string states. To ensure that these solutions match onto the perturbative string
states at the core, one has to additionally solve the equations of motion for string coordi-
nates XM and the Virasoro constraints. From the Virasoro constraints (or the level matching
conditions), one extracts the relations between the macroscopic quantities of the oscillating
fundamental string (600) and the microscopic quantities of the perturbative string states.
This allows to interpret the entropy of the target space solution in terms of the perturbative
string state degrees of freedom.
We start by choosing the following static gauge for the string coordinates XM in the
coordinate frame corresponding to the solution in (597):
U = U(σ+, σ−), V = V (σ+, σ−), Xm = 0, (602)
where σ± = τ ± σ are the light-cone worldsheet coordinates. Also, we choose the conformal
gauge for strings, i.e. γαβ = diag(−1, 1). From the Virasoro constraints T++ = 0 = T−−, one
has the following form of string coordinates (602):
U = (2Rn+ a)σ−, V = 2Rnσ+, (603)
where a ≡ 1
π
∫ 2πRn
0 F˙
2 is the zero mode of F˙ 2. And the constant Q in (597) is expressed in
terms of the perturbative string state quantities as
Q =
nκ2D
πα′(D − 4)ΩD−3 . (604)
More information on matching of the spacetime solution onto states of the core string
source is extracted by taking the flat spacetime limit κD → 0, in which for example the
Virasoro relations (592), (593) and (561) are valid. For this purpose, we go to the frame
represented by (600), where the metric is manifestly asymptotically flat, by applying the
transformations (599). In this new frame (denoted by primes), XM take the form:
V ′ = 2Rnσ+, U ′ = (2Rn + a)σ− +
∫
V ′
F˙ 2, ~X ′ = ~F (V ′), (605)
manifestly showing that the core string is oscillating with profile ~F (V ′). In the flat space-
time limit, i.e. κD → 0 or 〈Φˆ〉 → 0, a perturbative string state has the momentum pM
(conjugate to XM , obtained from Sσ) and the winding vector n
M given in the coordinates
(X ′ 0, ~X ′, X ′D−1) by
nM = (0,~0, n), pM = (2α′)−1(2nR + a,~0,−a). (606)
This expression for pM agrees with the κD → 0 limit of the ADM momentum π0,MADM (601)
of the target space solution (600) with Q given by (604). This confirms that oscillating
fundamental strings are matched onto perturbative states of the core macroscopic string.
Since the momentum zero mode of a perturbative string state along the (compactified)
XD−1-direction is m/R and NL = −nm ((593) in the large NL limit), one can read off the
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expression for pµ in (606) to express m and NL in terms of the macroscopic quantities of the
fundamental string solution:
m = −Ra
2α′
, NL =
nRa
2α′
. (607)
Thus, we see that the oscillating fundamental string solution (600) with p(v) = 0 is matched
onto the perturbative string state with n, m and NL given in (607). These are a subclass of
solutions (600) that can be matched onto perturbative states of the core source string.
7.4.3 Black Holes as String States
When the longitudinal direction of the fundamental string (600) is compactified, one has
point-like object in D − 1 dimensions. Such a solution approaches Sen’s BPS electric black
hole [562] as r →∞. This allows one to relate the macroscopic quantities, which are defined
at spatial infinity, of black holes to the microscopic quantities of perturbative string states.
Note, such point-like solutions in D − 1 dimensions asymptotically approach only a subset
of Sen’s black holes that can be matched onto perturbative string states. So, for example,
the angular momenta of such solutions follow the Regge bound of perturbative string states,
whereas Sen’s rotating black holes [562], in general, take arbitrary values of angular momenta,
which do not satisfy the Regge bound. In the following, we discuss the D = 5 case for the
purpose of illustrating basic ideas. The generalization to an arbitrary D is straight forward;
one starts from D-dimensional solution (600) with more general profile function ~F (v).
One compactifies the longitudinal direction of the D = 5 fundamental string (600) with
p(v) = 0 on S1 of radius R to obtain a point-like solution in D = 4. To make the resulting
D = 4 point-like solution approach a “rotating” black hole asymptotically, one chooses
the following form of ~F that describes rotation in the (x1, x2)-plane with amplitude A and
angular frequency ω 79:
~F = A(eˆ1 cosωt+ eˆ2 sinωt), (608)
where eˆi is a unit vector in the x
i-direction.
Since the D = 4 point-like solution depends on the compactified coordinate x4 and the
time coordinate t through v = x4 + t, the compactification on x4 (i.e. taking average over
x4 so that only the zero modes of fields are kept) is equivalent to taking the time-average.
By taking the time-average of the leading order terms of the fields at large r, one can read
off the following ADM mass MBH , angular momentum J , the right- and left-handed electric
charges QR,L ≡ ±Q(1)+Q(2)√2 , and the right- and left-handed magnetic moments µR,L of the
rotating black hole that the point-like solution approaches asymptotically:
MBH =
Q(1 + A2ω2)
4
, J =
QA2ω
4
,
QL = − Q
2
√
2
(A2ω2 − 1), QR = − Q
2
√
2
(1 + A2ω2),
µL = 0, µR = −
√
2J, (609)
79The generalization to a (D− 1)-dimensional rotational black hole with [D−22 ] angular momenta involves
~F representing independent rotations in [D−22 ] mutually orthogonal planes.
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with choice of unit in which GD = 1. With this choice of normalization, Q in (604) becomes
Q = 4nR/α′, and pL,R andQL,R are related as QL,R = 2
√
2pL,R. Furthermore, the periodicity
of x4 requires ω = ℓ/(nR) for some integer ℓ.
With this identification, one has MBH = 2pR, as one would expect from the fact that the
target space solution with the ADM mass MBH is matched onto the string source with the
right moving momentum pR. This proves the assumption that the perturbative string states
are black holes. Furthermore, J in (609), which reduced to the form J = A
2ℓ
α′
, satisfies the
Regge bound J ≤ |2+α′(p2R− p2L)| = A
2ℓ2
α′
, with J forming the Regge trajectory when ℓ = 1.
Finally, the gyromagnetic ratios gL,R, defined by µL,R =
gL,RQL,RJ
2MBH
, are
gL = 0, gR = 2. (610)
This result is consistent with the fact that the BPS black holes correspond to the perturbative
string states with only left-mover excited, since the gyromagnetic ratios are related to the
left- and right-moving angular momenta JL,R as gL,R = 2
JR,L
JR+JL
. Moreover, the right-moving
gyromagnetic ratio is 2 as expected from the fact that the underlying states are fundamental.
7.5 Dyonic Black Holes and Chiral Null Model
So far, we discussed statistical interpretation for entropy of purely electric black holes in
terms of microscopic degrees of freedom of perturbative string states. The BPS electric
black holes have a nice virtue of being free of quantum corrections, thereby the ADM mass
can be trusted. However, due to singularity at the horizon, the horizon gets shifted by ∼ √α′
through the α′-corrections. Thus, entropy is known only up to the order of α′. Furthermore,
such solutions are not black holes in the conventional sense, since the event horizon coincides
with the singularity and has zero area.
It is the construction of dyonic solutions [178] in the heterotic string on T 6 that triggered
renewed interests in black hole entropy and made the precise calculation of the statistical
entropy possible. Such dyonic solutions not only do not receive quantum corrections, but also
are free of classical α′-corrections[173] since they are described by exact conformal σ-model
and the event horizon is free of singularity. Such dyonic solutions contain as a subset the
Reissner-Nordstro¨m solution and have non-zero event horizon area. Since the event horizon is
regular, the α′-corrections are under control at the event horizon. And as in the pure electric
case, the dilaton is finite at the event horizon, implying that the string loop corrections are
under control. Being free of plagues (i.e. α′-corrections of purely electric solutions and the
string loop corrections of the purely magnetic solutions) suffered by the previously known
solutions in string theories, the dyonic solution [178] is suitable for studying statistical origin
of black hole entropy. Such observation was first made in [441], where it is proposed that
the microscopic degrees of freedom of the dyonic black holes are due to the hair associated
with the oscillations in the internal dimensions.
The first attempt to explain the statistical origin of the BPS black holes with non-zero
event horizon area is based upon a special class of string worldsheet σ-model called “chiral
null model”. In this approach, the BPS black holes are embedded as background fields of
the chiral null model and the throat region conformal model is studied for understanding
microscopic degeneracy of string states. Remarkably, the throat region conformal theory
approximates to the WZNW model of perturbative string theory with string tension rescaled
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80 by magnetic charges of the black holes. So, the degeneracy of string states carrying
magnetic charges is obtained by applying level density formula of perturbative string states.
In this section, we summarize the results of [174, 609, 612], which study chiral null model
interpretation of black hole entropy.
7.5.1 Chiral Null Model
String theory is a promising candidate for consistent quantum gravity theory, being free
from ultra-violet divergences, which plagued quantum gravity of point-like particles. So, it
is useful to study classical string solutions to address problems in quantum gravity. However,
it is almost hopeless to obtain exact classical solutions to the equations of motion following
from effective field theory of string massless states, since the effective action consists of
infinite series of terms of all derivatives multiplied by powers of α′, which are also ambiguous
due to the freedom of choosing different renormalization schemes (or field redefinitions). So,
the only exact classical string solutions that one can study are those that do not have α′-
corrections. In fact, there exist classes of string σ-models whose background fields do not
receive α′-corrections in a special renormalization scheme. One starts from a string σ-model
which is shown to be conformal to all orders in α′ and looks for classical solutions to the
leading order (in α′) effective field theory which can be embedded as target space background
field configurations of the σ-model, or vice versa.
This approach of studying classical solutions of string theory is based upon a remark-
able relationship between the conformaly invariant string σ-model and the extremum of the
effective action. To the leading order in string coupling, the string field equations are ob-
tained by the conformal (Weyl) invariance condition of σ-model, which are equivalent to the
stationary conditions of the effective action due to the proportionality between the Weyl
anomality coefficients and derivatives (with respect to fields) of the effective action. Given
a conformal σ-model, one obtains a string solution not modified by α′-corrections.
The general bosonic σ-model describing string propagation in background of massless
fields GMN , BMN and Φ is
I =
1
πα′
∫
dz2
[
(GMN +BMN)(X)∂X
M ∂¯XN + α′RΦ(X)
]
. (611)
The chiral null model is a special case of (611) with the Lagrangian:
L = F (x)∂u
[
∂¯v +K(x, u)∂¯u+ 2Ai(x, u)∂¯xi
]
+(Gij +Bij)(x)∂x
i∂¯xj +RΦ(x), (612)
where XM are splitted into ‘light-cone’ coordinates u, v and ‘transverse’ coordinates xi, i.e.
XM = (u, v, xi). Note, F does not depend on u.
There exists a special renormalization scheme in which the σ-model (612) is conformal
to all orders in α′, provided (i) the transverse σ-model L⊥ = (Gij +Bij)(x)∂xi∂¯xj +Rφ(x),
80In different approach [335, 334, 333, 332] based upon the Rindler geometry in throat region, black hole
in the weak coupling limit is described by closed strings in the background of black hole carrying non-
perturbative charges. The effect of these non-perturbative charges on closed strings is to rescale the string
tension, as in the case of chiral null model approach.
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where φ ≡ Φ − 1
2
ln F , is conformal and (ii) F , K, Ai and Φ satisfy conformal invariance
conditions, which for the case L⊥ has at least (4, 0) supersymmetry take the form 81 [174]:
−1
2
∇2F−1 + ∂iφ∂iF−1 = 0, −12∇2K + ∂iφ∂iK + ∂u∇iAi = 0,
−1
2
∇ˆiF ij + ∂iφF ij = 0, i.e. ∇i(e−2φF ij)− 12e−2φFikH ikj = 0, (613)
where Fij = ∂iAj − ∂jAi, Hijk = 3∂[iBjk] and the covariant derivative ∇ˆ ≡ ∇(Γˆ) is defined
in terms of the generalized connection Γˆijk ≡ Γijk + 12H ijk with torsion.
The chiral null model has one null Killing vector which generates shifts of v: the action is
invariant under an affine symmetry v → v′ = v+h(τ+σ). The associated null Killing vector
∂/∂v gives rise to the conserved current Jv = F (x)∂u on the string worldsheet. A balance
between the metric and the antisymmetric tensor (Gui = Bui) implies that the conserved
current Jv is chiral, which is a crucial condition for the conformal invariance [369, 371]. The
action (613) is also invariant under the following subgroup of coordinate transformations on
v combined with a gauge transformation of K and Ai:
v → v − 2η(x, u), K → K + 2∂uη, Ai → Ai + ∂iη. (614)
Unless K, Ai and Φ do not depend on u, one can choose a gauge in which K = 0 by applying
(614). When the fields are independent of u, the chiral null model turns out to be self-dual.
Namely, a leading-order duality transformation along any non-null direction in the (u, v)-
plane (say along the u-direction, where v = vˆ + au with a constant) leads to a σ-model of
the same form with duality transformed background fields given by
F ′ = (K + a)−1, K ′ = F−1, A′i = Ai, Φ′ = Φ− 12 ln[F (K + a)]. (615)
When background fields are independent of u, the conformal invariance conditions (613)
take the form of the Laplace equations in the transverse space. Background field solutions
to the conformal invariance conditions are then parameterized by harmonic functions in the
transverse space. Since the equations are linear, one can superpose harmonic functions to
generate multi-center solutions. One can further generalize background fields to depend on u
in such a way that the conformal invariance conditions (613) are still satisfied. Such changing
of background fields is viewed as ‘marginal deformations’ [371] of the conformal field theory.
In particular, adding zero modes of Ai has the effect of adding a Taub-NUT charge, angular
momenta or extra electric/magnetic charges to the original solutions.
The chiral null model (612) generalizes K-model (plane fronted wave solution) and F -
model (a generalization of the fundamental string solution). First, in the limit F = 1, (612)
describes a class of plane fronted wave backgrounds which have a covariantly constant null
vector ∂/∂v (K-model). For this case, one can add another vector coupling 2A¯i(x, u)∂xi∂¯u
to the Lagrangian while still preserving conformal invariance but breaking chiral structure.
Second, when K = 0 with background fields independent of u, (612) reduces to the F -
model, which has two null Killing vectors ∂/∂u and ∂/∂v associated with affine symmetries
u′ = u+ f(τ −σ) and v′ = v+h(τ +σ). Since the coupling to u and v is chiral (Guv = Buv),
the associated 2 conserved currents J¯u = F ∂¯v and Jv = F∂u are chiral. The F model and
the K model are related by a duality transformation (615) along u with a = 0.
81This follows [371] from the standard leading order conformal invariance conditions Rˆ−MN +
2Dˆ−MDˆ−NΦ = 0 of the general σ-model (611). Here, the Ricci tensor Rˆ−MN and covariant derivative
Dˆ−M are defined in terms of the generalized connection Γˆ
P
±MN = Γ
P
MN ± 12HPMN with torsion HMNP .
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The dimensional reduction of chiral null model leads to various charged (under the KK
or 2-form gauge field) black hole and string solutions, which can also carry angular momenta
or the Taub-NUT charge. The chiral coupling leads to a no-force condition (a characteristic
of BPS solutions) on the solutions, which allows the construction of multi-centered solu-
tions. The balance between GMN and BMN in chiral theories manifests in lower dimensional
solutions as the fixed ratio of mass and charge, i.e. the BPS condition.
In the following, we discuss black hole solutions that satisfy the conformal invariance
conditions (613) and therefore are exact to all orders in α′. For the purpose of obtaining
general D = 4, 5 black holes, we split the transverse coordinates xi into non-compact ones
xs and compact ones yn, i.e. xi = (xs, yn), where s = 1, ..., D − 1 and n = 1, ..., 9 − D.
We decompose the 8-dimensional transverse space into the direct product M4 × T 4 of some
4-space M4 and T 4. The chiral null model Lagrangian (612) is accordingly expressed as the
sum of two terms associated with each space. Here, M4 has SO(3) [SO(4)] symmetry for
the D = 4 [D = 5] black holes and, therefore, M4 is parameterized by (xs, y1) [xm] with
background fields depending on the coordinates only through r =
√
xsxs [r =
√
xmxm].
We consider the case where M4 has the torsion related to dilaton φ in the specific way
Hmnk = − 2√
G
ǫmnkl∂lφ, so that the last conformal invariance condition in (613) simplifies to
a Laplace-form ∇i(e−2φF ij+ ) = 0, where F ij+ ≡ F ij + ⋆F ij with ⋆F ij = 12√GǫijklFkl.
General Four-dimensional, Static, BPS Black Hole We consider the case where
4-dimensional transverse part of the metric has the form Gij = f(x)gij where ∇2f = 0,
∇ ≡ ∇(g) and gij is a hyper-Ka¨hler metric with a translational isometry in the x4-direction.
The D = 6 part (u, v, x1, ..., x4) of (612) then takes the special form:
L = F (x)∂u
[
∂¯v +K(x)∂¯u+ 2A(x)(∂¯x4 + as(x)∂¯x
s)
]
+ 1
2
R lnF (x) + L⊥,
L⊥ = f(x)k(x)(∂x4 + as(x)∂xs)(∂¯x4 + as(x)∂¯xs) + f(x)k−1(x)∂xs∂¯xs
+bs(x)(∂x
4∂¯xs − ∂¯x4∂xs) +Rφ(x), (616)
where xs = (x2, x2, x3) are non-compact coordinates and compact coordinates are x4 = y1
and u = y2. Here, we chose Ai in (612) to take the form A4 = A and As = Aas so that the
D = 4 metric has no Taub-NUT term.
The Lagrangian (616) is invariant under T -duality transformations in the x4-direction
(P1 ↔ P2 and q → −q):
f → k−1, k → f−1, as ↔ bs, A→ (fk)−1A, (617)
and in the u-direction (Q1 ↔ Q2):
F → K−1, K → F−1, Φ(F )→ Φ(K−1). (618)
When A = 0, the Lagrangian has remarkable manifest invariance under D = 4 S-duality,
under which (618) transforms as u↔ x4 and
F → f−1, K → k−1, f → F−1, k → K−1, (619)
and under the D = 6 string-string duality (G→ e−2ΦG, dB → e−2Φ ⋆dB, Φ→ −Φ) between
the heterotic string on T 4 and the type-II string on K3:
F → f−1, K → K, f → F−1, k → k. (620)
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Note, the invariance of (616) under the T -duality is manifest only when all the charges
associated with 4 harmonic functions F , K, f and k are non-zero. The self-dual case
F = K−1 = f−1 = k and as = bs corresponds to the D = 4 Reissner-Nordstro¨m solution.
As expected, the combined transformation of T -duality and the string-string duality yields
the D = 4 S-duality (619).
One can obtainD = 4 black hole solution which is exact to all orders in α′ by solving (613)
with (616) and all the background fields depending on non-compact transverse coordinates
xs, only. Solutions for background fields are expressed in terms of harmonic functions f ,
k, F and K, which satisfy (linear) Laplace equations. Particularly, A is given in terms
of harmonic functions by A = q1k
−1 + q2f 2k (q1,2 = const). If one further assumes the
asymptotic flatness condition (i.e. k → 1, f → 1, A → 0 as r = √xsxs → ∞), coefficients
in A are restricted such that q0 := q1 = −q2. The solutions for background fields are:
F−1 = 1 +
Q2
r
, K = 1 +
Q1
r
, f = 1 +
P2
r
, k−1 = 1 +
P1
r
,
asdx
s = P1(1− cos θ)dϕ, bsdxs = P2(1− cos θ)dϕ,
A =
q
r
· r +
1
2
(P1 + P2)
r + P1
, e2Φ = Fe2φ =
r + P2
r +Q2
, (621)
where q ≡ 2q0(P1 − P2). Since the resulting (conformal invariance condition) equations are
of Laplace-type, one can superpose harmonic functions to obtain multi-center generalization
of the above.
The D = 4 spherically symmetric solution in (200) is obtained by applying the standard
KK procedure with all the background field in (612) properly identified with those in (611)
and setting u = y2, v = 2t, x4 = y1.
General Five-Dimensional, Rotating, BPS Black Hole We consider the case where
M4-part is (locally) SO(4)-invariant. The D = 6 part of chiral null model Lagrangian is
again given by (616) with Ai = (Am, 0) and the transverse part L⊥ replaced by
L⊥ = f(x)∂xm∂¯xm +Bmn(x)∂xm∂¯xm +Rφ(x), (622)
where m,n, ... = 1, ..., 4, and the fields are given in terms of a harmonic function f(x)
(∂2f = 0) by φ = 1
2
ln f , Gmn = fδmn and Hmnk = −2
√
GGplǫmnkp∂lφ = −ǫmnkl∂lf . By
solving the conformal invariance conditions (613) with above Ansa¨tze, one obtains
f = 1 +
P
r2
, F−1 = 1 +
Q2
r2
, K = 1 +
Q1
r2
,
e2Φ = Ff =
r2 + P
r2 +Q2
, Aϕ1 =
γ
r2
sin2 θ, Aϕ2 =
γ
r2
cos2 θ, (623)
where r ≡ √xmxm and γ is related to the angular momenta as J1 = J2 = π4GN γ. Note,
the conformal invariance condition ∇m(e−2φFmn+ ) = 0 is solved by imposing the flat-space
anti-self-duality condition F+mn = 0 on the field strength of the potential Am, and as a result
the 2 angular momenta are the same. By superposing harmonic functions, one obtains the
multi-center generalization of the above.
The dimensional reduction along u leads to D = 5, rotating, BPS black hole with charge
configuration (Q1 = Q
(1)
1 , Q2 = Q
(2)
2 , P ), where P is a magnetic charge of the NS-NS 3-form
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field strength (or an electric charge of its Hodge-dual). The Einstein-frame metric is
ds2E = −λ2(dt+Amdxm)2 + λ−1dxmdxm
= −λ2[dt+ γ
r2
(sin2 θdϕ1 + cos
2 θdϕ2)]
2
+λ−1[dr2 + r2(dθ2 + sin2 θdϕ21 + cos
2 θdϕ22)]
λ = (F−1Kf)−1/3 =
r2
[(r2 +Q1)(r2 +Q2)(r2 + P )]1/3
. (624)
7.5.2 Level Matching Condition
To calculate statistical entropy of black holes, one has to relate macroscopic quantities of
black holes to microscopic quantities of perturbative string states through “level matching
condition” [189]. Strictly speaking, level matching process is possible for electric solutions,
only, since perturbative string states do not carry magnetic charges and string momentum
[winding] modes are matched onto “electric” charges of KK [2-form field] U(1) fields. Fur-
thermore, magnetic solutions can be supported without source at the core (Cf. magnetic
solutions are regular everywhere including the core), since they are topological in character.
However, it turns out [174] that the dyonic solution found in [178], which is a ‘bound state’
of fundamental string and solitonic 5-brane, still needs a source for its support and satisfies
the same form of level matching condition as the fundamental string.
The crucial point in the level matching of such dyonic solutions onto the perturbative
string spectrum is that as in the purely magnetic case fields are perfectly regular near the
horizon (or the throat region), making it possible to describe the solutions at the throat
region in terms of WZNW conformal model [484, 632, 437, 289]. Since the solution is regular
and the dilaton is finite near the event horizon (implying that the classical α′ and the string
loop corrections are under control), such effective WZNW model near the horizon can be
trusted. For large magnetic charges (or large level), the theory effectively looks like a free
σ-model for perturbative string theory with the string tension rescaled by magnetic charges.
Namely, for large magnetic charges, the dyonic solutions are matched onto perturbative
string states with string tension rescaled by magnetic charges.
To match background field solutions onto the macroscopic string source at the core, one
considers the combined action of string σ-model and the effective field theory. Among the
equations of motion of the combined action, the relevant parts are the Einstein equations
for target space metric, equations of motion for Xµ and the Virasoro conditions. Requiring
that all the solutions are supported by sources, one obtains the level matching condition:
E(u) ≡ 1
2πR
∫ 2πR
0
duE(u) = 0, (E(u) ≡ [F (x)K(u, x)]x→0 = 0). (625)
This condition is satisfied without modification even when solutions carry magnetic charges.
7.5.3 Throat Region Conformal Model and Magnetic Renormalization of String
Tension
Four-Dimensional Dyonic Solutions The σ-model (616) of dyonic black hole (193) with
charge configuration (P
(1)
1 , Q
(1)
2 , P
(2)
1 , Q
(2)
2 ) ≡ (P1, Q1, P2, Q2) takes the following form near
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the horizon (r → 0) [174, 609, 612]:
I =
1
πα′
∫
d2σLr→0 =
1
πα′
∫
d2σ
(
e−z∂u∂¯v +Q1Q−12 ∂u∂¯u
)
+
P1P2
πα′
∫
d2σ
(
∂z∂¯z + ∂y˜1∂¯y˜1 + ∂ϕ∂¯ϕ+ ∂θ∂¯θ − 2cosθ∂y˜1∂¯ϕ
)
. (626)
This is the SL(2, R)× SU(2) WZNW model with the level κ = 4
α′
P1P2. (Since the level has
to be an integer, one has the quantization condition 4P1P2/α
′ ∈ Z.) Here, the coordinates
are defined as z ≡ lnQ2
r
→ ∞, u˜ ≡ (Q−11 Q2P1P2)−1/2u, v˜ ≡ (Q1Q−12 P1P2)−1/2v, and y˜1 ≡
P−11 y1 + ϕ.
For large P1,2 (or κ), the transverse (ρ, y˜1, ϕ, θ) part of (626) looks like a free theory of
perturbative string with the string tension T = 1/(2πα′) renormalized by P1,2:
1
α′
→ 1
α′⊥
=
P1P2
α′R21
=
P1P2
α′ 2
, (627)
where R1 =
√
α′ is the radius of the internal coordinate associated with P1,2.
Five-Dimensional Dyonic Solution The σ-model with the target space configuration
given by the 3-charged, BPS, non-rotating black hole, i.e. (263) with J = 0, takes the
following form in the limit r → 0 [609, 612]:
I =
1
πα′
∫
d2σLr→0 =
1
πα′
∫
d2σ
(
e−z∂u∂¯v +Q1Q
−1
2 ∂u∂¯u
)
+
P
4πα′
∫
d2σ
(
∂z∂¯z + ∂ϕ2∂¯ϕ2 + ∂ϕ1∂¯ϕ1 + ∂θ∂¯θ − 2cosθ∂ϕ2∂¯ϕ1
)
, (628)
where z ≡ ln Q2
r2
→ ∞. This is the SL(2, R) × SU(2) WZNW model 82 with the level
κ ≡ 1
α′
P . In the limit of large P or large κ, the transverse part (ρ, ϕ1, ϕ2, θ) of (628) reduces
to free perturbative string theory with the renormalized string tension:
1
α′
→ 1
α′⊥
=
P
4α′ 2
. (629)
7.5.4 Marginal Deformation
The degeneracy of micro-states responsible for statistical entropy is traced to the degrees of
freedom associated with oscillations or marginal deformations around the classical solutions.
The marginal deformations lead to a family of all the possible solutions (obeying conformal
and BPS conditions) with the same values of electric/magnetic charges but different short
distance structures that depend on a choice of oscillation profile function. Thus, one has
to consider the region near the horizon (at r = 0) to determine the microscopic degrees of
freedom, since in this region degeneracy of solutions is lifted.
82The chiral null model corresponding to rotating black hole (624) also approaches the SL(2,R)× SU(2)
WZW model in the throat limit. The requirements that the level κ = P/α′ is an integer and ϕ′′2 =
ϕ′2 + 2γP
−1Q−12 u (ϕ
′
2 ≡ ϕ1 + ϕ2) has the period 4π lead to the quantization of P and J : P = α′κ and
J = κwl with k, l ∈ Z (w = string winding number). The regularity of the underlying conformal model
requires that J2 < κmw, i.e. the ‘Regge bound’.
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General chiral null model action which represents deformation from the classical BPS
solutions in section 7.5.1 and preserves the BPS and conformal invariance properties is
given by (612) with K and Ai = (Am,Aa) having an additional dependence on u, where
u ≡ z − t with the longitudinal direction z satisfying the periodicity condition z ≡ z+ 2πR.
Here, Am ∼ qm(u)/r2 and Aa = qa(u)/r2 (r2 ≡ xmxm) are respectively ‘deformations’ in
the non-compact xm and the compact ya directions. On the other hand, the perturbation
K(u, x) = hm(u)x
m + k(u)/r2 does not contribute to the degeneracy, since hm(u)x
m drops
out and k(u) has zero mean value.
The perturbationsK, Aa andAm represent various ‘left-moving’ waves propagating along
the string and are invisible far away from the core. The mean values q2m(u) and q
2
a(u) are
related to the oscillation numbers of the macroscopic string at the core as
N
(m)
L =
π2
16G2N
q2m(u), N
(a)
L =
π2α′
16G2N
q2a(u), (630)
thereby contributing to the microscopic degrees of freedom.
These marginal deformations do not contribute to the microscopic degeneracy of black
holes with the same order of magnitude [612]. This can be inferred from the fact that the
classical BPS black holes are solutions of both heterotic and type-II string. Namely, although
the thermal entropy is the same whether one embeds the solutions within heterotic or type-II
string, one faces the discrepancy in factor of 2 in the statistical entropies within the two the-
ories, if one takes the degeneracy contributions of all the oscillators to be of the same order of
magnitude. In fact, as can be seen from the conformal invariance condition ∇i(e−2φF ij+ ) = 0,
the perturbations Aa in the compact directions ya are decoupled from the non-trivial non-
compact parts of the solution. On the other hand, the perturbations Am in the non-compact
directions xm are non-trivially coupled to the magnetic harmonic functions, with the net
effect being the rescaling of q2m(u) terms by the magnetic charges. (This is related to the
scaling of the string tension in the transverse directions by the magnetic charge(s).) So, the
marginal deformation contributions from the compact directions, which are different for the
two theories, are suppressed relative to those of non-compact directions by the factor of the
inverse of magnetic charge(s), thereby negligible for a large magnetic charge(s) or the large
level κ. Only the marginal deformations from the non-compact directions and the compact
direction associated with non-zero magnetic charge(s), which are common for both theories,
have the leading contribution to the degeneracy. Only these 4 string coordinates get their
tension effectively rescaled by the magnetic charge(s). Furthermore, the marginal deforma-
tions on the original black hole solutions have to be only left-moving (i.e. depend only on
u, not on v) so that marginally deformed σ-models are conformaly invariant. This is related
to the ‘chiral’ condition on the σ-model; only left-moving deformations lead to supersym-
metric action. Thus, for large magnetic charge(s), the statistical entropy calculations within
heterotic and type-II strings agree.
As pointed out, the marginal deformations Aa(u, x) = qa(u)/r2 in the compact directions
ya contribute to the microscopic degeneracy to sub-leading order (suppressed by the inverse
of magnetic charge(s)), which can be neglected for large value of magnetic charge(s). But the
zero modes q¯a of the Fourier expansions of qa(u) = q¯a+ q˜a(u) (q˜a(u) denoting the oscillating
parts) produce additional left-handed electric charges [174] of D = 6 strings. Namely, the
internal marginal deformationAa(u) = qa(u)r2 on the σ-model associated withD = 4 4-charged
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BPS black hole (193) leads to 5-charged BPS black hole solution (621) with the zero mode
q¯a corresponding to an additional charge parameter q.
The mean oscillation values q˜2m(u) of the marginal deformations Am(u, x) ∼ qm(u)/r2
(qm(u) = q¯m+ q˜m(u) with q¯m and q˜m(u) respectively denoting the zero modes and oscillating
parts) in the non-compact directions xm contribute to NL to the leading order. Meanwhile,
the zero modes q¯m have an interpretation as angular momenta [610] of black holes. Namely,
the rotational marginal deformation corresponding to SU(2) Cartan current deformation
Am(u, x)dxm = γ(u)r2 (sin2θ dϕ1 + cos2θ dϕ2) on the σ-model action of the D = 5 3-charged
non-rotating solution leads to the rotating solution (624) [610, 609].
To calculate the statistical entropy associated with degeneracy of solutions (i.e. all the
possible marginal deformations of the original classical solution), one has to determine NL
of the macroscopic string at the core. For this purpose, we write the marginally deformed
σ-model action (612) in the throat region in the form:
I ′ = I +
1
πα′
∫
d2σ(marginal deformation terms)r→0
=
1
πα′
∫
d2σ [e−z∂u∂¯v + E(u)∂u∂¯u] + other terms, (631)
where I stands for the throat limit WZNW models (626) and (628) of the (undeformed)
classical solutions.
First, for the D = 4 dyon, the marginal deformation (612) gives rise to the following
expression for E(u):
E(u) = Q1Q
−1
2 − (P1P2)−1Q−22 q2n(u)−Q−22 q2a(u)
= (P1P2)
−1Q−22 [Q1Q2P1P2 − q2n(u)− P1P2q2a(u)]. (632)
Note, since the string tension α′⊥ (627) of the transverse parts is rescaled by the magnetic
charges, the coefficient in front of the term q2n(u) is rescaled by (P1P2)
−1. Applying the
level matching condition E(u) = 0 (625), one finds that q2n(u) = P1P2(Q1Q2 − q¯2a), where
q¯a denote the zero modes of the oscillations qa(u) in the compact directions. Thus, the
statistical entropy is [174]
Sstat ≈ 2π
√
NL =
π2
2GN
√
P1P2(Q1Q2 − q¯2a), (633)
in agreement with the thermal entropy.
Second, we consider D = 5 solutions. For the non-rotating solutions, the marginal
deformation (612) leads to
E(u) = Q1Q
−1
2 +Q
−1
2 k(u)− P−1Q−22 q2m(u) +O(P−2). (634)
Applying the level matching condition E(u) = 0, one finds that q2m(u) = Q1Q2P for large
P , which reproduces the thermal entropy [609, 612]:
Sstat ≈ 2π
√
NL =
π2
2GN
√
Q1Q2P . (635)
For the rotating solution, one introduces the marginal deformation Am in a non-compact
direction. Then, one has
E(u) = Q1Q
−1
2 − P−1Q−22 γ2(u) = P−1Q−22 [Q1Q2P − γ2(u)], (636)
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where γ2(u) = γ¯2+ γ˜2(u) with γ¯ and γ˜(u) respectively denoting zero and oscillating modes of
γ(u). From the level matching condition E(u) = 0, one has γ˜(u) = Q1Q2P − γ¯2, reproducing
entropy of the rotating black hole [609, 610] in the limit of P1 ≈ P2 and Q2 large:
Sstat ≈ 2π
√
NL =
π2
2GN
√
Q1Q2P − γ¯2. (637)
8 D-Branes and Entropy of Black Holes
Past year or so has been an active period for investigation on microscopic origin of black
hole entropy. The construction of general class of BPS black hole solution in heterotic
string on T 6 [178] motivated renewed interest [441] in the study of black hole entropy within
perturbative string theory. The explicit calculation of statistical entropy of BPS solution
in [178] by the method of WZNW model in the throat region of black hole reproduced the
Bekenstein-Hawking entropy. Realization [498] that D-branes in open string theory can
carry R-R charges motivated the explicit D-brane calculation of statistical entropy of non-
rotating BPS solution in D = 5 with 3 charges [580]. This is generalized to rotating black
hole [98] in D = 5, near extreme black hole [109, 368] in D = 5 and near extreme rotating
black hole [95] in D = 5. Meanwhile, the WZNW model approach was generalized to the
case of non-rotating BPS D = 5 black hole [609] and rotating BPS D = 5 black hole [612].
D-brane approach was soon extended to D = 4 cases: non-rotating BPS case in [471, 392],
near extreme case in [361] and extreme rotating case in [361]. Later, it is shown [365] that
the microscopic counting argument in string theory can be extended even to non-extreme
black holes as well, provided the entropy is evaluated at the proper transition point of black
hole and D-brane (or perturbative string) descriptions.
In this chapter, we review the recent works on D-brane interpretation of black hole
entropy. With realization [498] that R-R charges, which were previously known to be de-
coupled from string states, can couple to D-branes [193], it became possible to do conformal
field theory of extended objects (p-branes) within string theories and to perform counting
[566, 567, 619, 620, 90, 91] of string states that carries R-R charges as well as NS-NS charges.
To apply D-brane techniques to the calculation of microscopic degeneracy of black holes,
one has to map non-perturbative NS-NS charges of the generating black hole solutions of
heterotic string on tori to R-R charges by applying subsets of U -duality transformations.
In D-brane picture of black holes [109], the microscopic degrees of freedom are carried by
oscillating open strings which are attached to D-branes. Whereas the effect of magnetic
charges in the chiral null model and Rindler geometry approaches is to rescale the string
tension, the effect of R-R charges on open strings in the D-brane description is to alter
the central charge (i.e. the bosonic and fermionic degrees of freedom) of open strings from
the free open string theory value. In the D-brane picture of [109], the number of degrees
of freedom of open strings is increased relative to the free open string value because of an
additional factor (proportional to the product of D-brane charges) related to all the possible
ways of attaching the ends of open strings to different D-branes. So, the net calculation
results of statistical entropy in both descriptions are the same.
This chapter is organized as follows. In section 8.1, we summarize the basic facts on
D-branes necessary in understanding D-brane description of black holes. In section 8.2, we
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discuss the D-brane embeddings of black holes. The D-brane counting arguments for the
statistical entropy of black holes are discussed in section 8.3.
8.1 Introduction to D-Branes
We discuss basic facts on D-branes necessary in understanding D-brane description of black
holes. Comprehensive account of the subject is found, for example, in [193, 445, 498, 504,
501, 391], which we follow closely. The basic knowledge on string theories is referred to
[535, 316].
Each end of open strings can satisfy two types of boundary conditions. Namely, from the
boundary term 1
2πα′
∫
∂M dσδX
µ∂nXµ, where ∂M is the boundary of the worldsheetM swept
by an open string and δXµ [∂nXµ] is the variation [the derivative] of bosonic coordinates X
µ
parallel to [normal to] ∂M, in the variation (with respect to Xµ) of the worldsheet action,
one sees that the ends of the string either can have zero normal derivatives
∂nX
µ = 0, (638)
called Neumann boundary condition, or have fixed position in target spacetime
Xµ = constant, (639)
called Dirichlet boundary condition.
In order for the T -duality to be an exact symmetry of the string theory, open string has
to satisfy both the Neumann and Dirichlet boundary conditions [193]. Under the T -duality
of open string theory with the coordinate X i = X iR(z) +X
i
L(z¯) compactified on S
1 of radius
Ri, Ri → R′i = 1/Ri and X i → Y i = X iR(z) − X iL(z¯). So, the Neumann and the Dirichlet
boundary conditions get interchanged under T -duality:
∂nX
i =
(
∂z
∂τ
)
∂X i −
(
∂z¯
∂τ
)
∂¯X i =
(
∂z
∂τ
)
∂Y i +
(
∂z¯
∂τ
)
∂¯Y i = ∂τY
i, (640)
where τ is the worldsheet time coordinate, which is tangent to ∂M. Starting from the
D = 10 open string with the Neumann boundary conditions and with the coordinates X i
(i = p+ 1, ..., 9) compactified on circles of radii Ri, one obtains open string theory with the
ends of the dual coordinates Y i confined to the p-dimensional hyperplane in the Ri → 0 limit
(or the decompactification limit, i.e. 1/Ri → ∞, of the dual theory). Such p-dimensional
hyperplane is called D-brane [498]. A further T -duality in the direction tangent [orthogonal]
to a Dp-brane results in a D (p− 1)-brane [D (p+ 1)-brane].
D-brane is a dynamical surface [498] with the states of open strings (attached to the D-
brane) interpreted as excitations of fluctuating D-brane. The massless 83 bosonic excitation
mode in the open string spectrum is the photon with the vertex operator VA = AM∂tX
M ,
where ∂t is the derivative tangent to ∂M. So, the bosonic low energy effective action is that
of N = 1, D = 10 Yang-Mills theory [637]:
1
2g
∫
d10xTr[FµνF
µν ]. (641)
83The tachyon is removed by the GSO projection of supersymmetric theory.
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In the T -dual theory, the vertex operator VA of the photon is decomposed into VA =∑p
µ=0Aµ(X
µ)∂tX
µ and Vϕ =
∑
i>p ϕi(X
µ)∂σX
i, corresponding respectively to U(1) gauge
boson and scalars on the p-brane worldvolume. The scalars ϕi are regarded as the collective
coordinates for transverse motions of the p-brane. The bosonic low energy effective action of
the T -dual theory is, therefore, obtained by compactifying (641) down to p + 1 dimensions
[637]. In this action, the worldvolume scalars ϕi have potential term V =
∑
i,j Tr[ϕi, ϕj]
2.
Note, open strings can have non-dynamic degrees of freedom called Chan-Paton factors
(i, j) at both ends of strings [139, 316, 504, 501, 637]. The indices (i, j), which label the state
at each end of the string, run over the representation of the symmetry group G. When the
state |Λ, ij〉 describes a massless vector, (i, j) run over the adjoint representation of G. Each
vertex operator of an open string state carries antihermitian matrices λaij (a = 1, ..., dimG)
representing the algebra of G and λaij describe the Chan-Paton degrees of freedom of the
open string states. The global symmetry G of the worldsheet amplitude manifests as a
gauge symmetry in target space.
For the oriented open strings, G is U(N) and each end of the open string is respectively
in complex and complex conjugate representations of U(N). When open string states are
invariant under the worldsheet parity transformation Ω (σ → π − σ or z → −z¯), i.e. the
exchange of two ends plus reversal of the orientation of an open string, the open string is
called unoriented. For this case, the representations R and R¯ on both ends of the string
are equivalent. For unoriented open strings, the transformation property of the Chan-Paton
matrix λij under the worldsheet parity Ω determines G [535, 474]. Under the worldsheet
parity symmetry, the open string state λij|Λ, ij〉 transforms to
Ωλij |Λ, ij〉 = λ′ij |Λ, ij〉, λ′ =MλTM−1. (642)
If M is symmetric, i.e. M = MT = IN , then the photon λijα
µ
−1|k〉 survives the pro-
jection under the gauged worldsheet parity and the Chan-Paton factor is antisymmetric
(λT = −λ), giving rise to SO(N) gauge group. If M is antisymmetric, i.e. M = −MT =
i
(
0 IN/2
−IN/2 0
)
, then the gauge group is USp(N), i.e. λ = −MλTM .
When the Chan-Paton factors are present at the ends of open string, a Wilson line, say,
for the U(N) oriented open string theory with the coordinate X9 compactified on S1 of
radius R given by
A9 = diag(θ1, ..., θN)/(2πR) = −iΛ−1∂9Λ, (643)
where Λ = diag(eiX
9θ1/(2πR), ..., eiX
9θN/(2πR)), receives non-trivial phase
factor diag(e−iθ1 , ..., e−iθN ) under the transformation X9 → X9 + 2πR. As a result, the
momentum number of an open string along S1 can have a fractional value. So, in the T -dual
theory the winding number takes on fractional values [497], meaning that two ends of open
strings can live on N different hyperplanes (D-branes) located at Y 9 = θkR
′ = 2πα′A9,kk
(k = 1, ..., N):
Y 9(π)− Y 9(0) =
∫ π
0
dσ∂σY
9 = (2π + θj − θi)R′, (644)
where R′ = α′/R is the radius of the circle in the dual theory. Note, without the Chan-Paton
factors taken into account, both ends of open strings of the dual theory are confined to the
same hyperplane up to the integer multiple of periodicity 2πR′ of the dual coordinate Y 9.
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The similar argument can be made for unoriented open string theories. With SO(N)
Chan-Paton symmetry, the Wilson line can be brought to the form:
diag(θ1,−θ1, · · · , θN/2,−θN/2). (645)
Note, in the dual coordinate Y m, worldsheet parity reversal symmetry (z → −z¯) of the
original theory is translated into the product of worldsheet and spacetime parity operations.
Since unoriented strings are invariant under the worldsheet parity, the T -dual spacetime is
a torus modded by spacetime parity symmetry Z2. The fixed planes Y
m = 0, πR′ under
spacetime parity symmetry are called orientifolds [193]. Away from the orientifold plane,
the physics is that of oriented open strings, with a string away from the orientifold fixed
plane being related to the string at the image point. Open strings can be attached to the
orientifolds, but the orientifolds do not correspond to the dynamic surface since the projection
Ω = +1 [355, 356, 509] removes the open string states corresponding to collective motion of
D-branes away from the orientifold plane. In this T -dual theory, there are N
2
D-branes on
the segment 0 ≤ Y m < πR′ and the remaining N
2
are at the image points under Z2. Open
strings can stretch between pairs of Z2 reflection planes, as well as between different planes
on one side.
With a single coordinate X9 compactified on S1 of radius R, the mass spectrum of the
dual open string is
M2 =
(
[2πn+ (θi − θj)]R′
2πα′
)
+
1
α′
(N − 1). (646)
Thus, the massless states arise in the ground state (N = 1) with no winding mode (n = 0)
and both ends of the string attached to the same hyperplane (θi = θj):
αµ−1|k, ii〉, V = Aµ∂tXµ,
α9−1|k, ii〉, V = ϕ∂tX9 = ϕ∂nY 9, (647)
respectively corresponding to D-brane worldvolume photon and scalar. For the case of
oriented open string theories, when all the N hyperplanes (located at θkR
′) do not coincide
(i.e. θi 6= θj , ∀i, j), U(N) is broken down to U(1)N , corresponding to N massless U(1) gauge
fields at each hyperplane located at θkR
′ (k = 1, ..., N). When m hyperplanes (m ≤ N)
coincide, say θ1 = · · · = θm, the additional massless U(1) gauge fields (associated with open
strings originally stretched between these m hyperplanes) contribute to the restoration of the
symmetry to U(m) × U(1)N−m [497, 637]. Furthermore, m massless scalars (interpreted as
positions [193, 637] of m distinct hyperplanes) are promoted to m×m matrix of m2 massless
scalars when these m hyperplanes coincide [637]. For unoriented open strings with SO(N)
symmetry 84, the generic gauge group with all the N
2
D-branes distinct is U(1)N/2. When
m D-branes coincide, the symmetry is enhanced to U(m) × U(1)N/2−m as in the oriented
case. But when m D-branes are located at an orientifold plane, the symmetry is enhanced
to SO(2m) × U(1)N/2−m, due to additional massless U(1) gauge bosons arising from open
strings that originally stretched between pairs of Z2 image branes. In the language of effective
field theory, this symmetry enhancement or reversely symmetry breaking to Abelian group
is interpreted as Higgs mechanism with scalars associated with location and separation of
D-branes interpreted as Higgs fields.
84The same argument can be applied for the case of USp(N) symmetry.
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The fermionic spectrum of open strings is divided into subsectors according to the bound-
ary conditions that fermions ψµ (0 ≤ σ ≤ π, −∞ < τ < ∞) satisfy at one end of string.
There are two types of boundary conditions on the fermion:
R : ψµ(0, τ) = ψ˜µ(0, τ) ψµ(π, τ) = ψ˜µ(π, τ)
NS : ψµ(0, τ) = −ψ˜µ(0, τ) ψµ(π, τ) = ψ˜µ(π, τ). (648)
Defining ψµ(2π − σ, τ) ≡ ψ˜µ(σ, τ), one sees that the Ramond (R) [Neveu-Schwarz (NS)]
boundary condition becomes the periodic [anti-periodic] boundary condition on the redefined
fermion ψ(σ, τ) (0 ≤ σ ≤ 2π, −∞ < τ <∞), leading to integer [half-integer] modded Fourier
series decomposition.
In the NS sector, the ground state consists of 8 transverse polarizations ψµ−1/2|k〉 of
massless open string photon Aµ. In the R sector, the ground state is degenerate, transform-
ing as 32 spinor representation of SO(8). The Virasoro conditions pick out 2 irreducible
representations 8s and 8c. Here, the subscript s [c] means eigenstates |s0, s1, s2, s3, s4〉
(s0, si = ±12) with even [odd] number of eigenvalues −12 of S0 = iS01 and Si = S2i,2i+1,
where Sµν = −1
2
∑
r ψ
[µ
−rψν]r are the fermionic part of the D = 10 Lorentz generators. These
2 representations are physically equivalent for open strings. The GSO projection picks out
8s and, therefore, the ground state of the open string theory is 8v ⊕ 8s, forming a vector
multiplet of D = 10, N = 1 theory. Including the Chan-Paton factors, the gauge group G
of the N = 1, D = 10 super-Yang-Mills theory is U(N) [SO(N) or USp(N)] for an oriented
[an unoriented] open string theory. For an open string theory with 9 − p coordinates com-
pactified, the massless spectrum of Dp-brane worldvolume theory of dualized open string is
described by the D = 10, N = 1 supersymmetric gauge theory compactified to D = p+ 1.
We briefly discuss some aspects of type-II closed string relevant for understanding Dp-
branes of open string theory. For type-II string, i.e. the closed string theory with supersym-
metry on both left- and right-moving modes, the two choices of the GSO projections in the
R sector are not equivalent. So, there are two types of type-II theories defined according to
the possible inequivalent choices of the GSO projections on the left- and the right-moving
modes. The massless sectors of these two type-II theories are
Type IIA : (8v ⊕ 8s)⊗ (8v ⊕ 8c)
Type IIB : (8v ⊕ 8s)⊗ (8v ⊕ 8s). (649)
The massless modes 8v ⊗ 8v in the NS-NS sector of the both theories are the same: dilaton,
gravitino and the 2-form field. In the R-R sector, the massless modes 8s × 8c [8s × 8s] of
type-IIA [type-IIB] theory are 1- and 3-form potentials [0-, 2- and self-dual 4-form potentials]
[275]. The massless modes in NS-R and R-NS sectors contain 2 spinors and 2 gravitinos of
the same [opposite] chirality for the type-IIB [type-IIA] theory.
When an oriented type-II theory with a coordinate compactified on S1 is T -dualized
[216, 193], the chirality of the right-movers gets reversed. So, when odd [even] number of
coordinates in type-IIA/B theory are T -dualized, one ends up with type-IIB/A [type-IIA/B]
theory. The effect of “odd” T -duality, which exchanges type-IIA and type-IIB theories, on
massless R-R fields is to add [remove] the indices (of (p+1)-form potential) corresponding to
the T -dualized coordinates, if those indices are absent [present] in the (p+1)-form potential.
For example, the T -duality on Bµν [Bµρ] along x
ρ (µ 6= ρ 6= ν) produces Bµνρ [Bµ].
A worldsheet parity symmetry Ω in a closed string, defined as σ → −σ or z → z¯,
interchanges left- and right-moving oscillators. The unoriented closed string is defined by
186
projecting only even parity states, i.e. Ω|ψ〉 = +|ψ〉, as in the open string case. When
type-II string is coupled to open superstring (type-I string), the orientation projection of
type-I string picks up only one linear combination of 2 gravitinos in type-II theory, resulting
in an N = 1 theory. The only possible consistent coupling of type-I and closed superstring
theories is between (unoriented) SO(32) type-I theory 85 [503, 108] and unoriented N = 1
type-II theory. But in the T -dual theory, type-II theories without D-branes are invariant
under N = 2 supersymmetry, with orientation projection relating a gravitino state to the
state of the image gravitino. The chiralities of these 2 gravitinos are the same [opposite]
if even [odd] number of directions are T -dualized. In the presence of D-branes, only one
linear combination of supercharges in the T -dual type-II theory is conserved, resulting in a
theory with 1/2 of supersymmetry broken (N = 1 theory), i.e. the BPS state [498]. For this
case, the left- and right-moving supersymmetry parameters (of the T -dual type-II theory)
are constrained by the relation [326, 504, 501]
εR = Γ
0 · · ·ΓpεL. (650)
The conserved charges carried by D-branes are charges of the antisymmetric tensors in
the R-R sector. The worldvolume of a Dp-brane naturally couples to a (p+1)-form potential
in the R-R sector, with the relevant space-time and Dp-brane actions given by
1
2
∫
G(p+2) ⋆ G(p+2) + iµp
∫
p−brane
C(p+1), (651)
where µ2p = 2π(4π
2α′)3−p is the Dp-brane charge [498]. The worldvolume action is given by
the following Dirac-Born-Infeld type action [269, 445] describing interaction of the world-
brane U(1) vector field and scalar fields with the background fields [445]:
− Tp
∫
dp+1ξe−ϕdet1/2(Gab +Bab + 2πα′Fab), (652)
where Tp is the Dp-brane tension [311, 199], and Gab and Bab are the pull-back of the
spacetime fields to the brane.
In the amplitudes of parallel D-brane interactions, terms involving exchange of the closed
string NS-NS states and the closed string R-R states cancel [498], a reminiscence of no-force
condition of BPS states. Furthermore, the D-brane tension, which measures the coupling of
the closed string states to D-branes, has the g−1s behavior [445], a property of R-R p-branes
[367, 381, 601]. The field strengths which couple to Dp- and D (6 − p)-branes are Hodge-
dual to each other, and the corresponding conserved R-R charges are subject to the Dirac
quantization condition [591, 482, 498] µ6−pµp = 2πn.
8.2 D-Brane as Black Holes
In section 8.1, we observed thatDp-branes have all the right properties of the R-R p-branes in
the effective field theories. As solutions of the effective field theories, which are compactified
from the D = 10 string effective actions, black holes can be embedded in D = 10 as bound
85T -duality on the type-II theory leads to 16 D-branes on a T9−p/Z2 orbifold. (The restriction to 16, i.e.
SO(32) gauge symmetry, comes from the conservation of R-R charges.) However, in non-compact space, one
can have a consistent theory with an arbitrary number of D-branes.
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states [637, 448, 224]of Dp-branes. Here, p takes the even [odd] integer values for the type-
IIA [type-IIB] theory. Such p-branes of the effective field theories correspond to the string
background field configurations [104, 105] (with the p-brane worldvolume action being the
source of (p + 1)-form charges) to the leading order in string length scale ls =
√
α′ and
describe the long range fields away from D p-branes. As long as the spacetime curvature
of the soliton solutions (at the event horizon in string frame) is small compared to the
string scale 1/l2s , the effective field theory solutions can be trusted, since the higher order
corrections to the spacetime metric is negligible. The effective field theory metric description
of solitons in superstring theories is valid only for length scales larger than a string. The
D-brane picture of black holes, or more generally black p-branes, is as follows.
The string-frame ADM mass M of p-branes carrying NS-NS electric charge [187, 380],
NS-NS magnetic charge [577] and R-R charge [381] behaves as ∼ 1, ∼ 1/g2s and ∼ 1/gs (in
the unit where ls ∼ 1), respectively. Since the gravitational constant 86 GN is proportional
to g2s , the gravitational field strength (∝ GNM) of the NS-NS electric charged and the
R-R charged p-branes vanishes as gs → 0. Namely, in the limit gs → 0, strings live in
the flat spacetime background. Note, in the limit gs → 0, the description of R-R charged
configurations in terms of black p-branes is not valid, since the size of the p-brane horizon
(A ∼ g2s) is smaller than D-brane size; the black hole is surrounded by a halo which is
large compared to its Schwarzschield radius. In the limit gs ≫ 1, one can integrate out
massive string states (with their masses increasing in Planck units, defined as l2p = 1
87, as gs
increases) to obtain string effective field theories. (So, one can trust black hole solutions in
the effective field theories in the strong string coupling limit.) In this limit, the massive string
states form black holes and these degenerate massive states (whose mass is identified with
black hole mass) are degenerate black hole microscopic states, which are origin of statistical
entropy. To summarize, the weak string coupling description of R-R charged configuration
is the perturbative D-branes in flat background, and in the strong string coupling limit the
horizon size (∼ GNM) becomes larger than the string scale (with string states undergoing
gravitational collapse inside the horizon), thereby, the black p-brane description emerges.
The transition point of the two descriptions occurs at the point where the horizon size r0 is
of the order of the string length scale ls [365]. This occurs when gsN
1/4 ∼ 1 or gsQ ∼ 1,
where N is the string excitation level and Q is an R-R charge. This implies that gs is very
small for large N or Q. (Note, however that the effective string coupling of these bound
states is geffs ∼ gsN1/4 or gsQ, which is of order 1.) At this transition point, the mass of a
string state M2s ∼ N/l2s becomes comparable to black hole mass: M2bh ∼ r20/G2N .
The essence of the D-brane description of black hole entropy is that the number of
degenerate BPS states is a topological invariant which is independent of (continuous) moduli
fields, including gs [550, 551, 549]. Furthermore, mass of the BPS states is not renormalized
[485]. It is argued [469, 195] that even for near BPS D-brane states the D-brane counting
results can be extrapolated invariantly to strong coupling limit. It is also shown that D-
brane approach reproduces entropy of non-supersymmetric extreme black holes [361, 188]
and even non-extreme case [365] as well. So, the statistical entropy of p-branes can be
calculated by counting the number of degenerate perturbative (gs → 0) string states in
86The gravitational constant in D = d is GdN = G
10
N /V10−d, where V10−d is the volume of the (10 − d)-
dimensional internal space and G10N = 8π
6g2sα
′ 4 ∼ g2s l2s .
87The Planck length is defined as lp = m
−1
p = (h¯GN/c
3)1/2.
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Dp-brane configuration.
Each Dp-brane carries one unit of R-R charge and the gs → ∞ limit of Qp Dp-branes
is black p-brane carrying R-R (p + 1)-form charge Qp. R-R p-branes have a p-volume ten-
sion behaving as ∼ g−1s [601]. So, although these are non-perturbative, R-R p-branes have
singularities, except for p = 3. The transverse [longitudinal] directions of R-R p-branes cor-
respond to open string coordinates with Dirichlet [Neumann] boundary condition. The same
T -duality rules of D-branes hold for R-R p-branes: T -duality on the transverse [longitudinal]
directions of p-branes produces (p+ 1)- [(p− 1)-] branes.
When longitudinal directions are compactified, single-charged p-branes become black
holes having singular horizon with zero surface area and diverging dilaton at the horizon.
This is due to the brane tension which makes the volume parallel [perpendicular] to the brane
shrinks [expands] as one gets close to the brane [109]. Black holes having regular horizon
with non-zero area in the BPS limit are constructed from bound states of p-branes (with
a momentum) to balance the tension to stabilize the volume internal to all the constituent
p-branes. Such regular black holes are obtained with the minimum of 4 [3] p-brane charges
for the D = 4 [D = 5] black holes 88.
The basic constituent of black holes is the R-R p-brane in D = 10 [367]:
ds2string = g
string
µν dx
µdxν = f−1/2p (−dt2 + dx21 + · · ·+ dx2p)
+f 1/2p (dx
2
p+1 + · · ·+ dx29),
e−2ϕ = f
p−3
2
p , A0···p = −1
2
(f−1p − 1), (653)
where fp = 1 + Qpc
10
p /r
7−p (r ≡ (xp+1 + · · · + x9)1/2). Here, c10p is related to the basic
(p + 1)-form potential charge and can be estimated by comparing the ADM mass of (653)
to the mass of D-brane state carrying one unit of the (p + 1)-form potential charge. The
Killing spinors of this solution are constrained by [367]:
εL = Γ
1 · · ·ΓpεL, εR = −Γ1 · · ·ΓpεR, (654)
where εL,R denotes the left/right handed chiral spinor (Γ
11εL,R = εL,R). One can construct
solutions for bound states of p-branes by applying the intersection rules. (See section 6.2.2
for details on intersection rules.) In particular, the dilaton is the product of individual factors
associated with those of the constituent p-branes: e−2ϕ = f
p1−3
2
p1 · · · f
pk−3
2
pk .
To add a momentum along an isometry direction xi, one oscillates p-brane so that it
carries traveling waves along the xi-direction. (See section 7.4.1 for the detailed discussion
on the construction of such solutions.) At a long distance region, the solutions approach
the form where all the oscillation profile functions are (time or phase) averaged over. So,
the long-distance region p-brane solution carrying a momentum along the xi-direction is
obtained by just imposing SO(1, 1) boost among the coordinates (x0, xi), with the net effect
on the metric being the following substitution:
− dt2 + dx2i → −dt2 + dx2i + k(dt− dxi)2, (655)
88It is shown [431] that the stringy BPS black holes with non-zero horizon area are not possible for D ≥ 6.
This can be seen from the explicit solutions discussed in section 4.5.
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where k = c10p N/r
7−p with N interpreted as a momentum along the xi-direction. The
momentum along the xi-direction adds one more constraint on the Killing spinor:
εR = Γ
0ΓiεR, εL = Γ
0ΓiεL. (656)
In general, the intersecting n p-branes preserve at least 1/2n of supersymmetry; since a
single p-brane breaks 1/2 of supersymmetry with one spinor constraint (654), as one increases
the number of constituents more supersymmetry get broken. One obtains BPS configurations
if spinor constraints of constituent p-branes are compatible with non-zero spinor εR,L. The
intersecting Dp- and Dp′-branes preserve 1/22 of supersymmetry iff p = p′ mod 4 [224].
All the supersymmetries are broken when the dimension of the relative transverse space is
neither 4 nor 8. When there is a momentum in the xi-direction, the additional Killing spinor
constraint (656) breaks 1/2 of the remaining supersymmetry.
Black holes in lower dimensions are obtained by compactifying (intersecting) p-branes
in D = 10. In the language of p-branes, this compactification procedure corresponds to
wrapping p-branes along the cycles of compact manifold. Since the compactified space is
very small, the configuration looks point-like (0-brane) in lower dimensions.
In the following subsections, we discuss various Dp-brane embeddings of D = 4, 5 black
holes having the regular BPS limit with non-zero horizon area.
8.2.1 Five-Dimensional Black Hole
We discuss D = 5 type-IIB black hole originated from intersecting Q1 D 1-branes (along
x9) and Q5 D 5-branes (along x
5, ..., x9) with a momentum P flowing in the common string
direction [109], i.e. the x9-direction. The 1- and 5-brane charges are electric and magnetic
charges of the R-R 2-form field, and the momentum corresponds to the KK electric charge
associated with the metric component G
(10)
09 .
To obtain a black hole in D = 5, one wraps Q1 D 1-branes around S
1 (along x9) of radius
R and wrap Q5 D 5-branes around T
5 = T 4 × S1. Here, T 4 has coordinates (x5, ..., x8) and
volume V . The momentum (of open string) P = N/R flows around S1.
The resulting D = 5 solution has the form [109, 182]:
ds25 = −f−2/3(r)
(
1− r
2
0
r2
)
dt2 + f 1/3(r)
(1− r20
r2
)−1
dr2 + r2dΩ23
 , (657)
where f(r) is given by:
f(r) =
(
1 +
r20 sinh
2 δ1
r2
)(
1 +
r20 sinh
2 δ5
r2
)(
1 +
r20 sinh
2 δp
r2
)
. (658)
The three charges carried by the black hole are:
Q1 =
V r20
2gs
sinh 2δ1, Q5 =
r20
2gs
sinh 2δ5, N =
R2V r20
2g2s
sinh 2δp. (659)
The ADM energy E, entropy S, and the Hawking temperature TH of (657) are
E =
RV r20
2g2s
(cosh 2δ1 + cosh 2δ5 + cosh 2δp),
190
S =
A
4G5N
=
2πRV r30
g2s
cosh δ1 cosh δ5 cosh δp,
TH =
1
2πr0 cosh δ1 cosh δ5 cosh δp
. (660)
From the asymptotic values of G
(10)
99 and G
(10)
ii (i = 5, ..., 8), one obtains the following ex-
pressions for pressures in the x9- and xi-directions:
P9 =
RV r20
2g2s
[
cosh 2δp − 1
2
(cosh 2δ1 + cosh 2δ5)
]
,
Pi =
RV r20
2g2s
(cosh 2δ1 − cosh 2δ5). (661)
So, in the xi-directions, which are parallel to 5-brane but perpendicular to 1-brane, shrinking
effect of 5-brane and expanding effect of 1-brane compete and become balanced when δ2 = δ5.
In the x5-direction, which are parallel to both 5- and 1-branes, the shrinking effects of 5-
and 1-branes are compensated by momentum in the x5-direction.
The 6 parameters r0, δ1, δ5, δp, V and R of the solution (657) can be traded with the
numbers of 1-branes, anti-1-branes, 5-branes, anti-5-branes, right-moving momentum, and
left-moving momentum, respectively given by [362]
N1 =
V r20
4gs
e2δ1 , N1¯ =
V r20
4gs
e−2δ1 ,
N5 =
r20
4gs
e2δ5 , N5¯ =
r20
4gs
e−2δ5 ,
NR =
r20R
2V
4g2s
e2δp , NL =
r20R
2V
4g2s
e−2δp. (662)
These parameters are related to the charges in (659) as Q1 = N1 − N1¯, Q5 = N5 − N5¯ and
N = NR−NL. In terms of the new parameters, the ADM energy and the Bekenstein-Hawking
entropy take simple and suggestive forms [362]:
E =
R
gs
(N1 +N1¯) +
RV
gs
(N5 +N5¯) +
1
R
(NR +NL),
S = 2π(
√
N1 +
√
N1¯)(
√
N5 +
√
N5¯)(
√
NL +
√
NR), (663)
where
V =
(
N1N1¯
N5N5¯
)1/2
, R =
(
g2sNRNL
N1N1¯
)1/4
. (664)
8.2.2 Four-Dimensional Black Hole
There are various ways in which one can construct D = 4 black holes having regular BPS-
limit with non-zero horizon area. The criteria for such construction are that supersymmetries
are preserved and all the contributions of D-brane tensions from constituents compensate
for each other so that internal space is stable against the shrinking effect near the horizon.
The first type of configuration is obtained by first T -dualizing the type-IIB D-brane
bound state discussed in section 8.2.1 along x4, resulting in bound state of Q2 D 2-branes
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(along x4, x9) and Q6 D 6-branes (along x
4, ..., x9) with the momentum N flowing along
the x9-direction. This configuration has a zero horizon area in the BPS limit, since the
radii along the directions x4, x9 shrink as one approaches the horizon, due to the tensions
of D 2- and D 6-branes and the momentum along the x9 direction. This is compensated
by adding solitonic 5-brane along x5, ..., x9 and with magnetic charge of the NS-NS 2-form
field Bµ4, where µ = 0, ..., 3. Since the spinor constraint of the additional solitonic 5-brane
does not further reduce the Killing spinor degrees of freedom, the solution still preserves
1/8 of supersymmetry. D = 4 black hole is obtained by compactifying this p-brane bound
state on T 6 = T 4 × S1 ′1 × S1 [361, 471]. Here, T 4 with the coordinates (x5, ..., x8) has the
volume V and S1 ′ [S1] with the coordinate x4 [x9] has the radius R4 [R9]. Namely, the Q6
D 6-branes wrap around T 6, Q2 D 2-branes wrap around S
1 ′ × S1, solitonic 5-branes wrap
around T 4 × S1 and the momentum flows along S1.
The resulting D = 4 solution has the form [178, 181, 180, 361]:
ds24 = −f−1/2(r)
(
1− r0
r
)
dt2
+f 1/2(r)
[(
1− r0
r
)−1
dr2 + r2(dθ2 + sin2 θdφ2)
]
,
f(r) =
(
1 +
r0 sinh
2 δ2
r
)(
1 +
r0 sinh
2 δ5
r
)(
1 +
r0 sinh
2 δ6
r
)
×
(
1 +
r0 sinh
2 δp
r
)
. (665)
The electric/magnetic charges carried by the black hole are
Q2 =
r0V
gs
sinh 2δ2, Q5 = r0R4 sinh 2δ5,
Q6 =
r0
gs
sinh 2δ6, N =
r0V R
2
9R4
g2s
sinh 2δp. (666)
The pressures along the directions x4, xi (i = 5, ..., 8) and x9 are
P4 =
r0V R4R9
g2s
(cosh 2δ5 − cosh 2δp),
Pi =
r0V R4R9
g2s
(cosh 2δ2 − cosh 2δ6),
P9 =
r0V R4R9
g2s
(cosh 2δ2 + cosh 2δ6 − cosh 2δ5 − cosh 2δp). (667)
When δ2 = δ5 = δ6 = δp, all the contributions to pressures get balanced (P4 = Pi = P5 = 0)
and, as a result, all the scalars become constant everywhere.
One can trade the 8 parameters r0, δ2, δ5, δ6, δp, V , R4, and R9 with the numbers of right-
(left-) moving momentum modes, (anti-) 2-branes, (anti-) 5-branes, and (anti-) 6-branes:
NR =
r0V R4R
2
9
2g2s
e2δp , NL =
r0V R4R
2
9
2g2s
e−2δp ,
N2 =
r0V
2gs
e2δ2 , N2¯ =
r0V
2gs
e−2δ2 ,
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N5 =
r0R4
2
e2δ5 , N5¯ =
r0R4
2
e−2δ5 ,
N6 =
r0
2gs
e2δ6 , N6¯ =
r0
2gs
e−2δ6 . (668)
In terms of these parameters, the ADM mass and entropy take forms [361]:
M =
1
R9
(NR +NL) +
R4R9
gs
(N2 +N2¯)
+
V R9
g2s
(N5 +N5¯) +
V R4R9
gs
(N6 +N6¯),
S = 2π(
√
NR +
√
NL)(
√
N2 +
√
N2¯)(
√
N5 +
√
N5¯)(
√
N6 +
√
N6¯), (669)
where
V =
√
N2N2¯
N6N6¯
, R4 =
√
N5N5¯
g2sN6N6¯
, R4R
2
9 =
√
g2sNRNL
N2N2¯
. (670)
We discuss couple of other ways [392] to construct D = 4 black holes. The first config-
uration is a type-IIB configuration where Q1 parallel D 1-branes (along x
5) and Q5 parallel
D 5-branes (along x5, ..., x9) intersect in the x5-direction, along which momentum P 5 = N/L
flows, and magnetic monopole in the subspace (t, r, θ, φ, x4). The D = 4 black hole is ob-
tained by first wrapping Q5 D 5-branes around 4-cycles of K3 surface (with the coordinates
x6, ..., x9), resulting in a D-string bound state along with Q1 D 1-branes in D = 6. This
bound state in D = 6 has momentum P 5 along x5 and the KK magnetic charge associated
with the metric component g4φ. One further compactifies the coordinates (x
4, x5) on T 2 to
obtain D = 4 black hole. Entropy of this solution is S = A
4GN
= 2π
√
Q1Q5N .
The second configuration is a type-IIA solution obtained by T -dualizing the above config-
uration along x5. Namely, this is a bound state of Q0 D 0-branes and Q4 D 4-branes (along
x6, ..., x9) with open strings wound around the x5-direction (with the winding number W )
and the KK monopole in the subspace (t, r, θ, φ, x4). Similarly as in the first case, to have a
D = 4 black hole, one first wrappes Q4 D 4-branes around 4-cycles of K3 surface (with the
coordinates x6, ..., x9), resulting in a D particle bound state in D = 6, and then compactifies
the coordinates (x4, x5) on T 2. Such a solution has entropy S = A
4GN
= 2π
√
Q0Q4W .
8.3 D-Brane Counting Argument
In this section, we discuss D-brane interpretation of black hole entropy. The number of
degenerate BPS states is calculated in the weak string coupling regime (gs ≈ 0), in which the
D-brane picture, rather than black p-brane description, of charge configurations is applicable.
Since mass of R-R charge carrier behaves as ∼ 1/gs, D-branes become infinitely massive in
the perturbative region. So, the leading contribution to the degeneracy of states is from
perturbative states of open strings, which are attached to D-branes. So, perturbative D-
brane configurations are described by conformal field theory of open strings in the target
space manifold determined by D-branes and the internal space. In the following, we discuss
conformal field theories of D-branes which correspond to specific D = 4, 5 black holes and
calculate the number of degenerate perturbative open string states. More intuitive picture
of D-brane argument is discussed in the subsequent subsection.
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8.3.1 Conformal Model for D-Brane Configurations
We saw that the worldvolume theory of massless modes in a bound state of N Dp-branes
is described by D = 10 U(N) super-Yang-Mills theory compactified to D = p + 1 [637].
Namely, dynamics of collective coordinates [107] of N parallel D p-branes is described by a
supersymmetric U(N) gauge theory. The BPS states of D-brane configuration correspond
to the supersymmetric vacuum of the corresponding super-Yang-Mills theory.
The U(N) group is decomposed into a U(1) group, describing the center of mass motion
of D-branes, and an SU(N) group [637]. It is the supersymmetric SU(N) vacuum that
contains states with a mass gap, which are relevant for degeneracy of D-brane bound states.
When there is a mass gap, the number of ground states in the SU(N) super-Yang-Mills
theory is the same as the degeneracy of the D-brane bound states. Here, the ground states
are identified with the cohomology elements of the SU(N) instanton moduli space MN ,
implying that degeneracy of D-brane bound states is given by the number of cohomology
elements of MN [619, 620]. D-brane bound states are effectively described by the σ-model
on the instanton moduli space 89 MN . Generally, the σ-model with target space manifold
given by hyperKa¨hler manifold of dimension 4k has the central charge c = 6k. For example,
the moduli space MNk of SU(N) instantons on K3 with the instanton number k has the
dimension 4[N(k−N) + 1]. It has been checked [566, 567, 619, 620, 90, 91] that calculation
of the degeneracy of D-brane bound states based on this idea yields the results which are
consistent with conjectured string dualities that relate perturbative string states to D-brane
bound states. In particular, P 2 of BPS perturbative string states at the level NL = 1+
1
2
P 2
is dualized to the intersection number of D-brane bound states [619].
One of setbacks in study of D-brane bound states is that a bound state of m Dp-branes
is marginally stable, i.e. there is no energy barrier against decay into m D p-branes (each
carrying the unit R-R (p+1)-form charge). Such a problem is circumvented [566] by compact-
ifying an extra one direction, say y1, on S1 so that states in the multiplet carry momentum
or winding number n along S1. If the pair (m,n) is relatively prime, the corresponding states
in the D = 9− p theory, i.e. D = 10 string bound states compactified on T p × S1, become
absolutely stable against decay. Such worldvolume theory is described by the N = 1 U(m)
gauge theory compactified to D = p+1 with states characterized by n units of U(1) ⊂ U(m)
electric flux along y1. The non-trivial information on degeneracy of the BPS D-brane bound
states is contained in the supersymmetric ground states of the SU(m) part of theory on the
base manifold T p ×R, where R is labeled by the time coordinate.
It is shown [619] that for the type-IIA bound state of m 0-branes and 1 4-brane (or the
bound state of m 1-branes and 1 5-brane in the T -dual theory) the instanton moduli space
M of the corresponding U(m) × U(1)c super-Yang-Mills theory is (T 4)m/Sm, where Sm is
the permutation group on m objects. The degeneracy of the cohomology in this space is
in one-to-one correspondence with the partition function of left-movers of the superstring.
To put it another way, the ground states of this gauge theory are related to the degenerate
string states at level m. The quantum numbers 1
2
(FL + FR, FL − FR) of the cohomology of
(T 4)m/Sm, where FL [FR] is the [anti-] holomorphic degrees of the homology shifted by half
the complex dimension, is mapped to the light-cone helicities of the left oscillator states of
type-II superstring [623].
89In particular, the singular points in the moduli space [635, 26, 21], at which gauge symmetry is enhanced,
correspond to the case where D-branes coincide.
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The generalization to D-brane bound states wrapped around K3 surface is carried out
in [91, 620]. The bound state of N D 4-branes wrapped around K3 is described by a U(N)
gauge theory on K3 × R with R parameterized by the time coordinate. For this D-brane
configuration, it is shown [91] that the quantum corrections induce the effective D 0-brane
charge M = k −N . So, the momentum square P 2 = P 2R − P 2L is P 2/2 = NM = N(k −N).
If N and k are relatively prime, there is a mass gap and the moduli space MNk is smooth
with a discrete spectrum, with cohomology of MNk being that of N(k − N) + 1 unordered
points on K3. When N = 2 and k is odd, the moduli space is the symmetric product of
K3’s: M2k = (K3)2k−3/S2k−3. The Euler characteristic d(2k − 3) of M2k is the same as
the degeneracy d(NL) = d(
1
2
P 2 + 1) of string states at level NL, or the degeneracy of D-
brane bound states with charges (N,M). Here, d(n) is defined in terms of the Dedekind eta
function η(q) as η(q)−24 = q−1
∑
n d(n)q
n.
Applications to Statistical Entropy of Black Holes We consider a type-IIB D = 5
black hole carrying electric charges QF and QH of U(1) fields, respectively, originated from
R-R 2-form potential AˆRRM1M2 and NS-NS 2-form potential Bˆ
NS
M1M2
[580, 95, 98]. Here, the
D = 5 U(1) field strength which is associated with R-R 2-form potential in D = 10 is
Hodge-dual to the field strength of R-R 2-form field AˆRRµ1µ2 in D = 5. From the D = 10
perspective, QF [QH ] is magnetic [electric] charge of Aˆ
RR
M1M2
[BˆNSM1M2], which couples to the
worldvolume of R-R 5-brane [NS-NS string]. The D = 5 U(1) field originated from AˆRRM1M2 ,
therefore, carries electric charge. The internal index m in the D = 5 NS-NS U(1) field BˆNSµm
is along S1, upon which an extra coordinate of the D = 6 type-IIB theory is compactified.
So, this black hole is regarded as a bound state of 5-brane with R-R charge QF and string
with N-N charge QH with the 5-brane wrapped around a holomorphic 4-cycle of K3 and
partially around S1, and the string wound round S1. T -duality along S1 leads to a type-IIA
solution corresponding to 4-brane with 5-form charge QF and momentum flowing along S
1.
The non-rotating BPS black hole with the above charge configuration has spacetime of
the Reissner-Nordstrom black hole [609, 182, 580]:
ds2 = −
(
1−
(
r0
r
)2)2
dt2 +
(
1−
(
r0
r
)2)−2
dr2 + r2dΩ23, (671)
where r0 = (8QHQ
2
F/π
2)1/6. The scalars are constant everywhere and expressed in terms of
the (integer-valued) electric charges QH,F [260]. The Bekenstein-Hawking entropy is
SBH =
A
4
= 2π
√
QHQ2F
2
. (672)
For D = 5 rotating solutions, the regular BPS limit is possible only for the case where 2
angular momenta have the same magnitude, i.e. |J1| = |J2| = J . The solution is [610, 182, 98]
ds2 = −
(
1− µ
r2
)[
dt− µω sin
2 θ
(r2 − µ) dφ1 +
µω cos2 θ
(r2 − µ) dφ2
]2
+
(
1− µ
r2
)−2
dr2 + r2(dθ2 + sin2 θdφ21 + cos
2 θdφ22), (673)
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with QH = µ/λ
2, QF = − π2√2µλ and J1 = −J2 = π4µω. The Bekenstein-Hawking entropy is
SBH =
A
4
= 2π
√
QHQ2F
2
− J2. (674)
We discuss the D-brane interpretation of the entropies (672) and (674). In terms of D-
brane language, the above black holes are the bound state of QF D 5-branes wrapped around
K3×S1 and a fundamental string wound around S1 with the winding modeQH . The product
QF ·QF is the intersection number of D 5-branes in the K3 homology. We consider the case
where K3 is small compared to the size of S1. For this case, the solution looks like a
fundamental string in the 5-brane background. The theory is effectively described by the
conformal field theory on S1 × R with the target space manifold given by the symmetric
product of K3 surfaces [580]:
M = (K3)
⊗[ 1
2
Q2F+1]
S[ 1
2
Q2F+1]
. (675)
This conformal field theory has central charge c = 6(1
2
Q2F + 1), since the real dimension of
this manifold is 2(Q2F + 2).
First, we consider the non-rotating black hole (671) with the thermal entropy (672)
[580]. The statistical entropy of the BPS solutions is given in terms of degeneracy d(n, c)
of conformal states with the left-moving oscillators at level L0 = n (n ≫ 1) and the right-
moving oscillators in ground state:
Sstat = ln d(n, c) ∼ 2π
√
nc
6
. (676)
For the solution (671), n = QH and, therefore, the statistical entropy (676) reproduces the
thermal entropy (672):
Sstat ∼ 2π
√
QH(
1
2
Q2F + 1). (677)
Next, we consider the thermal entropy (674) of the rotating black hole (673) [98]. The
rotation group SO(4) of the D = 6 lightcone-frame theory is identified with the SU(2)L ×
SU(2)R symmetry of the N = 4 superconformal algebra. The charges (FL, FR) of U(1)L ×
U(1)R ⊂ SU(2)L×SU(2)R are interpreted as spins of string states [623, 98], and are related
to angular momenta of the black hole (673) as
J1 =
1
2
(FL + FR), J2 =
1
2
(FL − FR). (678)
Note, the U(1)L current JL can be bosonized as JL =
√
c
3
∂φ and a conformal state ΦFL
carrying U(1)L charge FL is obtained by applying an operator exp(
iFLφ√
c/3
) to the state Φ0
without U(1)L charge. The net effect is to shift
90 the left-moving oscillator level n of string
states carrying the U(1)L charge FL with respect to the level n0 for string states without
the U(1)L charge FL: n0 = n − 3F
2
L
2c
. For a large value of n0, one can safely use the string
90For detailed discussions on this point, see section 7.3.2.
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level density formula dn,c, which includes contributions of string states with all the possible
spin values, in calculating the statistical entropy. Here, c = 6(1
2
Q2F + 1) and n = QH , as in
the non-rotating case. Substituting all of these values into (676), one obtains the following
statistical entropy in agreement with the thermal entropy (674):
Sstat ∼ 2π
√
n0c
6
∼ 2π
√
QH(
1
2
Q2F + 1)−
1
4
(|J1|+ |J2|)2, (679)
where J1 = −J2 = J .
8.3.2 Another Description
We discuss more intuitive D-brane picture of black holes based upon the arguments in [109].
In this picture, one counts all the possible oscillator contributions of open strings attached to
D-branes. D-brane configurations, which are the weak string coupling limit of black holes,
are described by the σ-model of open strings with the target space background determined
by D-branes, upon which the ends of the open strings live.
The statistical entropy of black holes is due to degenerate states in fixed oscillator levels
NL,R (or a fixed mass) of open strings attached to D-branes:
Sstat = ln d(NL, NR; c) ∼ 2π
√
c
6
(
√
NL +
√
NR), (680)
in the limit NL,R ≫ 1. The central charge c has an additive contribution of 1 [12 ] for each
bosonic [fermionic] coordinate.
NL,R are determined by the NS-NS electric charges (i.e. momentum and winding modes
in the compactified space) from the mass formula of open string states, which is derived from
the Virasoro condition L0 − a = 0. Here, a is the zero point energy (or the normal ordering
constant of oscillator modes). The contribution to the zero point energy a is additive with
the contribution of − 1
24
[ 1
48
] for each bosonic coordinate with the periodic [anti-periodic]
boundary condition, i.e. the integer [half-integer] moding of oscillator, and for a fermionic
coordinate there is an extra minus sign.
Note, the Virasoro operator L0, say of the bosonic coordinates, is defined in terms of the
oscillator modes as 91 L0 =
1
2
αµ0α0 µ +
∑
n α
µ
−nαnµ, where µ is a D = 10 vector index. Here,
αµ0 = p
µ is the center-of-mass frame momentum of an open string and N ≡ α′
4
∑
n α
µ
−nαnµ is
the oscillator number operator. For string theory compactified to D = d (d < 10), we divide
D = 10 momentum pµ into the D = d part pµ¯ and the internal part pm, i.e. (pµ) = (pµ¯, pm).
Since mass in D = d is defined as M2 = −pµ¯pµ¯, one obtains the following mass formula from
the Virasoro condition L0 − a = 0:
M2 = (~pL)
2 +
4
α′
(NL + aL) = (~pR)
2 +
4
α′
(NR + aR), (681)
where the subscripts L and R denote left- and right-moving sectors, and ~pL,R are momenta in
the internal directions. Note, this expression for mass has all the contributions from bosonic
and fermionic coordinates. In particular, for the compactification on S1 of radius R, the
91The fermionic coordinates have the similar expressions. In the presence of both bosonic and fermionic
coordinates, the Virasoro operator is sum of the 2 contributions, i.e. L0 = L
boson
0 + L
fermion
0 .
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left- and right-moving momenta in the S1-direction is pL,R =
n
R
∓ mR
α′
, where n and m are
respectively momentum and winding modes around S1.
Mass of the BPS states is M2BPS = (~pR)
2. So, for the BPS states, the right-movers are in
ground state and only left-movers are excited with their total oscillation numbers determined
(from the mass formula (681)) by the left- and right-moving momenta in the internal space:
NR = −aR, NL = α
′
4
[
(~pR)
2 − (~pL)2
]
− aL. (682)
For non-BPS states (M > MBPS), the right movers, as well as the left movers, are excited:
NR = −aR + k, NL = α
′
4
[
(~pR)
2 − (~pL)2
]
− aL + k (k ∈ Z). (683)
Since NL,R are fixed by NS-NS electric charges, the main problem of calculating the statistical
entropy in D-brane picture is to determine the value of c, i.e. the total degrees of freedom
of bosonic and fermionic coordinates of open strings.
There are two types of open strings. The first type is open strings that stretch between
the same type of D-brane, called the (p, p) type. The second type is open strings that
stretch between different types of D-branes, called the (p, p′) type, p 6= p′. For the second
type, (p, p′) and (p′, p) are not equivalent, since open strings are oriented. Open strings of
the (p, p) type can be ignored in the calculation of the open string state degeneracy, since
the excited states of open strings which stretch between D-branes of the same type become
very heavy as the relative separation between a pair of D-branes gets large.
We briefly discuss some aspects of open string states of the (p, p′) type. The D = 10
spacetime coordinates Xµ for this type of open strings are divided into 3 classes. The first
[second] type, called the DD [NN] type, corresponds to coordinates for which both ends
of strings satisfy the Dirichlet [Neumann] boundary conditions (i.e. coordinates which are
transverse [longitudinal] to both branes). For these cases, the bosonic string coordinates are
integer modded and, thereby, have the zero point energy contribution of − 1
24
for each bosonic
coordinate. The third type, called DN or ND type 92, corresponds to coordinates for which
each end of open strings satisfies different boundary conditions (i.e. coordinates which are
transverse to one brane and longitudinal to the other brane). For this type, the bosonic string
coordinates are half-integer modded and, therefore, have the zero point energy contribution
of 1
48
for each bosonic coordinate. The fermionic coordinates have the same moding (as the
bosonic coordinates) in the R sector and the opposite in the NS sector. So, the total zero
point energy is always 0 for the R sector. For the NS sector, the zero point energy depends
on the total number ν of the ND and DN coordinates, which is always even:
(8− ν)
(
− 1
24
− 1
48
)
+ ν
(
1
24
+
1
48
)
= −1
2
+
ν
8
. (684)
Only when ν is a multiple of 4, D-brane configurations are supersymmetric and degeneracy
between the NS and R sectors is possible.
When ν = 4, N = 2 supersymmetry is preserved in D = 4 and the zero point energy is
zero in both the R and NS sectors. An example is the intersecting D string and D 5-brane,
corresponding to the D = 5 black hole that we consider in the following. For this type of
92These two types are different since open strings are oriented.
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open strings, degrees of freedom of the fermionic and bosonic coordinates are determined as
follows. In the NS sector, among 4 fermionic coordinates χ in the ND directions only 2 of
them survive the GSO projection Γi1Γi2Γi3Γi4χ = χ, where i1, ..., i4 correspond to the ND
directions. In the R sector, also only 2 of 4 periodic transverse fermions (in the NN and DD
directions) survive the GSO projection. Furthermore, there are QpQp′ ways to attach open
strings between Dp- and Dp′-branes. Since open strings are oriented, we have the same
numbers of fermionic and bosonic degrees of freedom satisfying the above constraints in the
(p, p′) and the (p′, p) sectors. So, there are 4QpQp′ bosonic and 4QpQp′ fermionic degrees
freedom for each (p, p′) and (p′, p) types. Thus, the central charge of open strings of (p, p′)
and (p′, p) types is
c = 4QpQp′(1 +
1
2
) = 6QpQp′. (685)
We comment on different interpretation of the entropy expression (680). Let us consider
a BPS configuration (NR = 0 case) with the total momentum number N along S
1 of radius
R. When the number of the bosonic [fermionic] degrees of freedom are NB [NF ], the central
charge is c = NB +
1
2
NF . Then, the statistical entropy (680) becomes the following entropy
formula describing the NB bosonic and NF fermionic species with energy E = N/R in a
1-dimensional space of length L = 2πR [471, 200]:
S =
√
π(2NB +NF )EL/6. (686)
Note, the entropy formula (680) is derived assuming that NL,R ≫ 1, i.e. the NS electric
charges are much bigger than the number Qp of Dp-branes. When Qp and the NS electric
charges are of the same order in magnitude, the string level density formula fails to reproduce
the Bekenstein-Hawking entropy [472]. This stems from the fact that (with Qp of the order
of N) the notion of extensivity (of entropy, energy, etc.) fails when radius R of S1, around
which D-branes are wrapped, is smaller than the size of black holes (fat black hole limit),
since the wavelength (∼ 1
T
, where T is the effective temperature of the left movers) of a
typical quantum exceeds the size L = 2πR of the system [472].
The remedy to this problem proposed in [472] is as follows. One considers a bound
state of Q5 D 5-branes and Q1 D 1-branes which, respectively, wrap around M4 × S1 and
S1. Here, M4 is a 4-dimensional compact manifold and S
1 has radius R. One neglects the
directions associated with M4 and therefore the D 5-branes are regarded as strings wrapped
around S1. Instead of taking Qp Dp-branes as Qp numbers of strings wrapped around S
1
once, one regards it as a single string wrapped Qp times around S
1, thereby having length
2πQpR. So, a bound state of D 1- and D 5-branes is described by a single string of the
length 2πQ1Q5R wrapped Q1Q5 times around S
1. This is interpreted as a single specie
with the energy E = N/R = N ′/R′ in a 1-dimensional space of length L′ = 2πR′ (thereby
simulating a spectrum of fractional charges), where N ′ ≡ Q1Q2N and R′ ≡ Q1Q2R. Note,
both the oscillator level and the radius of S1 are multiplied by Q1Q5. In this description
of D-brain bound states, the size L′ of systems is always bigger than the wavelength of a
typical quantum, thereby the extensivity condition is always satisfied. Furthermore, since
the (effective) oscillator level N ′ = Q1Q5N is always much bigger than the number of D-
branes (which is 1) even when Q1 ≈ N ≈ Q5, one can still use the statistical entropy
expression of the type (680). The statistical entropy is then S =
√
2πEL′ = 2π
√
N ′, where
L′ = Q1Q5L = 16(NB +
1
2
NF )L and N
′ = Q1Q5N . Note, this is the same as (686) when
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expressed in terms of the original variables, but with this new description the approximation
(of string level density) leading to the statistical entropy is valid.
Near-extreme black holes correspond to D-brane configurations with a small amount of
right moving oscillations excited, i.e. NL,R given by (683) with a small integer n. As long as
the string coupling is very small and the density of strings (∝ 1/R) is low, the interaction
between the left- and the right-movers is negligible [368]. In this limit, entropy contributions
from the left- and the right-movers are additive, leading to [368, 362]
Sstat =
√
π(2NB +NF )ERL/6 +
√
π(2NB +NF )ELL/6, (687)
where L = 2πR and EL,R = NL,R/R with NR very small. This expression correctly re-
produces the Bekenstein-Hawking entropy of near extreme black holes. We comment that
the above D-brane interpretation of near extreme black holes is valid when only one of the
constituents of the D-brane bound state has energy contribution much smaller than the
others. For example, the above calculation is done in the limit where R is larger than the
size V of the other internal manifold and, thereby, black holes are effectively described by
(oscillating) strings in spacetime 1 dimension higher. In this limit, the momentum modes (of
open strings) are much lighter than the branes (Cf. (663)); the leading order contribution
to the black hole entropy is from open string modes. For other limits where one of branes
has much smaller energy than the other constituents, one can apply the similar argument in
calculating statistical entropy of near extreme black holes [362] and the result is consistent
with the conjectured U -duality. (In these cases, the leading contribution to the degeneracy
is from D-branes rather than from open strings.) For the case where more than one con-
stituents are light or all the constituents have energies of the same order of magnitude, the
statistical interpretation of near extreme black holes is not known yet.
Generalization to the rotating black hole case [98, 95, 361] is along the same line described
in section 7.3.2. Note, only the fermionic coordinates of the (p, p′) type can carry angular
momentum under the spatial rotational group. These are 4 periodic transverse fermions
(from the NN and DD directions) in the R sector, which are spinors under the Lorentz group
of the external spacetime. When the GSO projection is imposed, only the positive chirality
representation of the external Lorentz group survives.
We concentrate on the (1, 5) type, which is related to the D = 5 (D = 4) black holes
under consideration in this section (through T -duality). For this case, the D = 10 Lorentz
group SO(1, 9) is decomposed as:
SO(1, 9) ⊃ SO(1, 1)⊗ SO(4)E ⊗ SO(4)I , (688)
where the first [third] factor acts on the D 1-brane worldsheet [the space internal to D 5-
brane] and the second factor on the space external to the configuration. Worldsheet spinors
are decomposed into the 2-dimensional positive chirality representation 2+ (with R-type
quantization in ND directions of the NS sector) under the internal rotational group SO(4)I
(thereby a boson under the spacetime SO(1, 5) Lorentz group) and the 2-dimensional repre-
sentation 2++ (with NS-type quantization in ND directions of the R sector) which is positive-
chiral under the external group SO(1, 1)×SO(4)E ⊂ SO(1, 5) (thereby a spacetime fermion).
Here, the spatial rotation group SO(4)E (external to the D-brane configuration) is iso-
morphic to SU(2)R×SU(2)L, which is identified with the symmetry of (4, 4) superconformal
theories. This is related to the fact that worldsheet fermions, which carry angular momenta,
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manifest themselves as spacetime fermions. The U(1)L,R ⊂ SU(2)L,R charges FR,L are related
to angular momenta J1,2 of the spatial rotational group SO(4)E as in (678).
The effect of angular momenta is to reduce the total oscillation numbers [98]:
NL 0 = NL − 3F
2
L
2c
, NR 0 = NR − 3F
2
R
2c
, (689)
where NL,R 0 [NL,R] are the total oscillation numbers of states that do not carry the U(1)L,R
charges [have the U(1)L,R charges FL,R]. To obtain the statistical entropy of black holes, one
plug this expression for NL,R 0 into (680).
For non-extreme or near-extreme black holes, which do not saturate the BPS bound, the
right moving as well as the left moving supersymmetries are preserved, and thereby FR,L are
both non-zero. The statistical entropy of near-extreme black holes is:
Sstat ∼ 2π
√
c
6
(
√
NL 0 +
√
NR 0), (690)
where NL,R 0 are given in (689).
However, for D = 5 BPS black holes, FR = 0 (leading to J1 = J2 =: J) since only the
left-moving supersymmetry survives (i.e. (0, 4) superconformal theory). So, for BPS black
holes, NR 0 = NR = 0 and NL 0 = NL − 6cJ2, leading to the statistical entropy [361]:
Sstat ∼ 2π
√
c
6
√
NL 0 = 2π
√
c
6
NL − J2. (691)
For the D = 5 rotating black hole with charge configuration described in the above, c =
6Q1Q5 and NL = N . So, the statistical entropy (691) correctly reproduces the Bekenstein-
Hawking entropy: Sstat = 2π
√
NQ1Q5 − J2.
To obtain D = 4 rotating black hole with regular extreme limit, one first applies T -
duality along the common string direction of the intersecting D 1- and D 5-branes with open
strings wound around the common string direction. The resulting configuration is bound
state of D 2- and D 6-branes with momentum flowing along one of the common intersection
directions. To have non-zero horizon area in the BPS limit, one adds solitonic 5-brane with
charge Q5. Here, D 6-branes, D 2-branes and solitonic 5-brane, respectively, wrap around
T 6 = T 4 × S1 ′ × S1, S1 ′ × S1 and T 4 × S1, and momentum flows along S1. Since the right
moving supersymmetry breaks in the presence of solitonic 5-branes, the U(1) charge FR in
the right moving sector vanishes (i.e. J1 = J2 = J). Particularly, D = 4 extreme rotating
black hole corresponds to the minimum energy configuration which is regular with non-zero
angular momentum, which happens when NL 0 = 0 [361]. So, the left movers are constrained
to carry angular momentum, only. In this case, NR 0 = NR and NL = 6J
2/c. By plugging
these into (683), one obtains NR 0 =
6
c
J2 − α′
4
[p2R − p2L], leading to the statistical entropy:
Sstat ∼ 2π
√
c
6
√
NR 0 = 2π
√
J2 − α
′c
24
[p2R − p2L]. (692)
For the D-brane bound state corresponding to the D = 4 black hole described above, c =
6Q2Q5Q6 (since there are 4Q2Q5Q6 species
93 of bosons and fermions) and α
′
4
[p2L − p2R] = N
is the total momentum mode of open strings around S1. So, the statistical entropy Sstat =
2π
√
J2 +NQ2Q5Q6 agrees with the Bekenstein-Hawking entropy.
93The extra factor of Q5 comes from the fact that whenever D 2-branes (which intersect the solitonic
5-brane along S1) cross the solitonic 5-brane they can break up and ends separate in different positions in
T 4. Thus, Q2 D 2-branes break up into Q2Q5 D 2-branes.
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